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Abstract

In the paper, We discussed the matching uniqueness of graphs with degree sequence (13,25'4,3).

The necessary and sufficient conditions for T (1,5, n)U(UCpi ) and its complement are matching
i=0

unique are given.
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1. Introduction

All graphs considered in the paper are simple and undirected. The terminology not defined here can be found in
[1]. Let G be a graph with n vertices. An r-matching in a graph G is a set of r edges, no two of which have a
vertex in common. The number of r-matching in G will be denoted by p(G,r). We set p(G,0)=1 and de-
fine the matching polynomial of G by

#(Gx)= 3 (1) p(G. 1)

r=0
For any graph G, the roots of 4(G,x) are all real numbers. Assume that 7,(G)>7,(G)>--->7,(G), the

largest root y,(G) is referred to as the largest mathing root of G.
Throughout the paper, we denote by P, and C, the path and the cycle on n vertices, respectively.
T(ab,c)(a<b<c) denotes the tree with a vertex v of degree 3 such that T(a,b,c)-v=P,UR UP,,and

T(a,b,c,1,1)(a<b<c) denotes the tree obtained by appending a pendant vertex of the path P, in T(a,b,c)
to a vertex with degree 2 of P;. Q(sl,sz) is obtained by appending a cycle C, ,, to a pendant vertex of a
path P, . Two graphs are matching equivalency if they share the same matching polynomial. A graph G is said
to be matching unique if for any graph H, x(G,x)=u(H,x) implies that H is isomorphic to G. The study in
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this ares has made great progress. For details, the reader is referred to the surveys [2]-[6]. In the paper, we prove

T(L5nmU (UC j(nzS) and its complement are matching unique if and only if n=5,8,15 or n=8,
P, #6.

2. Basic Results

Lemma 1 [1] The matching polynomial 4(G,x) satisfies the following identities:
1) u(GUH,x)=u(G,x)u(H,x).
2) u(G,x)=pu(G\e,x)—u(G\u,v,x) if e={u,v} isanedgeof G.
Lemma 2 [1] Let G be a connected graph, and let H be a proper subgraph G.
Then ,(G)>n(H).

S

Lemma 3 [2] Let G :T(a,b,c)U(UCplj, if H~G, then H are precisely the graphs of the following

types:
T(sl,sz,s3)U[LmJquj, Q(sis,)URUIU quj’ K U(Ocqij'
T
Lemma41)[1] 5(P)= Zcos£n+1j 7(C ZCOS(EJ

2)[2] n(T(mmn))=7(Q
3)[2] 7 (Q(2m-1))<n(T

)= n))=7(Q(n+Lm-1)).
)<

4)[3] 7(T(mm,n))>r(Q
(

(m,

(Lm,n))(2<m<n)<y(Q(2m+1)).

(m=1n))(m=3),7(Q(m+Lm))=7r(Q(m2m+2)),
7(Q(mm=1))>(Q(m-1m)).

5) [4] 74 (T(2.3:n)) <7 (T (1.4,6)).7. (T(14n))<h( (L5.7)).
6) [5] 2<y(T(Lmn))(2<m<n)< (2+\/_) <n(T(s15,,8))(2<5, <5, <55).

Lemmab5 [5] Let G be atree and let G,, be obtained from G by subdividing the edge uv of G, then
1) 7(G,,)>7(G), if uvnot lies on an internal path of G.

2) 71(Gu,v) <7/(G), if uv lies on an internal path of G, and if G is not isomorphic to T(1,1,n,1,1).
Lemma 6 [6] UCpi are matching unique.
i=0

Lemma7 (T (L5n))<7(T(16,8)).
Proof. Direct computation (using Matlab 8.0), we immediately have the following:

#(T(15,9,11),x) = x'° —18x" +134x"® —533x™* +122x"* ~1617x° +1176X - 413x° +50x°,
£(T (1,6,8),x) = X! —15x** + 90x*? — 276" + 458X° — 400x° +164x* —24x* +1.
7(T(15,9,11)) = 2.0518, 5, (T (1,6,8)) = 2.0522.

By Lemma 2,5, we get (T (15,5)) <7, (T (15.6)) <7 (T (15.7)) << (T (L5,n))
<7(T(L5n-211)) <5 (T(L5n-3L1)) < <5 (T(15911))<(T(L6.8)).

3. Main Results

Theorem 1 Let G :T(1,5,n)U[UCpij(n25), then G are matching unique if and only if n=5,8,15 or

i=0
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n=6p #6.
Proof. The necessary condition follows immediately from Lemma 1. We have

resmu((e - eaumulge

[T(lss)u[gcpi),x] [Q(25)Upu[o jx]
[ (1515)U(IL_SJOCpij,x]=,u[T(1,6,7)UC7U[gcpij,x]

,u(T (15.6)UC, U(ropi jx] _ ,u[T (1,4,13)U@cpi jx]

Now suppose that n=5,8,15 or n=6,p, # 6, H is a graph being matching equivalency with G. We proceed
to prove that H must be isomorphic to G. By Lemma 3

m

He{ (5,,5,,85)U [U j Q(sy, Sz)UPU[UC J KIU[QCWJ}

Case 1. If H :Q(sl,sz)UP,U(Uquj By n>5, we know that » (H)>2. Hence, the component of

(
7(H)>2 inHmaybeonly Q(s,s,).ByLemma4, »(Q(2,4))</(T(15n))<7(Q(26)) and
7(T(15,8))=7(Q(25)). Let 5,=2, then »,(T(L5,n))#7(Q(2s,)),
s, =1, then 7,(Q(3,1)) =7(Q(2.2)), a contradiction. If s, =2, then 7 (Q(3,2))=7,(Q(2,6)), a contradic-
tion. If s,>3, then 7(Q(3:5,))27(Q(3.3))>7(Q(2:n)), a contradiction. Let s, =4. If s,=1, then
7(Q(4.1)) =(Q(2.3)), acontradiction. If s,> 2, then 7,(Q(4,5,)) = 7,(Q(4.2)) =7(Q(3.3)) > 1(Q(2.n)),
a contradiction. Let s, =5.1f s,=1,then 7,(Q(5, 1)) (Q(2,4)) , a contradiction. If s, >2, then
1(Q(5.5,))2 7(Q(5.2)) = 1 (Q(3.4)) > n(Q(3.3)) > ;/l(Q(Z,n)) , a contradiction. Let s, >6, then

71(Q(s,5,)) 2 7(Q(6,1)) > ,(Q(2.5)), a contradiction.

Case 2 If H :T(sl,sz,sg)U(Uquj. By »(H)>2, hence the component of y,(H)>2 in H may be

i=0

a contradiction. Let s =3. If

only T(s,s,.s;). Let s, =1.1f s,=1,then (T (L1s,))<2,acontradiction. If s,=2,3, then

1(T(L2,5,)) < 7(Q(2,4)), a contradiction. If s, =4, then »,(T(L4,s,))=7(T(L5n)), by Lemma 4, we
get n=6,thus s,=13. That s,

u[T (15,6)UC, U(chi jxj _ u[T (1’4’13)U[iuoc‘“ ij _ ;{T (1,5,6)U(iEJOCpi ]XJ then

u[ce U(ch. jx] = ,u(UCpI ,x) , by Lemma 6, p, has at least one equal to 6, a contradiction. If s, =5,
i=0 i=0

3

by Lemma 4, 6, we have s;=n,s=m,p,=¢q;, thus H be isomorphic to G. Let s, =2. If 5,=2,
1n(T(2.2.5,))=(Q(2.5)) # 7 (T (15.n)), a contradiction. If s,>3,s,>3, a contradiction. Let s, >3, by

Lemma4, 7 (T(15n))<7(T(s,s,5;)), acontradiction.

Case 31If H = Klu(Uqu J by 7(G)>2, a contradiction. Combing cases 1 - 3, H is isomorphic to G.
i=0
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The proof is complete. For a graph, its matching polynomial determine the matching polynomial of its Comple-

ment [6], so the complement of G =T (1,5,n)U[UCpI ) (n>5) are matching unique if and only if n=5,8,15
i=0

or n=6,p, #6.
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