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Abstract

We investigate Gaver’s parallel system attended by a cold standby unit and a repairman with mul-
tiple vacations. By using Cp-semigroup theory of linear operators in the functional analysis, we
prove well-posedness and the existence of the unique positive dynamic solution of the system.
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1. Introduction

The study of repairable systems is an important topic in reliability. The Gaver’s Parallel system is one of the
classical repairable systems in reliability. Since the strong practical background of The Gaver’s parallel system,
many researchers have studied them extensively under varying assumptions on the failures and repairs, see
[1]-[3]. The repairman leaves for a vacation or does other work when there are no failed units for repair in sys-
tem, which can have important influence to performance of system. In [4], the authors studied Gaver’s parallel
system attended by a cold standby unit and a repairman with multiple vacations and obtained some reliability
expressions such as the Laplace transform of the reliability, the mean time to the first failure, the availability and
the failure frequency of the system. In [4], the authors used the dynamic solution in calculating the availability
and the reliability. But they did not discuss the well-posedness and the existence of the positive dynamic solu-
tion. Motivated by this, we study in this paper the well-posedness and the existence of a unique positive dynam-
ic solution of the system, by using C,-semigroup theory of linear operators. For background reading on semi-
group theory we refer to [5] or [6]. First we formulate the model of the system as an abstract Cauchy problem in
a Banach space, next we show that the system operator generates a positive contraction C,-semigroup, and fi-
nally we prove that the system is well-posed and there is a unique positive dynamic solution.

The Gaver’s parallel system attended by a cold standby unit and a repairman with multiple vacations can be
described by the following equations (see [4]).
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(;+§jpo(t X)==[24+a(x)]p,(t.x),

(§+§j Py (t.X) = 24y (t.X)=[ 24+ (x) ] p, (1. %),
0

(?a_‘ij P (t.X) =22, (t,) - [ 2+ ()] pa (t.%),

(a ;y}pg(ty——[ﬂw y)|ps(ty),

(§+%J P, (ty)=24p;(ty)~[2+u(y)]pi(Ly),

[ngaixj Ps (t.X) = Ap, (t,X)—ar(X) ps (£, %),
(—+—] Pe (t,Y)=Ap,(t,y)—(y) ps(t.y)

—
Ry
~

with the boundary conditions
0 (1,0) = [ (X) py (t,) dx+jy )P, (t,y)dy +5(t),
pl(t,O) p,(t,0) = ps(t,0)=0,

a(x)py(t,x) dx+J'y )P, (t,y)dy,

0
Ta dX+_[ﬂ y) P (t,y)dy,

©

Ps (1,0) = fer (x) ps (t, X) dx,

0

And the initial conditions

pO(O,X):ﬁ(X), 1,x=0,
(IC){pl(O,x):O,i:1,2,3,4,5,6 where &/(x) = {0,x¢0

Here (t,x)e[0,00)x[0,:0); p,(t,x)dx gives the probability that at time t two units are operating, one unit
is under standby, the repairman is in vacation, the system is good and the elapsed repair time lies in [x,x+dx);
P (t, x)dx represents the probability that at time t two units are operating, one unit is waiting for repair, the
repairman is in vacation, the system is good and the elapsed repair time lies in [x,x+dx); p, (t, x)dx
represents the probability that at time t two unit is operating, one unit is waiting for repair, the repairman is in
vacation, the system is good and the elapsed repair time lies in [x,x+dx); p, (t, y)dy represents the probabil-
ity that at time ttwo units are operating, one unit being repaired, the system is good and the hours that the failed
unit has been repaired lies in [y,y+dy); p, (t, y)dy represents the probability that at time t one unit is op-
erating, one unit being repaired, one unit is waiting for repair, the system is good and the hours that the failed
unit has been repaired lies in [y,y+dy); ps (t,x)dx represents the probability that at time t three units are
waiting for repair, the repairman is in vacation, the system is down and the elapsed repair time lies in [x,x+dx);
Ps (t, y)dy represents the probability that at time t one unit being repaired, two unit is waiting for repair, the
system is down and the hours that the failed unit has been repaired lies in [y,y+dy); 4,4,6 are positive
constants; a(x) is the vacation rate function; (x) is the repair rate function.

Throughout the paper we require the following assumption for the vacation rate function a(x) and the re-
pair rate function (x) .

General Assumption 1.1: The functions «(x) and x(x):R, - R, are measurable and bounded such
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that
a=lima(x),u=limu(x),p, =min(a, u).

X—0 X—0

2. Problem as an Abstract Cauchy Problem

To apply semigroup theory we transform in this section the system (R), (BC), (IC) into an abstract Cauchy
problem [5, Def.11.6.1] on the Banach space (X,|/]), where

X = (L (R,)) x(L,(R,)) x(L(R))x(L,(R,))

and

2
Iol- 351p

p= (po(x)l pl(x)' P, (X), ps(y)’p4(Y)1 ps(x)!pe(Y))t eX.
To define the system operator (A, D(A) we introduce a “maximal operator” (A“, D(A11 )) on X given as

4
L (R,) +§” Pi ||L1y(R+) +" Ps L (R,) +|| p6||L1y(R+) !

@
o O o
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e}
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o
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3

d
D, =D,, =—&f ~[24+a(x)]f,
d

D, :—d—xf -[A+a(X)]f,

D, :—diyf ~[24+u(y)]f,
where D :_diyf ~[A+u(y)]f,

D.. :_(;’_Xf —a(X)f,

D.. =_§_Xf —a(X)f,

d
D, :_d_yf —u(y)f.

To model the boundary conditions (BC) we use an abstract approach as in [7]. For this purpose we consider
the “boundary space” 6X :=C? and then define “boundary operators” L and @ as follows.

po(x) po(x) pO(O)
p(X) Py (X) P.(0)
pz(x) pZ(X) pZ(O)
L:D(A,) =X, ps(y) | L| ps(Y) |=| p:2(0)
P, (y) P(Y)| | Ps(0)
Ps (X) ps (X) ps (0)
Ps (Y) Ps(¥)) \ps(0)
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and
pO(X) 000,000 pO(X)
p(x) 0000000 || p(x)
p,(x)| [0000000 | p,(x)

@[ py(y)|=| 09,0 00,00 || ps(y)].

pA(y) 00¢ 00 0, p4(Y)
Ps(X)| [0000000 || ps(x)
ps(y) 00000¢0 pe(y)

where

i [0,0) > C, f > (f) = () (X)X,

©

o, Lly[O,oo)—>C,f —>¢)2(f)=_|.,u(y) f (y)dy.

0

The system operator (A,D(A)) on X is then defined as
Ap=A,p,D(A)={peD(A,)|Lp==op}
With these definitions the above equations (R), (BC) and (IC) are equivalent to the abstract Cauchy problem

dp(t)
dt
p(0) = (5(x),0,0,0,0,0,0)" € X.

= Ap(t),t e[O,oo), (ACP)

3. Characteristic Equation

In this section we characterize o(A) by the spectrum of a scalar 7x7 -matrix, i.e., or we obtain a characteris-
tic equation which relates o (A) to the spectrum of an operator on the boundary space oX . For this purpose,
we apply techniques and results from [7]. We start from the operator (A,, D(A,)) defined by

D(A)={peD(A,)ILp=0},Ap=Ap.

The elements in ker(1—A,) can be expressed as follows.
Lemma3.1: For y € p(A,), we have

peker(y-A,) 1)
& p=(Po (%), p(X), P2 (%), Ps(¥), P (¥), Ps(X). Ps (¥)) € D(A,),
7(7+2/1)X7]’(a(r)dr 7(y+2)u)x7?a(r)dr 7(}/+2/1)X7}(a(r)dr
Pe(X)=ce ° L p(X)=c¢x24xe 0 +C,e o
(y+A)x-fa(r)dr (y+A)x-fa(r)dr Ly )x-fa(z)dr
p,(x)=ce T (—4e ——4ixe ™ +4)+c,x 2e T (1-e)+ce T
y y y
—(y+22)y-Ju(z)dzr ~(y+A)y-[u(r)de —(y+A)y-[u(r)dr
Ps(Y)=ce T Pa(Y)=c,x2e S (1-e)+cee S
—yx—}a(r)dr —;/X—fa(r)dr

ps(X)=ce °  (2Axe? -3 —de M +l)+ce O (1—e’“)2

—yx=[a(r)dr —yx—]‘(a(r)dr
+oe 0 (l-eM)4ce o
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y y y
—7y=[u(r)dr —7y=[u(r)ds —7y=[u(r)dr
ps(y)=ce © (1—e‘”y)2+cse 0 (1—e‘”)+c7e 0
Using [8, Lemma 1.2], the domain D(A,) of the maximal operator A, decomposes as

D(A,)=D(A)®ker(y—A,).

Moreover, since L is surjective, Ll A, (¥—A,)—>0X Is invertible for each rep(A), see [8,
Lemma 1.2]. We denote its inverse by

-1
D, = (Lhur, n) 0X > ker(y—A,)

and call it “Dirichlet operator”.
We can give the explicit form of D, as follows.
Lemma 3.2: Foreach y € p(A,), the operator D, has the form

D, 0 0 0 0 0 0
D, D, 0 0 0 0 0
D, D, Db 0 0 0 O
D-[0 0 0 D, 0 0 0]
0 0 0 D, D, 0 O
D61 DGZ D63 0 0 D66 O
o 0 0 D, D, 0 D,
where
—(y+22)x foc(r)r —(y+22)x ja(r)r —(y+22)x ja(r)r
D,=¢ D, =21e D, =¢ ,
—(7+/1)X—]'(a(r)r —(y+l)x—}a(r)r
D, =e 0 (—4e‘lx —4axe™™ +4), D,, =2e 0 (1—e‘“),
—(y+A)x ja(r)r 7(;/+21)y7}’a(r)‘r 7(}/+2/1)y7fa(r)r
D, =¢ D, =e ° D, =2 ° o (1-e),
y X
—(y+A)y-Ja(r)r —yx=Ja(r)r
Dy =€ © Dg=e °  (2xe*+3e"—de M 11),
—}/X—Ta(r)‘r —;/X—?a(r)r —yx—}(a(r)r

Dp=e ° (-e™)’,Dy=e ° (l-e™)Dy=e ° ,

Yy
7;/yfj‘a(‘r)r 7;/y7’fa(r)r

D,=e ° (-e“)Ds=e ° (1-e?)D,=e °

For y e p(A),the operator ®D, can be represented by the 7x7 -matrix

a, 0 0 &, 0 0 O

0o 0 0o O O 0 O

o 0 0 0 0 0 O
¢D,=la, a, 0 a, a 0 0

% 8 8 0 & 0 a3y

o 0 0 0 O 0 O

a, 8, a; 0 0 a; 0

where
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—(;/+2/1)x—}(a(r)dr —(7+2/1)y—}la(r)dr

a, = [a(Xe o dxay, = [u(y)e ° dy,
0 0

oo —(7+21)X—Ta(r)dr +0 7(;/+21)x—j)§a(r)dr
a, = [a(x)22e b dxa, = [a(xe 0
0 0

—(;/+21)x—3'(a(r)dr

Ay = .|',u(y)><2e ° dx,a,; = Iﬂ(y)e 0 )
0 0

(y+A)x=a(c)dr (y+A)x-fa(c)dr

a, = .[“(X)e 0 (~de M —dixe M +4)dx,ay, = ja(x)><2e 0 (1—8’“)dX,
0 0

—(7+l)x—3§a(r)dr —yy—]ya(r)dr

ag, = Ia(x)e o dxay, = f,u(y)e ° (1-eM)%dy,
0 0

y y
-yy-la(r)dr —yy-la(r)dr

= fuv)e " e avan = fute Ty
0 0

" recfuer —2x —2x —ax " recfuer —axy2
a, = [a(Xe ° (e 43 —de P Ddxa, = [a(e °  (1-e)dx,
0 0

+00 —yx—}(a(r)dr o +o —}/x—}a(r)dr
ay=[a(e °©  (-eM)da,=[a(e ©  dx
0 0

The Following result, which can be found in [9], plays important role for us to prove the well-posedness of
the system.

Lemma 3.3 (The characteristic equation): If » e p(A)) and there exists y,eC such that 1¢ o(®D, ),
then

Y€ G(A) ole 0((I)D7).

4. Well-Posedness of the System

Our main goal in this section is to prove the well-posedness and the existence of a unique positive dynamic so-
lution of the system. We first prove that the operator A generates a positive contraction C,-semigroup
(T (1)), - For this purpose we will check that operator A fulfills all the conditions in the Phillips’ theorem, see [6,
Thm. C-11 1.2]. The following lemma shows the surjectivity of y-A for y>0.

Lemmad4.l:If yeR, y>0,then ye p(A).

Proof: Let y e R,y >0. Then all the entries of ®D, are positive and using only elementary calculations
one can show that both column sums are strictly less than 1. Hence, ||cDDy|| <1, andthus l¢ a(cDDy). Using
Lemma 3.3 we conclude that y € p(A) .

Lemma4.2: A:D(A)— R(A)c X isaclosed linear operator and D(A) isdensein X .
If X' denotes the dual space of X, then X = (L;(R,))’x(L(R,))*x (L (R,)x(L;(R.)).
It is obvious that X is a Banach space endowed with the norm

2
o~ S

where g = (0y (), G (x), 9, (), & (), 64 (¥), 05 (), Gs(¥))" € X
Lemma 4.3: The operator (A, D(A)) is dispersive.

4
LY (R,) + ;”qi”q(&) +"q5 L7 (R,) +||q6||L°y°(R+) !
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Proof: For p = (py(X).Py(X), P2 (X).P3(Y):Ps(¥).Ps(X),Ps(¥))' € D(A), we define
q= (qo(x)lq1(x)lq2(X)lqs(Y)’q4(Y)’q5(X)!q6(Y))t eX )

where g (x)=||p[san, (p; (x)),i=0,1,2,5,q;(y)=|p|san, (p;(y)).i=34,6 and

sw+@AX»={é g?gg;8ﬁ=0&25£w+@dyﬁ={;:;Eéﬁzgﬁ=&4&

Noting the boundary condition, it is not difficult to see that (Ap,q)<0. By [6] (p. 49) we obtain that
(A,D(A)) is adispersive operator.

From Lemma 4.1 - 4.3 we see that all the conditions in Phillips’ theorem (see [6], Thm. C-11 1.2]) are fulfilled
and thus we obtain the following result.

Theorem 4.4: The operator (A, D(A)) generates a positive contraction C,-semigroup (T (t)),.,-

From Theorem 4.4 and [5] (Cor.11.6.9) we can characterize the well-posedness of (ACP) as follows.

Theorem 4.5: The associated abstract Cauchy problem (ACP) is well-posed.

From Theorem 4.5 and [5] (Prop.l11.6.2) we can state our main result.

Theorem 4.6: The system (R),(BC) and (IC) has a unique positive dynamic solution

p(t) = (P (£, X), Py (£, %), P, (£, X), P5 (L. Y), P4 (L), Ps (£, X), Po (L Y) .
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