Journal of Mathematical Finance, 2015, 5, 212-231 ’Q:Q Scientific
Published Online May 2015 in SciRes. http://www.scirp.org/journal/jmf ‘th’ Eﬁzﬁgmng
http://dx.doi.org/10.4236/imf.2015.52020 ¢

On Asymptotic Behaviors of Exponential
Hedging in the Basis-Risk Model

Kazuhiro Takino

Faculty of Commerce, Nagoya University of Commerce and Business, Nisshin, Japan
Email: takino@nucba.ac.jp

Received 17 April 2015; accepted 24 May 2015; published 27 May 2015

Copyright © 2015 by author and Scientific Research Publishing Inc.
This work is licensed under the Creative Commons Attribution International License (CC BY).
http://creativecommons.org/licenses/by/4.0/

e &

Abstract

In this article, we consider the exponential hedging and the mean-variance hedging in the ba-
sis-risk model. We construct hedging strategies for multiple units of claim and calculate hedging
errors. We then observe how the hedge error risk increases when the investor raises trading vo-
lumes of the claim. Under our definition of the hedge error risk amount, the risk increases in a li-
near way, according to the claim volume for the mean-variance hedging. As to the exponential
hedging, it does not, i.e., nonlinear increment. The hedging error for the exponential hedging, how-
ever, tends to have the same properties to the mean-variance hedging when either risk-averse
parameter or claim volume goes to zero. We numerically demonstrate this fact. Our numerical
demonstration with the results of the previous researches verifies that the indifference price
converges to the mean-variance hedging cost when the claim volume goes to zero under the basis-
risk model.
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1. Introduction

In this article, we consider hedging problems for the European-type contingent claim taking into account the po-
sition of the claim on the basis-risk model. We consider both exponential hedging and mean-variance hedging
for multiple units of claim. We only consider the seller’s problems for convenience, the position, thus implying
the sold amount, which is also called claim volume in this study. In the previous studies, the exponential hedging
problems and the mean-variance hedging problems have been solved for one unit of claim. However, in practice,
many financial institutions trade great numbers of derivatives. If they want to maintain the solvency margin or
the capital adequacy, they should manage or control their risks taking into account their positions. Hence, it is
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needed to consider the hedging problems for multiple units of the claim.

The basis-risk model is a typical example of the incomplete market model, which includes the model that the
underlying asset of the contingent claim is not traded in the financial market. The pricing models for the weather
derivative or the derivative written on the market index are recognized as one of the basis-risk models for in-
stance. In the complete market (e.g., Black-Scholes model), any contingent claims are perfectly replicated with
traded assets, and this simultaneously gives the price of the claim. On the other hand, the value of the claim is
not surly attained with traded assets in the incomplete market setting. This means that the seller of the claim is
exposed to have the hedge error risk, so she/he wants to control it with her/his preference. The exponential
hedging and the mean-variance hedging have independently developed in the context of finding the optimal
hedging strategy for the contingent claim in the incomplete market model. The significant difference of the both
approaches is whether it includes the risk preference of the market participant or not. The exponential hedging
reflects the investor’s attitude for the risk since it is based on the utility maximization with the exponential utili-
ty. The exponential hedging also has been developed in context of the utility indifference pricing with the expo-
nential utility such as [1]-[8]. We use the indifference price as the initial cost of the exponential hedging. The
exponential hedging approach is usually formulated to maximize the expected utility for the amounts of which
the hedge portfolio exceeds the claim payoff. The mean-variance hedging, on the other hand, is a hedging crite-
rion to minimize the hedge error measured by £, -norm, and does not take into account the investor’s prefe-
rence for the risk. This problem is solved by using the projection in the Hilbert space (see [9] for more details).

These methods do not only provide the optimal portfolio strategy, but also lead the pricing rule including the
selection of the equivalent martingale measure. Davis [10], Frittelli [11] and Delbaen et al. [1] respectively de-
veloped the dual problem of the primal exponential hedging problem, and showed that the minimal martingale
measure is given by their duality theories. Adding their contributions, the exponential hedging has been sophis-
ticated as the robust utility maximization framework such as [8]. The mean-variance hedging determines the
equivalent martingale measure called variance-optimal martingale measure under which the price of the claim is
given by the expected value of the discount payoff, i.e., no arbitrage price.

It is recalled that we consider the hedging problems for multiple units of claim. We evaluate the hedge error
risk with the squared root of the expectation of the quadratic hedge error (i.e., £, -norm) which is also the ob-
jective function of the mean-variance hedging. It is shown that the hedge error risk for the mean-variance hedg-
ing then changes in a linear way with respect to the claim volume in this paper. The case of the exponential
hedging, however, does not hold in general. The hedge error risk of the exponential hedging climbs in a nonli-
near way with respect to the claim volume as our numerical results show. We call this property nonlinear in-
crement; we demonstrate this characteristic in numerical scheme.

At this point, the asymptotic behaviors for both exponential hedging and utility indifference price have been
considered in previous literatures. Ilhan et al. [4] summarized that the utility indifference price converges to the
no arbitrage price with the minimal martingale measure when either risk-averse coefficient or claim volume
goes to zero. This fact is shown in this article too. Mania and Schweizer [12] showed that the exponential hedg-
ing strategy with the utility indifference price converges to the strategy of the mean-variance hedging when the
risk-averse coefficient goes to zero. Therefore, combining llhan et al. [4], Mania and Schwiezer [12] identified
that the utility indifference price converges to the mean-variance hedging cost when the risk-averse coefficient
closes to zero. In fact, the variance-optimal martingale measure which is given in the mean-variance hedging
coincides with the minimal martingale measure for the basis-risk model such as [13] [14]. On the other hand, IlI-
han et al. [4] described that the indifference price converges to the superhedging price when either risk-averse
coefficient or claim volume goes to infinity. Also, from numerical examples of [5], one can observe that the ex-
ponential hedging takes the distribution of the hedge error/performance as same as the superhedging for the
large risk-averse coefficient.

Reviewing previous researches makes us be aware that it has never verified the implication about the conver-
gence goal of the indifference price and the exponential hedging when the claim volume goes to zero, for in-
stance. This study considers and investigates that how the indifference price and the exponential hedging con-
verge when the claim volume goes to zero. We implement the exponential hedging and observe its hedge error
closing the claim volume zero. We then find that the hedge error of this hedging approach has linearity with re-
spect to the claim volume for small claim volume. This property is also characterized for the mean-variance
hedging as mentioned in the above. That is, the exponential hedging tends to have the same behavior to the one
of the mean-variance hedging when the claim volume goes to zero. From our demonstration with the review of
Ilhan et al. [4], therefore it is interpreted that for the basis-risk model the utility indifference price converges to
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the mean-variance hedging cost when the claim volume goes to zero.

The rest of the paper is organized as follows: in Section 2, we set up the financial market model. We espe-
cially consider the basis-risk model. In Section 3, we solve the mean-variance hedging problem for the multiple
units of claim. Also, we show the linear increment of the hedge error risk for the mean-variance hedging strate-
gy. In Section 4, we construct the exponential hedging with the utility indifference price for multiple units of
claim. In particular, we derive the exponential hedging strategy by asymptotic scheme. In Section 5, we imple-
ment the exponential hedging and numerically demonstrate behaviors of hedge error amounts for both hedging
strategies. Finally, we conclude this study in Section 6.

2. Model
2.1. Financial Market Model

We consider the basis-risk model (or non-traded asset model). That is, there are one risky asset S (typically the
stock), one risk-free asset B (typically the bank account) with zero risk-free rate and one state level Y which is
supposed to be not traded in the financial market. For instance, as to the weather derivative case, Y corresponds
to a weather index such as the average temperature. Let us set the value process for above instruments. The un-
certainty in this market is characterized by a probability space (Q,_#,P). We then introduce a two-dimen-
sional standard Brownian motion denoted by w = (Wl,WL) on (Q, i P;j[) , Where F; is the filtration gen-
erated by (W (t);0<s<t) and satisfies the usual conditions.
The value process of the risk-free asset B is

dB(t)=0
with B(0)=1 and risk-free rate is 0. The stock price process S and the state level Y are supposed to be driven
by
dS (t) =S (t){sdt +o,dW, (1)}
dY (t) =Y (t){ ,dt + o, dW, (1)}

for 0<t<T, where W, :=pW, +1-p*°W"* (-1<p<1), g and o; (i=1,2)are constants.

We would price a European-type claim whose payoff function is denoted by H (T):=H (T,Y (T)) at matur-
ity T. In the numerical simulation, we consider the put option as an example. This allows us to use an asymptotic
expansion introduced by Monoyios [10]. We assume H e £, (P), where £, (P) is a space of square integra-
ble random variables, i.e.,

£,(P)={X :E|X?| <e]

We use European put option in the numerical example.
The hedging strategies are constructed by the self-financing rule. That is, the hedge portfolio value X (t)
(0<t<T) isdriven by

dX (t)=«(t)dS(t), X (0)=x
with the hedging strategy « which is the amount held in the stock S. X (0) corresponds the initial hedging
cost, it is assigned to the utility indifference price in the exponential hedging as explained in the following sec-

tion. Now we give the mathematical condition of «, i.e., admissible policy.
Definition 2.1. (Admissible) The portfolio strategy « is admissible if it satisfies

E[ J; € (1)8* (t)dt | <0

Therefore, we denote by A the set of all admissible policies « .
Because of the incomplete market model both strategies are exposed to have hedging error. In this work, the
hedging errors R for two hedging strategies are supposed to be measured by

RK :(E[kH (T)-X (T)JZ)M. (2.1)
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2.2. Equivalent Martingale Measure

For two-dimensional predictable process 1 =(4,,4,) we introduce
Z(t)=E(-2W):= exp[—%ﬁ(ﬂi(s)z +2, ()" )ds = [ (2 (s)dW, (5)+ 2, (s)dw * (s))j. 2.2)
We assume that 6:= 4, (t) =4 /0, and A=(4,,4,) satisfies Novikov condition

1t
c {ezjo(zl(smz(sf)ds } o

Then Z is a martingale under P. Z is a solution of
dZ (t) ==Z (t)(4 (s)dW, (s)+ 4, (s)dW ™ (s)), Z(0)=1.
Defining an equivalent probability measure P* by
dp*

dP

then P” is an equivalent martingale measure. Under P* measure, the risky asset price discounted with the
risk-free asset becomes a martingale. Set 4 =(6,0) then yields the minimal martingale measure denoted by Q.
The density process of Q is also given by Z(t)=£(-6W,). Define W = (V\71,V\7L) by

W, (£) =W, (1) + [ ods, W (1) =W (1),

—2(T),

then, from the Girsanov’s theorem, W is two-dimensional Brownian motion under Q.

3. Mean-Variance Hedging

In the present section, we consider the mean-variance hedging strategy for multiple units of claim. The result ar-
gued in this section is a basis for the main theorem. The purpose of the mean-variance hedging is to find a hedge
portfolio strategy K(k)(t)EA (0<t<T) with the initial cost c™® (constant) to minimize the hedge error
with £, -norm, i.e., to minimize R" defined in (2.1). Define so-called gain process G" by

G (t) = [ " (s)ds (s),

then the value process of the hedge portfolio is represented by
X (t)=c +G% (1)

since the initial hedging cost X(0) is C™). Our purpose is therefore to find «*) such that

1
in RO — mi _ch_g®mT)?
min R —KmlerL(E[kH (T)-c¥-6"(T)] ) . 3.1)

In the rest of the section, we construct the mean-variance hedging strategy for multiple units of claim (i.e., kH)
and evaluate its hedging error (3.1).

3.1. Variance-Optimal Martingale Measure

The mean-variance hedging strategy is constructed with Galtchouk-Kunita-Watanabe decomposition of the
claim H under so-called Variance Optimal Martingale Measure (VOMM). We denote VOMM by P”. In par-
ticular, the initial hedging cost* is given by the expected value of the discounted payoff of H under VOMM.
We would like to recommend the reader to refer [9] [15] more detail explanations for the mean-variance
hedging. We thus first need to specify VOMM P”. We define the VOMM according to [15].

Definition 3.1. (Variance-Optimal Martingale Measure: VOMM) The equivalent martingale measure P*
is the variance-optimal martingale measure if it solves to

This value is also called Approximation Price of H in [9] [16].
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2 2
inf E dp .
PreM, dP
It is easy to find the VOMM for our basis-risk model.
Proposition 3.1. (Variance-Optimal Martingale Measure) The variance-optimal martingale measure P~ is
given by
P _
dP
in our financial market model introduced in the previous section. .

Proof. Under the real world measure P, the discount risky asset price S is represented by using the mar-
tingale term M and the finite variation A

Z" (t)=£(-0w,)

$(1)=5(0)+M (1)+A(t)

where M (t)= j;alx (s)dw,(s) and A(t)= j;n(s)d(M )(s) with 7(t)=6/c,X (t). Then the mean-va-
riance tradeoff process J defined by

3(t)=[yn(s) d{m)(s)

is then deterministic. Therefore, Lemma 4.7 in [9] completes the proof.
Q.E.D.
From Proposition 3.1, Z" solves to

1 us(s)e— P gs(sy= £08)
o5 )= Tsm B

dzZ"(s)=-0Z"(s)dW, (s) =-0Z"(s)

ds(s) (3.2)

where ¢ (s)=-02"(s)/aS(s)=-1(s)Z"(s).

Remark 3.1. The variance optimal martingale measure P” in our model coincides with the minimal mar-
tingale measure Q. W given in the last of Section 2.2, is also two-dimensional Brownian motion under P".
3.2. Mean-Variance Hedging for a Unit of Claim

In this section we give the mean-variance hedging strategy. To this end, we first derive the perfect hedging
strategy for the claim H under VOMM P by reference to [17].
The value processes S and Y are respectively driven by

dS(t)= ;S (t)dw, (1) (3.3)
dY (t)=(u, — pbo,)Y (t)dt+o,Y (t)dW, (t) (3.4)

under P*, where dW, =pdW, ++1- p°dW". The Galtchouk-Kunita-Watanabe decomposition for H e £*(P)
under P” is then given by

H(T)=E"[H (T)|]{)J+J';§”'P*d§(s)+ L*P (T) =V (T) (3.5)
with
VHE () = E'[H (T)|Jﬁ,]+j;§“"’*d§(s)+ L*P (t), 0<t<T. (3.6)

Both of LgH'P*dSA(s) and L"* are martingales under P, J'(')é”*P*dSA(s) is orthogonal to L"* under

*

P.
Remark 3.2. In the case of k units claim (k > 1), the Galtchouk-Kunita-Watanabe decomposition is directly
given by

kH (T) = E"[kH (T )|f0]+jOT EHPAS (5) 4 L (T) =V (T)
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with
VI (1) = E'[KH (T)| 5 ]+ [ £ dS (s)+ L™ (1), 0<t<T.

from (3.5) and (3.6), where &*" =k&H® and P =kLHP .

Now we solve &H* and L™ . put

V(68 ().Y (1) =E"[H|%]

from Markov property. Feynman-Kac formula yields that v* (t, §(t) Y (t)) is a solution of
OV +(u, — pbo,) yo v’ +%o—fxzassv* +0,0,5y05, V" +%0'22 y?o,v" =0 (3.7)
with v* (T, S, y) =H ,where 9, f =0of (z)/5z. On the other hand, by Ito’s formula, we have

v’ = (alv* +(p, — poy) yo v’ +%afx2835v* +0,0,5y05,V" +%a§ yzawv*jdt

(3.8)
+05V'dS (t) + o, yo, v dW, (t).
Substituting (3.7) into (3.8) we obtain
av' (1S (t),Y (1)) =8V (6,5 (1), (1))dS (1) + o, ya,v (6,5 (1), Y (1)) oW, (¢), (3.9)

then it holds
v (t,§(t),Y (t)) =V (0, S, y)+J';65v* (s, S(s),Y (s))d§(5)+j; oY (s)o,v" (s,é(s),Y (5))dV\72 (s), (3.10)

By comparison between (3.6) and (3.10), we have §H'P' and " as

ENF(t) =0V (t, S(t),Y (t))+%\((g)ayv* (t, S(t),Y (t)), (3.11)
L (1) = [ o,\1- 7Y (5)0,v" (5,5 (5). Y (5))dW ™ (s). (3.12)

Theorem 3.1. (Schweizer [17]) The mean-variance hedging strategy (C,K*) for H e £, (P) isgiven by
C=V"" (0)=E[H(T)]

K ()= (O+n (VP (1)-C-6™ (1)
for 0<t<T, where 5(t)=6/c,S(t) and G™" is the gain process for the mean-variance hedging strategy
K ik, G™(t)=[x"(s)dS(s).

3.3. Mean-Variance Hedging for Multi-Volume Claims

In this section, we construct the mean-variance hedging strategy for the claim extending units of claim to mul-
tiple volumes.
Proposition 3.2. The mean-variance hedging strategy for k-claims is given by

c =v " (0)=KkE'[H(T)]

0 (t) _ ng,P* (t)+77(t)(V KH P (t)_c(k) _g™n() (t))
for 0<t<T.

Proof. For a constant k, kH remains in £, (P) . Therefore, from the first assertion of Theorem 3.1, the initial
cost of the mean-variance hedging strategy is given by

G
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CY=E"[kH]=KE'[H].
Next, we verify that x*" s the mean-variance hedging strategy. To do this, we set
| (1)=E| (v (1)-C"-6™ (1)) 6" (1)

for 0<t<T .FromLemmalin [13], the optimality of s equivalent to satisfy

1(t)=0. (3.13)
Defining D(t):=V*"* (t)-C®-G™™®(t) with D(0)=0, leads
dD(t)=dV* " (t)—dG™" M (t)

)
P()dS (1) +dL T (1) - (1) dX (1)
:(5”"’ (6)=x"")dS (t) +dL" ™ (1)
=—7(t)D(t)d(M (t)+ A(t))+dL" (t).
From Ito’s formula and the orthogonal relation between jk(k)*dé(t) and L® we have
d(D(1)6" (1)) = D(t)a6" (1) +V* (1)aD(t) +d(D,6*)(1)
=D(t ) ( JdA(t)—7n(t)D(t)G (")(t)dA(t)—D(t)zcm(t)dA(t)+(martingaIes)
=-7(t)D(t)G" (t)dA(t)+(martingales)

=-0°D(t)G" (t)dt +(martingales).
From Fubini’s theorem, we obtain
1(t)=E[D(1)6" (t)]= E[j;evZD(s)G(” (s)ds}
t t
=[}(-¢%)E[ D(s)6"Y (s) |ds =~[,6%1 (s)ds
since @ is deterministic. So it holds that
di(t)=-6°1(t)dt, 0<t<T.
This yields

I(t)=0, 0<t<T
with 1(0)=0, and shows (3.13).
Q.E.D.

3.4. Hedge Error Risk

In this section, we solve the hedging error risk measured by R in (2.1). At first, we introduce the hedge error
risk amount R™ for a unit of claim from a previous research.

Theorem 3.2. (Heath et al., [17]) The hedging error amount RY defined by (2.1) for a unit of claim

H e £?(P) isgivenby
R(l)={ [z*(T)joT Z*l(s)dL“"’*(s)U .

Let us consider the hedge error risk for multiple units of claim H. Define

D(t):=V " (t)—c® ™M (1)
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2
again. Then R(k):(E[D(T)]z) and

dD(t):olSiL(t)D(t)dé O+ (1) = gtt)) D(t)dS (t)+dL* ¥ (1) (3.14)
with D(0)=0,where ¢"(s)=-62"(s)/c;S(s). The solution of (3.14) is represented by
* t 1 kH,P"
D(t)=2 (T)joz*(s)dL (s) (3.15)

fo(r Os)tsT . This can be checked by applying Ito’s product rule to (3.15) from orthogonality of Z* and
1/Z")dL.
From (3.15), Remark 3.2 and Theorem 3.2, it holds that

R =[E{Z*(T)LT z*l(s)de”'P*(S)} ] =k(E{Z*(T>ﬂ Z*l(s)dL”'P*(S)} ] =kRY. (3.16)

Therefore, we obtain the following result from (3.16).
Theorem 3.3. The risk amount measured by R") for the mean-variance hedging strategy varies in a linear
way with respect to the claim volume k, i.e.,

4. Exponential Hedging and Utility Indifference Price

In this section, we construct the exponential hedging strategy based on the utility indifference price for multiple
units of claim. The former has already demonstrated by [5] [6] for a unit of claim, the indifference price is used
as the initial hedging cost.

4.1. Utility Indifference Price with Exponential Utility

In this section, we derive the utility indifference price as the initial hedging cost in the exponential hedging. The
indifference price is derived by solving two distinct utility maximization problems. The one is so-called Mer-
ton’s problem to maximize the expected utility from the terminal portfolio value, the other is one from terminal
portfolio value equipped with claims. Delbaen et al. [1] and Monoyios [5] [6] considered the latter problem as
the exponential hedging, in particular [5] [6] derived a hedging strategy for the claim.

In order to derive the utility indifference price, we set utility maximization problems. The market participant
has an exponential utility with the risk averse coefficient y >0 as follows:

1
U(x)=—"e™
()=

for x> 0. Set the portfolio strategy 7 :=«S, then ~ means the money amount held in the stock. We use =
as an optimizer of the following utility maximization problems in this section for convenience. The portfolio
value process is thus given by

We denote the set of all admissible policies ~ forall ke A by A'.
The problem to maximize the expected utility from terminal portfolio value is given by

U (t,X) = sup E, [U(X(T))]

where E; denotes the expectation conditioned with the market information F up to time t. On the other hand,
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the problem to maximize the expected utility from terminal portfolio value with k claims is represented by
u(tx,y)=supE, [U(X(T)=kH (T))].

This is the value function for the exponential hedging introduced in [1]. We then define the utility indiffe-
rence price p(t;k) for k claims.

Definition 4.1. (Utility Indifference Price) The utility indifference price p(t;k) for k claims at time t is a
solution of

Up (t,X) =u(t,x+p(t:k),y). (4.1)

Since the investor receives the premium p at the initial time, so p in Definition 4.1 implies the seller’s price.
As argued in Section 5.3.2 in [4], it holds that

TLICLY Sy p(0;1)=E[H(T)] (4.2)

k—+0 k y—>+0

with the exponential utility for the general incomplete market, where E denotes the expectation under Q.
Theorem 3.1 with (4.2) immediately yields the following theorem.

Theorem 4.1. The utility indifference price coincides with the mean-variance cost for small risk-aversion and
claim volume in our basis-risk model.

The basis-risk model permits the explicit solutions for u, and u respectively with the exponential utility, this
leads explicit representation of p such as [7].

Proposition 4.1. The value function u is given by
1 —yx—%@Q(T—t)

U, (t,x):—;e

where 0=y, /o, .
Proof. Hamilton-Jacobi-Bellman (HJB) equation of the value function uy is

0,y + max [zylc’ixuo +%7rzafaxxuo} =0,

1 (4.3)
Uy (T, x)=—=e7"
v

The first order condition leads that the maximum of (4.3) is achieved at

« 6 o.u
a=_Z %
O-l axxuO

Substituting 7"~ into (4.3) yields the following PDE.

(4.4)

Now we set
Uy (t,X) = — Ze 7 £, (1) (45)
where f;:[0,T]+ R, and plugging this into (4.4) gives
f(t) = —%92 (T-t).

This yields



K. Takino

f, (t):exp(—ée2 (T —t)j

with the terminal condition f, (T )=1. From (4.5), the proof is completed.
Q.E.D.
On the other hand, the explicit solution of u(t,x,y) is solved by using an approach demonstrated by some
literatures such as [5] [7].
Proposition 4.2. u(t, X, y) is represented by

1

1
u (t, X, y) = 1 e_VX_EDZ(T‘t) (Et |:e(1p2);/kH M Dl_pz |

4

where E denotes the expectation under the measure Q.
Proof. HJB equation of the value function u is

ou +% y20'226yyu + max |:7Z'ILI16XU +mpo,0,Y0,,u +%7rzofaxxu} =0,

L (4.6)
u(T,xy)=—=e70",
v
The maximum of (4.6) is attained by
f_ _ﬁﬂ_&ﬂ%_ 4.7)
Gl axxu O-l axxu
Substituting 7~ into (4.6), we have the following PDE.
2 2
1, o 1,(0,0) 0,050 1 4 5 5 (94Y)
dU+= Y20 u—=62 22— o, -= =0,
Ty Yy 0,0, 2 2. poo,y o Zp o,y o.u 48)
u (Tl X, y) = _le*}/(X—kH)_
e
By [13], u is represented by
1
U(tX,y)=—2e 7 (ty)s, (4.9)
Y
where f:[0,T]xR,, > R solvesto
1 1
-0, f +§(1—p2)¢92f = —plo,yd, f +Ey20228yyf,
2
f(T,y)ze(1 o
Feynman-Kac formula yields that
f(ty)- e—%(lpr)(}Z(T—t) £ |:e(1_p2),kH }
Plugging this into (4.9) concludes the proof.
Q.E.D.
Proposition 4.3. The utility indifference price p(t;k) at time t for k units of claim is
- _ 2
p(t;k) =;2In E, [e(l ot e } (4.10)
7(1-p%)

4.2. Exponential Hedging

The exponential hedging has been considered by Delbaen et al. [1], the value function of the hedging problem
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arises in the utility indifference price approach with the exponential utility, i.e., u(t,x,y). Our study extends
Delbaen et al.’s problem to the problem with multiple units of claim. Furthermore, Monoyios [5] [6] derived the
hedging strategy for the claim as Delta hedge. The hedging strategies demonstrated by [5] [6] take into account
the initial hedging cost which is the utility indifference price. We thus apply Monoyios’s works [5] [6] to our
hedging problem.

Proposition 4.4. The exponential hedging strategy ¢ held in the stock is given by

S(t)z%ayp(t;k). (4.12)

Proof. See [10].
Q.E.D.
Then, we define the hedge error for the exponential hedging as introduced in Section 3. The risk amount of
the hedge error R for k-claims with the exponential hedging is represented by

RY =(kH (T)- p(0:k) - [} 8(s)as (s))

1
2

4.2.1. Asymptotic Expansion of Exponential Hedging Strategy
Let us derive an asymptotic expansion of the exponential hedging strategy, i.e., ¢ in (4.11). Since we have no
closed formula for p(t;k) in (4.10), it is convenient to use the asymptotic formula of p(t;k) to obtain a
closed formula of the hedging strategy. Monoyios [5] has respectively derived an asymptotic expansion of
p(t;k) and & when k =1 by the power series expansion scheme, we also provide those for the case of k > 1
by same manner.

Proposition 4.5. The utility indifference price p(t;k) for k-claims (k > 1) with an exponential utility is
represented by

p(t;k)zk{ét[H(T)]+%g\7§1[H(T)]+O(52)}, (4.12)

where & :=y(1—p2)k and Var. denotes the variance operator under Q-measure conditioned with the in-
formation up to t, if the parameters satisfy

E[e”‘(”] <2. (4.13)
Proof. Taylor expansion for f (x)=e™ (ais aconstant) is
— 1 2,2 3
f(x)_1+ax+za X +O(a )
where O(a) denotes terms proportional to a. Therefore, (4.10) is rewritten by
. K =7, k = 1 ,-=
p(t:k)==InE, [e H“)J :;In{1+5Et [H (T)]+zngt [H? (T)]+o(g3)}. (4.14)
The power series expansion for g(x)=In(1+x) is given by
In(1+x):x—%x2+0(x3) (4.15)
with —1<x<1 (orequivalently 0<1+x<2). Applying (4.14) to (4.15) for the condition of (4.13), we have
K| = 1 = = 2
p(tk) :;{gEt [H (T)]+552 (Et [H*(T)]-E[H(T)] )+O(£3)},
if E[e"M]<2
Q.E.D.

From Proposition 4.5, we obtain a closed formula of the exponential hedging strategy (4.11) by calculating
the first derivative of (4.12). From (4.12), we have
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ayp(t;k):k{ayét[H(T)]+%g(ayét[HZ(T)]—zét[H(T)]ayét[H(T)])m(gS)}. (4.16)

5. Numerical Example and Main Result

In this section, we demonstrate the exponential hedging discussed above by using Monte-Carlo simulation.
We also obtain main results of this work through the numerical simulations in this section.

Main Result

As mentioned in Section 2, we consider the hedging problems for the put option written on Y. Its payoff function
is
H(T)=H(T.Y(T))=(K-Y(T)) (5.1)

with the strike price K.
For the claim H presented by (5.1), we have

E [H(T)]=Kd(-d,(t))-Y (t)e" "o (d,(t)),
E, [H 2(T )] = K2®(~d, (1)) - 2KY (t)e= T (—d, (1))

1
e

2
+Y2 (t)e [ 2
where @ denotes the distribution function of the standard normal distribution and
Y (t 1
In{}i)j+(,u2 - pbo, +20'22)(T -t)
o, NT —t
d,(t)=d,(t)—o,vT -t.

®(~d, (t) - o\ -t)

d, (t):

And also, from the fact that

Y (t)e(/lz—PGUZ)(T_t)(I)’(—dl (t)) = K(D'(_dZ (t))'
it holds
0,E.[H(T)]=—e"l g (~d,(t)),

ayEI[HZ(T)]=2{Y (t)ez(ﬂz et t)CD( d; (1) =0T —t) - Kele 72t t)‘D(‘O'l(t))}

We obtain the exponential hedging strategy in the closed form by substituting these into (4.16).
We first should check whether our model and parameters satisfy the condition (4.13). We specially select the
upper of k to satisfy the condition (4.13). We use parameters described in Table 1. Table 2 summarizes the si-

mulated results for Et [ecH(T)J, its standard error when » =0.01 and its upper bound. The upper bound of

Et [eeH(T)} is defined as the upper value of 95% confidence interval for Et [eeH(T)} ,l.e.,

= [e"M 7= Std Error
Upper bound of E, [e ] = Mean +1.96 x N (5.2)
where N is the number of simulation times. And then, we simulate E, [e“’H(T)] up to k such that
Upper bound of E, [egH(T)} <2. (5.3)

The table shows that our parameters are valid up to k = 10. The fact that Et [e”H(T)} is monotone increasing
with respect to y, allows us to use the above asymptotic rule for y <0.01.
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Tables 3(a)-(d) show the risk amount RY) of the hedge error and its simulation error (denoted by “Bound”)
for the mean-variance hedging Table 3(a) and the exponential hedging Tables 3(b)-$d). As to the exponential
hedging, we simulate the hedging strategy for y = 0.001, 0.005, 0.01. The bound of R ¥ is calculated as a 95%
confidence interval such that

[Mean —1.96XM M}

,Mean +1.96 x
JN JIN

Needless to say, the hedge error risk increases according to the claim volume k for both hedging strategies.
We are however interested in the increment of the risk amount rather than itself. That is, how the risk amount
increases according to the claim volume k? To this end, we evaluate the proportion of the risk amount for multi-
volume traded to the risk amount for a unit claim sold, i.e., R®/R® . Table 4 shows the proportion of the risk
amount R®/R® for the exponential hedging and results are described in Figure 1. At first, the risk amount
increases in linear way for all k at y = 0.001, and so do up to k = 6 at y = 0.005, respectively. On the other hand,
at y = 0.01, it linearly increases up to k = 3, and it increases in nonlinear way after that. We note that these dif-
ferences are significant by observing the bound of RY in Table 3. This implies that the risk amount tends to
increase nonlinearly for large risk averse coefficient. Also, the risk amount linearly increases for small k inde-
pendent with the level of y.

As shown in Theorem 3.3, the risk amount of the hedge error varies in linear way for the mean-variance

Table 1. Parameters used in the numerical examples.

Parameter S(0) i o, Y (0) L o, K T p

Value 100 0.01 0.25 100 0.12 0.30 100 1.0 0.75

Table 2. The value of E, [eEH(T)} and its standard error with » =0.01.

Volume k 1 2 3 4 5 6 7 8 9 10
E[e"™] 1.04 1.08 112 117 1.23 1.30 137 146 156 1.68
Std. Error 0.06 0.13 021 0.30 041 054 071 0.90 114 143
Upper Bound ~ 1.04 1.08 112 117 123 1.30 1.38 1.47 157 1.69
18 -
16 y=0.001
g 14 1
=3
:
g 124
i
2 10+
s
s 81
2
g 61
=3
2
A~ 4
2 4
0 T T T T T T T T T 1

Volume (k)

Figure 1. Proportion of the risk amount, R®/RY, for the
exponential hedging.
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Table 3. (a) The risk amount of the hedge error R® and its bound for the mean-variance hedging; (b) The risk amount of
the hedge error R® and its bound for the exponential hedging at y = 0.001; (c) The risk amount of the hedge error R® and
its bound for the exponential hedging at y = 0.005; (d) The risk amount of the hedge error RY and its bound for the expo-
nential hedging at y = 0.01.

(@)
Volume k 1 2 3 4 5 6 7 8 9 10
Risk Amount 7.99 15.88 24,12 32.01 39.97 47.7 56.04 63.77 71.52 79.54
Bound 7.94 - 15.79 - 23.98 - 31.81- 39.72 - 47.41 - 55.70 - 63.38 - 71.09 - 79.05 -
8.04 15.98 24.27 32.21 40.21 48.00 56.38 64.16 71.96 80.03

a. The second line shows the risk amount of the hedge error R®, and the third line lists the its confidence interval.

(b)
Volume k 1 2 3 4 5 6 7 8 9 10
Risk Amount 7.99 15.9 24.15 32.09 40.07 47.91 56.31 64.14 72.02 80.27
Bound 7.94 - 15.80 - 24.00 - 31.90 - 39.83 - 47.62 - 55.98 - 63.76 - 71.59 - 79.80 -
8.04 15.99 24.29 32.29 40.31 48.20 56.64 64.52 72.44 80.74

a. The second line shows the risk amount of the hedge error R®, and the third line lists the its confidence interval.

(©
Volume k 1 2 3 4 5 6 7 8 9 10
Risk Amount 8.01 16.03 24.51 33.03 41.85 50.99 61.02 70.93 81.58 93.39
Bound 7.96 - 15.93 - 24.37 - 32.85 - 41.62 - 50.71 - 60.69 - 70.55 - 81.15 - 92.90 -
8.06 16.12 24.65 33.22 42.08 51.27 61.34 71.31 82.00 93.88

a. The second line shows the risk amount of the hedge error R®, and the third line lists the its confidence interval.

(d)
Volume k 1 2 3 4 5 6 7 8 9 10
Risk Amount 8.05 16.38 25.61 35.67 46.8 59.27 73.46 88.6 105.73 125.22
Bound 8.01 - 16.29 - 25.47 - 35.48 - 46.55 - 58.96 - 73.08 - 88.15 - 105.19- 124,59 -
8.10 16.47 25.75 35.87 47.05 59.58 73.83 89.05 106.26 125.85

a. The second line shows the risk amount of the hedge error R®, and the third line lists the its confidence interval.

Table 4. Proportion of the risk amount, R"/R®, for the exponential hedging.

Volume k 1 2 3 4 b) 6 7 8 9 10

y =0.001 1.00 2.01 3.00 4.02 4.98 6.03 7.06 8.04 9.04 10.11
y =0.005 1.00 2.00 3.06 4.13 5.23 6.37 7.62 8.86 10.19 11.66
y=0.01 1.00 2.03 3.18 4.43 5.81 7.36 9.12 11.00 13.13 15.55

a. The risk amount tends to increase in nonlinear way according to the claim volume k for large risk-averse coefficient and claim volume.

hedging. Our numerical experiences thus show the convergence of the exponential hedging to the mean-variance
hedging about the linear increment of the hedge error risk when the risk-averse coefficient and the claim volu-
mego to zero. In fact, Tables 3(a)-(d) show that the difference in the risk amounts between the mean-variance
hedging and the exponential hedging are very small for small risk-aversion y and claim volume k. The risk
amount of the hedge error for the exponential hedging with y = 0.001 more closes with the one for the mean-va-
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riance hedging rather than the cases of y = 0.005, 0.01. Such convergence has already been shown by [9]. Also,
even in the case of y = 0.01, the risk amount of the exponential hedging closes to the one of the mean-variance
hedging for which k is less than or equal 3.

We further add the characteristics about the increment of the risk amount for the both hedging strategies. In
particular, we implement hedging strategies by varying p. The parameters used in this demonstration are de-
scribed in Table 5. We use parameters as same as the ones used in the previous section except of p. At first, we
check the validity of the asymptotic formulae for the exponential hedging strategy and the utility indifference
price. That is, whether the parameters used described in Table 5 satisfy (5.3) or not, as experienced in the above.

Table 6 shows the simulated results for EK [egH(T)] , its standard error when y = 0.01 and its upper bound. The

upper bound of Et [egH(T)] is defined by (5.2). The table indicates that the asymptotic formulae are valid up to
k=5.

Tables 7(a)-(g) shows the hedge error risk amount for the mean-variance hedging, and the graph is described
in Figure 2. From the table or the figure, the hedge error amount is concave with respect to p for each claim vo-
lume k. This property however is violated for the exponential hedging for large claim volume. Tables 8(a)-(g)
show the hedge error risk amount for the exponential hedging, and the graph is given in Figure 3. Obviously,
the risk amount of the hedge error does not have a concave with respect to p at k >3. On the other hand, the
concavity is preserved for k>2.

Furthermore, we consider the linearity of the hedge error risk, the linearity is one of the characteristics of the
mean-variance hedging. Tables 9(a)-(q) shows the proportion of the risk amount R*//R® for each p, and the
graph is given in Figure 4. From the table, the linearity is relatively preserved for around 0 =0.0, and it is vi-
olated when p leaves from zero. For example, at p =-0.75, the risk proportion increases in a nonlinear way

Table 5. Parameters used in the numerical examples.

Parameter S(0) ) o, Y (0) A o, K T 7
Value 100 0.01 0.25 100 0.12 0.30 100 1.0 0.01

Table 6. The value of E, [eSH(T)] and its standard error with » =0.01 and p=0.0.

Volume k 1 2 3 4 5

E[e"”] 1.08 1.20 135 155 1.85

Std. Error 0.14 0.35 0.67 114 191
Upper Bound 1.08 1.20 1.35 1.55 1.85

Figure 2. Hedge error risk of the mean-variance hedging for

each p.
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Figure 3. Hedge error risk of the exponential hedging for
each p.

7.00 A
6.00
5.00
4.00 -
3.00 -
2.00
1.00 -
0.00

Figure 4. Proportion of the risk amount R®/R® of the ex-
ponential hedging for each p.

with k for k >3. This property also stands in the case of p=0.75 too. However, the proportion of the hedge
error risk amount varies in a linear way for small claim volume even though the case of p<0.0 or p>0.0.
Therefore, the hedge error risk amount for the exponential hedging tends to have the linearity when the claim
volume closes to zero for each p.

Summarizing results considered in the above, we have the following theorem.

Theorem 5.1. The exponential hedging with the utility indifference price as the initial hedging cost, con-
verges to the mean-variance hedging when the claim volume k or the risk averse coefficient y closes to zero.

6. Concluding Remarks

In this work, we constructed both the mean-variance and exponential hedging strategies for multiple units of
claim and calculated the hedge error risks for each risk-averse level and claim volume. The hedge error risk is
measured by the squared root of the expectation of the quadratic hedge error. We then characterized the nonli-
near increment of the hedge error risk with respect to the claim volume for the exponential hedging strategy; that
is, the hedge error risk varies in a nonlinear way with respect to the claim volume. By contrast, the hedge error
risk changes in the linear way for the mean-variance hedging. Our numerical examinations verified that the non-
linear increment is reduced to the linear increment when the risk-averse coefficient and the claim volume go to
zero. That is, we showed that the exponential hedging converges to the mean-variance hedging from the point of
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Table 7. (a) The risk amount of the hedge error R® and its bound for the mean-variance hedging at p = —0.75; (b) The risk
amount of the hedge error R® and its bound for the mean-variance hedging at p =—0.50; (c) The risk amount of the hedge
error R® and its bound for the mean-variance hedging at p = —0.25; (d) The risk amount of the hedge error R and its
bound for the mean-variance hedging at p = 0.00; (e) The risk amount of the hedge error R® and its bound for the
mean-variance hedging at p = 0.25; (f) The risk amount of the hedge error R® and its bound for the mean-variance hedging
at p = 0.50; (g) The risk amount of the hedge error R® and its bound for the mean-variance hedging at p = 0.75.

(@
Volume k 1 2 3] 4 5
Risk Amount 7.84 15.68 23.56 31.49 39.29
Bound 7.79-7.89 1559 - 15.78 2342-23.71 31.30- 31.69 39.04 - 39.53

a. The second line shows the risk amount of the hedge error R®, and the third line lists the its confidence interval.

(b)
Volume k 1 2 3 4 5
Risk Amount 10.25 20.6 30.78 41.08 51.29
Bound 10.19-10.31 20.47 - 20.73 30.59 - 30.97 40.82 - 41.33 50.97 - 51.61

a. The second line shows the risk amount of the hedge error R“‘), and the third line lists the its confidence interval.

(©
Volume k 1 2 3 4 5
Risk Amount 11.58 23.13 34.73 46.24 57.69
Bound 11.51-11.66 22.98 - 23.28 34.51-34.95 45.94 - 46.53 57.33 - 58.05

a. The second line shows the risk amount of the hedge error R‘k), and the third line lists the its confidence interval.

(d)
Volume k 1 2 3] 4 5
Risk Amount 12.03 23.94 35.76 47.9 60.1
Bound 11.95-12.10 23.79 - 24.09 35.53-35.99 47.60 - 48.21 59.73 - 60.47

a. The second line shows the risk amount of the hedge error R®, and the third line lists the its confidence interval.

O]
Volume k 1 2 3 4 5
Risk Amount 11.58 23.14 34.93 46.34 57.7
Bound 11.50 - 11.65 22.99 - 23.28 34.71-35.15 46.04 - 46.63 57.33 - 58.06

a. The second line shows the risk amount of the hedge error R(k), and the third line lists the its confidence interval.

®
Volume k 1 2 3 4 5
Risk Amount 10.38 20.83 31.34 41.78 52.25
Bound 10.32 - 10.45 20.70 - 20.96 31.14 - 31.53 41.52 - 42.04 51.92 - 52.58

a. The second line shows the risk amount of the hedge error R‘k), and the third line lists the its confidence interval.

@)
Volume k 1 2 3] 4 5
Risk Amount 8.01 15.96 23.95 32.16 40.04
Bound 7.96 - 8.06 15.86 - 16.06 23.80-24.10 31.96 - 32.36 39.80 - 40.29

a. The second line shows the risk amount of the hedge error R®, and the third line lists the its confidence interval.
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Table 8. (a) The risk amount of the hedge error R® and its bound for the exponential hedging at p = —0.75; (b) The risk
amount of the hedge error R® and its bound for the exponential hedging at p =—0.50; (c) The risk amount of the hedge er-
ror R% and its bound for the exponential hedging at p = —0.25; (d) The risk amount of the hedge error R and its bound for
the exponential hedging at p = 0.00; (e) The risk amount of the hedge error R% and its bound for the exponential hedging at
p = 0.25; (f) The risk amount of the hedge error R® and its bound for the exponential hedging at p = 0.50; (g) The risk
amount of the hedge error R® and its bound for the exponential hedging at p = 0.75.

(@
Volume k 1 2 3] 4 5
Risk Amount 7.93 16.35 26.46 38.39 53.37
Bound 7.88-7.98 16.25-16.44 26.08 - 26.83 38.00 - 38.77 52.51-54.21

a. The second line shows the risk amount of the hedge error R®, and the third line lists the its confidence interval.

(b)
Volume k 1 2 3 4 5
Risk Amount 10.35 21.58 34.34 49.54 68.96
Bound 10.28 - 10.41 21.45-21.70 34.09 - 34.59 49.12 - 49.96 67.87 - 70.03

a. The second line shows the risk amount of the hedge error R“‘), and the third line lists the its confidence interval.

(©
Volume k 1 2 3 4 5
Risk Amount 11.64 23.62 36.55 50.59 65.98
Bound 1157-11.71 23.49 - 23.76 36.35-36.75 50.29 - 50.88 65.53 - 66.43

a. The second line shows the risk amount of the hedge error R‘k), and the third line lists the its confidence interval.

(d)
Volume k 1 2 3] 4 5
Risk Amount 12.05 24.11 36.39 49.28 62.62
Bound 11.98-12.12 23.98 - 24.25 36.20 - 36.58 49.04 - 49.52 62.35 - 62.90

a. The second line shows the risk amount of the hedge error R®, and the third line lists the its confidence interval.

O]
Volume k 1 2 3 4 5
Risk Amount 11.63 23.62 36.66 50.57 65.97
Bound 11.57-11.70 23.49 - 23.75 36.45 - 36.87 50.24 - 50.90 65.52 - 66.41

a. The second line shows the risk amount of the hedge error R(k), and the third line lists the its confidence interval.

®
Volume k 1 2 3 4 5
Risk Amount 10.48 21.77 35.31 50.4 67.91
Bound 10.42 - 10.54 21.64 -21.90 34.53 - 36.07 49.75 - 51.03 67.19 - 68.63

a. The second line shows the risk amount of the hedge error R‘k), and the third line lists the its confidence interval.

@)
Volume k 1 2 3] 4 5
Risk Amount 8.12 16.72 26.62 39.42 53.86
Bound 8.07-8.17 16.57 - 16.87 26.45 - 26.80 38.90 - 39.94 52.54 - 55.14

a. The second line shows the risk amount of the hedge error R®, and the third line lists the its confidence interval.
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Table 9. (a) Proportion of the risk amount, R(“)/R“) , for the exponential hedging at p = —0.75; (b) Proportion of the risk
amount, R"™/R" , for the exponential hedging at p = —0.50; (c) Proportion of the risk amount, R" /R, for the exponen-
tial hedging at p = —0.25; (d) Proportion of the risk amount, R*/R™ , for the exponential hedging at » = 0.00; (€) Propor-
tion of the risk amount, R®/R® , for the exponential hedging at p = 0.25; (f) Proportion of the risk amount, R®/R® , for
the exponential hedging at p = 0.50; (g) Proportion of the risk amount, R*/R® , for the exponential hedging at p = 0.75.

@
Volume k 1 2 3 4 5
R“/R 1.00 2.06 3.34 4.84 6.73
(b)
Volume k 1 2 3 4 5
R“/RY 1.00 2.09 3.32 4.79 6.67
©
Volume k 1 2 3 4 5
R“/RY 1.00 2.03 3.14 4.35 5.67
(d)
Volume k 1 2 3 4 5
R%/RY 1.00 2.00 3.02 4.09 5.20
©
Volume k 1 2 & 4 5
R®/RY 1.00 2.03 3.15 4.35 5.67
®
Volume k 1 2 & 4 5
R“/R® 1.00 2.08 3.37 4.81 6.48
@)
Volume k 1 2 3 4 5
R“/R 1.00 2.06 3.28 4.86 6.64

the hedge error view. As mentioned in Section 1, it has been already shown that the utility indifference price
with the exponential utility converges to the no arbitrage price when the claim volume goes to zero. Hence our
results with the results of the previous researches lead a perspective that the utility indifference price with the
exponential utility converges to the mean-variance hedging cost in the basis-risk model.
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