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Abstract

This paper is devoted to the development of new theory of orthotropic thick plates with account of
internal forces, moments and bimoments. An equation of motion of plates is described by two sys-
tems with nine equations each. Boundary conditions depended on displacements, forces, moments
and bimoments are given. An exact solution of the bending of thick plate under the effect of sine
load is built. Numerical results for maximal values of displacements and stresses of the plate are
obtained.
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1. Introduction

Specified theories of plates are widely used in analysis of structure elements. Review and general technique for
constructing a specified theory can be found in [1] [2]. In spatial case of bending and vibrations along the thick-
ness of the plate, the displacements vary according to nonlinear law, and classical theories of plates and shells
become unacceptable. In general case the field of displacement of thick plates does not obey to any simplifying
hypotheses. It is necessary to take into account all the components of the tensor of stress and strain:
oy, &;(1, j =1,3); by them we will introduce tensile and crosscutting forces, bending and torsion moments and
the concept of bimoments [3], generated due to nonlinear law of distribution of displacements in cross-sections
of the plate.

This article briefly describes a method of constructing a theory of plates with bimoments. Determinant corre-
lations of forces, moments, bimoments and the equations of motion in relation to these types of force factors are
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given.

2. Statement of the Problem

Consider orthotropic thick plate of constant thickness H =2h and dimensions a,b in plan. Introduce the
signs: E;, E,, E; —elasticity modulus and G,,,G,;,G,;—shear modulus; v,,,v,;,v,;—Poisson’s ratio of plate
material.

Introduce Cartesian system of coordinates x,,x, and z. Axis oz is directed vertically downwards. Let dis-
tributed surface normal and tangential loads are applied to the lower and the upper face surfaces of the plate

z=h and z=-h. Normal loads in oz axis we will designate as qg*),qg’), tangential loads in direction
oxl,oxz—qf(”,qﬁ'),(k :1_2) Vlasov B. F. [4] has built an exact analytical solution of this problem in trigono-

metric series.

Components of the vector of displacement are determined by the functions of three spatial coordinates and
time u, (X, %,,2,t),U, (X, %,,2,t),Us (X, X, Z,t). Components of the tensor of strain are determined by Cauchy
correlation. The plate is considered as a three-dimensional body, its material obeying Hooke’s generalized law:

o = Epén + By + Eeyyy 0y = By + Bppéyy + By, )

Oy = Bg161; + Epy6, + Egg6sn 0, =2G,61,, 013 =2G38;, 0y =266,
where E;;,E,, -, E;;—are elastic constants, defined by Poisson’s ratio and elasticity modulus in the form:
B =E0u By =E05, By =E;0y,
E,=Ey=E0, =50, E3=Ey=E0;=E0;, Exy=Ey=E0,=E0s,

_l-vvy _1-vvy 1wy
1= 2= v Uz = )
1-4° 1-4° 1-4°
_ Vgt VigVay Vo V5V _ _Vigt Vo Ve Vi TVpVos
ng ng - 2 - 2 ' 13 — 931 - 2 - 2
1-u 1- 1-u 1-u
Voq +ViaV. Voo + Vo, V.
_ _Vaza TViaVip Vg TVaVn 2 _
O3 =03, = 2 = 7 M= VpVy T VsV tVigVs + 2V1,VpaVay.

As an equation of motion of the plate we will use three-dimensional equations of motion of the theory of elas-
ticity:

doy n 90y, " doy

= pii. (i=13). 2
ox, ox, oz Pl i ) @

here o —is a density of plate material.
Boundary conditions on the lower and the upper surfaces z=h and z=-h have the form:
o=, o,=0", o, =q\?, atz=Hh; (3.8)
on=0), o,=0", o,=0"), atz=-h (3.b)
3. Method of Solution

Methods of constructing a bimoment theory of plates is based on displacements expansions in infinite series,
Hooke’s generalized law (1), three-dimensional equations of the theory of elasticity (2) and boundary conditions
on face surfaces (3). Components of the vector of displacements are expanded in Macloren’s series in the form

[3]-7]:

2 3 m
Uy =Bék)+Bl(k)%+B§k)(£j +B§k)(ﬁj +~--+B&k)(§] +-o, (k=12), (4.2)
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2 3 m
z z z z
=A+A—+A|—| +tA| =] +-+ = 4+, 4.b
A+AL Azm As[hj An(hj (4.6)
here Br(nk), A, —are unknown functions of two spatial coordinates and time:

() _ _h" a”‘uk _ ~ _h" (8,

Offered bimoment theory of plates [5]-[8] is described by two unrelated problems, each of which is formu-
lated on the basis of nine two-dimensional equations with corresponding boundary conditions. It should be noted
that proposed bimoment theory of plates presents a two-dimensional theory of elastic orthotropic layer, which is
deformed in general three-dimensional form.

The first problem is described by two equations relative to longitudinal and tangential forces, by four addi-
tionally constructed equations in relation to bimoments and three equations obtained from the boundary condi-
tions (3) on the basis of expansion (4). The forces, moments and bimoments of the plate are determined by nine
unknown kinematic functions from relationships [5]-[8]:

+) L) h h
_u _ 1 = 1 2 _
uk _T' Wk _E:Lukdz, IBk —WJ;UI(Z dZ, (k —1,2), (Sa)
(+) _ ;) h h
— uy”’—-u 1 1
w==_3  rv=—"(uzz 7=—[u.z%dz 5.b
. 52 f 202, 7= j s (5.b)

We will get the equations of equilibrium relative to longitudinal and tangential forces by integrating two first
equations of the theory of elasticity in coordinate z (2):
oN;,  ON, _ = ON, 0N,

+—2420, = pHy,, +
oX,  0X, W =Pt oX, 0%,

+2q2=le;2, (6)

where N,;,N,,,N,, —are longitudinal and tangential forces determined from relationships
oV, oy

N, = j o,dz = E H -2 6x1 +E,H—2 ax +2E,W, (7.2)
2
dz=E,H Y e n2 0e W (7.b)
zz—Iazzz— 12 ox, +Ep ox 2B, .
2
h —
oy 6!//
N, =N, = jh alzdz:Glz[H 6)(12 8x21J (7.c)

() _ g () 4 g0
q, = % (k=12), q,= % —terms of equations with external load.

On the basis of force expression (7) two Equations (6) include three unknown functions ,,%,,T . To derive
additional equations we will introduce bimoments, generated in tension and cross compression of the plate.
Longitudinal and tangential bimoments are determined by expressions: T,,,T,,,T;,:

18 apB, ap. 2W — 41
Ty = _z__[ho'llzzdz =H [Ella_xil+ Ep 6_)(22+ By T]v (8.a)
10 apB, ap, 2W —4F
T, :7£azzz2dz =H ( axll +E,, =% . +Ep— j (8.b)
1, (aﬂ aﬂj
T,=T,=—|0,2°dz=HG,, | =2 +% (8.c)
12 21 hz 7_[] 12 12 axl 6X2

Introduce intensities of transversal bimoments p,;, P, and 7,;,7,, on tangential stresses o,;,0,:
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18 o 2(T -w,)

Pya :W{]Ukﬂdzszs(a"‘% ' (k:l,Z), 9-2)
_ 1t o7 2(T -34
Tk3 :W{]UkszadZ:Gk?’[éﬁ‘y], (k:1,2) (gb)

Introduce intensities of normal bimoments p,; and 7,; on normal stress o,, in the form of relations:

_ 1t l7z ov. 2W

p33 :%_‘[10'33(12 = E318_1+ E32 W;‘f‘ E33?, (103)
1" B, P, 2W — 47
T =53 fhagazzdz = E316_x11+ E,, 6_x22+ E, o (10.b)

Equations in relation to longitudinal and transversal bimoments, acting in plate plane are obtained in the form:

oT, on,  _ _ = or, dT,, ,_ _ =

g —4p,,+20, = pHp, + —4P, +20, = pHB,, 11

x o Pz +2G, = pH B, x| ox, Pps +20, = pH B, (11)
Py +5523 2P +ﬂ:pf 07y, +5723 _%Jrﬂ:pj—;_ (12)
o & H H % ox, H H

By using series (4) and Formulas (5) are obtained expressions for series’ (4) coefficients
BY,BY, A, (i=0,12) via G, /A, functions and boundary conditions (3) let represent as next equa-
tions:

1.,0W 1 Hg,

1 —
0 =2(218, -37,)-—HM | L (k=12), 13.a
=3 (BA 375 ox 20 G, ( ) (13
W=ty ) tu 5 B 00 HE, (13.b)
2 30 |E,ox E,ox, ) 30E,

Equations (6), (11), (12) and (13) make a combined system of differential equations of motion, which consists
of nine equations relative to nine unknown functions: w,,%,, 8, .. 0,,0,,7,7,W .

The second problem is described by two equations of moments, one equation of crosscutting forces, three eg-
uations of bimoments and three equations, obtained from boundary conditions (3) on the bases of expansion (4).
Here forces, moments and bimoments are determined relative to nine unknown kinematic functions in the form

[5]-[8]:

+) (-) h h
- Uy’ +u 1 1
W==_—23_ f=—(udz, 7=— |u.,z%dz, 14.a
2 2th, s 7 2h3Jh g (142
(+) _ ) h h
_u’—-u - 1 ~ 1
he== o T gy ,Ih“kZdZ' Pie= o Jhuszdz, (k=12). (14.6)

The first three of these equations are the ones relative to bending, torsion moments and an equation relative to
crosscutting forces, the rest three equations are derived in relation to bimoments.
Multiplying the first and the second equations of the theory of elasticity by coordinate z and integrating it by z,
we will obtain an equation of equilibrium in moments and forces:
M, M H? . o0OM, &M H?2

T2 Q. +HG =— pi,, =2 _Q +Hf, =— pi,. 15.a
x| ox, Qs + HG, 5 PV x| ox, Qs +HQ, 5 PV (15.a)

Integrating the third equation of the theory of elasticity by coordinate z (2), we will obtain an equation of
equilibrium in forces:

G2
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Qs Qu

4, = pHF. 15.b
%, ox, U =p ( )
Bending and torsion moments are determined in the form:
h H2( _ oy oy 2(F-W
M, = jh 0320z == Ella_x:+ E, 6)(22 ~Ea—p ) : (16.a)
“ HY[ . opy - oy, o 2(F-W)
My, = __[10'22de RS E. 6_)(l+ Ex ox, -Ex a ; (16.b)
p oy, Oy J
M,=M,, =|o0,2d2 =G, —| =+ +—2 (16.c)
12 21 :[h 12 12 [axz aXl
Expressions for crosscutting forces have the form:
h = h =
. or _ or
s = [ 0,02 = Gy (2u1 +H —], Qs = [ 0,402 =G,, [2u2 +H —j (17)
—h 2 -h 2

In Equations (15) terms with external load are determined by the following formula:
*) 4 g0 (+) _ g0
~ Qg "+ 0k ~ O; " —s
=== (k=12), ===
k > ( ), G 5
To derive other equations we will introduce the following bimoments, generated at bending and shear of the
plate. Bimoments B,,P,,P, are determined by the following formula:

L D o/ Sy A )
P, =h—2:[10'112 dz =T[ +E, 2 o v , (18.a)
10 H2[ _ op B 2(37-w
P =g | oat' :T(Elz EN Ea_E% ' (185)
) -
P, = Jalz 2z = A Gy, % %o | (18.c)
2 oX, OX
Intensity of transversal tangential and normal bimoments p,;, p,, and p,, are determined by expressions
o 1 " 2 Zﬁk _4V;k 877
pk3 :W:[hamz dZ:Gk3(T+a y (k:1,2), (193)

1 o oy 2(F-w
Pss :W:';O'sszdz = E316_X11+ Ex GXZZ —Eg H ) (19.b)

Equations relative to bimoments at bending and transversal shear are derived in the form:
ok, N oP, _ _ H? oz 0P, N ok, H?

~3p,, + HG, = —— pf,, —3p,, + HG, =~ pf,, 20

x| ox, Pis 0, > Yo ox, | ox, Pas d, 2 PB, (20)
ap13 0Py

+H=2_4p,.+2q,=H 21

(3Xl o, Pys +20; = ,D}/ (21)

From expressions for series (4) and Formulas (14) relations for series’ coefficients Bgﬂl, Bgﬂl, (i=012)

(4)via a,,y,,pB, functions and boundary conditions (3) lets represent like next equations:
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o1 oW 1 Hg,
u, =—(218, -7 H—+—
“ 2( A=) 30 ox 30 G,

. (k=12), (22.2)

(217 3r)—— H ( (22.b)

Ey 00, , By 00, ), HO,
20

E, 0, Ey, 0x, ) 20E,
The system of differential equations of motion (15), (20), (21) and (22) makes combined system of nine equa-

tions relative to nine unknown functions ,,,,4,,0,, 8,, B, F, 7.W .
Formula to determine the displacements and stresses in the layers of the plate z=-h and z=h are:

u? =g -0, u =0+, (i=12), u)=W-W, u)=W+W,

) = . GI(J)_G +6;, (=12 j=12).

(23)

U G -0

Thus, two unrelated problems of bimoment theory of thick plates are formulated in the paper. An accuracy of
bimoment theory is defined in dependence on the number of held terms of the series (4). In construction of equ-
ations of equilibrium eight terms are held, while for expressions (13) and (22) six terms of each series are held
(4). The first equation in (13) and the second equation in (22) are built up to the fourth order relative to small

H
parameter of the plate 108" The second Equation in (13) and the first Equation in (22) are built up to the sixth
order relative to the parameter.

4. Solution of Tests Problem

As an example consider the problem of static bending of the plate, loaded by normal load:

- . MX . X i
qg ) = —(, sin %sm%z along the upper face surface z=-h, where q,—is a load parameter. Let the ends

of the plate rest on the ends, then x, =const and x, =const, and we have the conditions :

N,=0,T,=0, %#,=0,46,=05,=0, 0,=0, T=0, =0, W=0, (24.2)
N,,=0, T, =0, # =0, 5,=0,5,,=0, 0;=0, T=0, =0, W =0, (24.b)
M, =0, P,=0, #,=0, 3=0, 6,=0, 0,=0, F=0, 7=0, W =0, (25.2)
M,, =0, P,=0, =0, B =0, 6,=0, 0,=0, F=0, 7=0, W =0. (25.b)

The values &,,,0,,,01,,6,,,6,,6,, are determined by Hooke’s law with conditions on face surfaces (3):

« O, « Ou, Ej « OU, « o, E, _ ou, ou.
G,=E,—+E,—2+-20q,, 0,=E,—~+E,—2+=20,, G,=06,|—+—=], (26.a)
6x1 OX, E33 8x1 oX, Eg OX, OX
« . o0, E . oa .00, E 0 0
0'11_E aU1+E1z%+iq3’ 6'22=E12%+ 22%+£q31 5'12=G12 %4'% ) (26.b)
0%, oX, Eg 0%, oX, Eg oX, OX%
here E/,=E,——2E, E, =E, ——2E, E. 23E
ere 11— F11 31y =22 T =22 321 12 T E12 31"
E33 E33 33
Solution of the Equations (6), (11), (12) and (13), satisfying boundary conditions (24), is written in the form:
fl(xl'xz)! ‘/72— (Xl Xz) F:C f (vaz)l 51:64]‘1()(11)(2)! ﬁz:c_:sfz(xl’xz)l (27)
USL:CGfl(Xllxz)' Uz— ( ) W = 3(X1:X2): ;7:C9f3(X1,X2),

where fl(xl,xz)zcos[n;(ljsm( . j f, (%, xz)—sm( :jcos( . j fy (%, xz)—sm[ :jsm[ns j

Solution of the Equations (15), (20), (21) and (22), satisfying boundary conditions (24), has the form:

G
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'/71 = lel(xll)(Z)’ 1/72 = Cz f2(X1'X2)’ r =C3f3(X1,X2), ﬂl :C4 fl(Xl’XZ)' ﬂz =C5f2(X1,X2),
U =Cofi (%, %), U,=Cf,(x.%), W=Csfy(x,%,), 7=Cqfy(X,X%,).

Substituting solution (27) into Equations (6), (11), (12) (13), we will obtain the system of linear algebraic eg-
uations relative to nine unknown constants C,,C,,---,C, . In similar way, substituting solution (28) into Equa-
tions (15), (20), (21), (22), we will obtain one more system of linear algebraic equations relative to nine un-
known constants.

Analysis for orthotropic square plate with elastic characteristics is conducted [1]:

E, =4.6xE,, E,=16xE,, E =112xE,; G, =056xE,, G, =0.43xE,, G,, =0.33xE,,

where E, =10* MPa; v,, =0.27, v,, =0.3, v,, = 0.07.

Table 1 and Table 2 give dimensionless numerical results of calculations of displacements and stresses in
upper and lower layers of the plate. Maximal values of displacements and stresses of the plate are reached in
face surfaces of the pate and are determined by solutions of the first and the second problems.

Table 3 and Table 4 give dimensionless numerical results of displacements and stresses in the middle surface.

It should be noted that coefficients of the series with zero indices are displacements B{” =u®,B{? =ul” A =ul”

and kinematic functions Bl(l), Bl(z), A, characterize rotary angle of normal vector and strain of transversal com-
pression of middle surface of the plate.

Analysis has shown that the values of normal displacement u, vary considerably along the thickness of the
plate. In [4] [8] it is shown that maximal values of stresses and displacements, obtained according to bimoment
theory for isotropic plates with high accuracy agree with calculations of an exact solution [4].

(28)

Table 1. Values of displacements and stresses in the upper layer of the plate.

H/b Eui’/Ha, E,u’/Ha, Equy’ /Ha, o /a o5 [a, oy /G
1/3 0.5282 0.7210 2.6566 —2.9471 -1.5908 0.7326
1/4 1.1970 1.5193 5.8987 —4.7690 —2.2905 1.1947
1/5 2.3131 2.7671 11.7869 -7.1799 -3.1620 1.7875
1/6 3.9885 45727 21.5969 -10.1601 -4.2010 2.5103
1/10 18.5117 19.5965 135.5503 —27.6397 —-10.2253 6.7043

Table 2. Values of displacements and stresses in the lower layer of the plate.

H/b Eu;”/Ha, Eu’/Ha, Ejuy’/Ha, oy, [d, oy /g, oy /4,

13 05119 —0.7871 2.2516 2.5562 1.3123 ~0.7618
1/4 -1.2028 -1.6414 5.4911 4.4799 2.0546 -1.2509
1/5 -2.3388 -2.9410 11.3784 6.9456 2.9474 -1.8578
16 ~4.0325 ~4.7958 211880 9.9581 4.0074 ~2.5886
1/10 —18.6193 —20.0046 135.1412 27.4884 10.0410 —6.7951

Table 3. Values of displacements and rotary angle of a normal in middle surface of the plate.

H/b E,B)"/Ha, E,By" /Ha, E,A/Hd, E,B" /Ha, E,B? /Hg, E,A/Ha,
1/3 -0.0296 -0.0773 —0.2054 -0.2079 —0.5186 2.4322
1/4 —0.0355 -0.0970 —0.2062 -0.7391 —1.2758 5.4460
1/5 -0.0409 -0.1168 -0.2061 -1.7176 —2.4808 11.7303
1/6 —0.0463 -0.1370 —0.2058 -3.2571 —4.2421 21.6553
1/10 —0.0693 -0.2198 —0.2051 —17.2440 —19.0810 136.2752
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Table 4. Values of stresses in middle surface of the plate.

H/b ol /a, 0% [a, oy /a, o [0 ol /a, o5 [d
1/3 0.7033 0.6492 -0.4904 —0.0627 0.0089 —0.0438
1/4 1.0019 1.0019 —0.4965 —0.0582 -0.0093 —0.0552
1/5 1.2986 1.0357 —0.4985 —0.0555 -0.0210 -0.0612
1/6 1.5921 1.2274 —0.4992 —0.0537 -0.0285 —0.0647
1/10 2.7469 1.9995 -0.4999 —0.0509 -0.0410 -0.0702

5. Conclusion

So on the basis of expansion method, a theory of plates is improved by consideration of bimoments. In the case
of spatial deformation of the plate along its thickness, there nonlinear laws of displacements distribution occur,
without any simplifying hypotheses. Consequently, existing specified theories of plates and shells, built with a
number of simplifying hypotheses could not be used in development of methods of calculation of stresses and
displacements of thick plates and shells under the effect of various types of external influences. Calculations of
thick plates from anisotropic materials with low strength characteristics could not be made on the basis of clas-
sical or specified existing theory. In such cases it is advisable to conduct calculations based on rigorous metho-
dologies developed on the basis of the theory of plates and shells, which takes into account all the components
of stress and strain tensor oy, &, (i, j =1,3).
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