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Abstract

In this paper we take Q={T7,T6,T5,T4,T3,T2,T1,TO} subsemilattice of X-semilattice of unions D
which satisfies the following conditions:

Icl,cT,cT,cT,, ,cTycT,cT,cT,, ,cT,cT,cT,cT,, ,cT,cT,cT,cT,,
T,cT,cT,cT,cT,, T,\T,290, T\T,#0, T\\T,#9J, T,\T,#J, T,\T,#J,
L\1,»98, T,VT,=T,, T,VT,=T,, T,UT, =T,.

We will investigate the properties of regular elements of the complete semigroup of binary rela-
tions B, (D) satisfying V(D,a)=Q. For the case where X is a finite set we derive formulas by

means of which we can calculate the numbers of regular elements and right units of the respective
semigroup.
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1. Introduction

Let X be an arbitrary nonempty set and D be an X-semilattice of unions, which means a nonempty set of subsets
of the set X that is closed with respect to the set-theoretic operations of unification of elements from D. Let’s
denote an arbitrary mapping from X into D by f. For each f there exists a binary relation «, on the set X that
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satisfies the condition «; = |J ({x}x f (x)). Let denote the set of all such &, (f:X —D) by B, (D). It

xeX
is not hard to prove that B, (D) is a semigroup with respect to the operation of multiplication of binary rela-
tions. B, (D) is called a complete semigroup of binary relations defined by a X-semilattice of unions D (see
[1], Item 2.1), ([2], Item 2.1]).
An empty binary relation or an empty subset of the set X is denoted by &. The form xay is used to ex-
press that (x,y)ea . Also, in this paper following conditions are used x,ye X, Y <X, aeB, (D),

TeD, @#D'cD and teD= U Y . Moreover, following sets are denoted by given symbols:
YeD

ya={xeX|yax}, Ya=]Jya, V(D,a)={Ya|Y €D},
yeY

X' =(T|@=Tc X}, D/={z'eD|tez’}, D; ={Z'eD|T cZ'}.

D; ={z2'eD|z'cT}, I(D,T)=u(D'\D}), V" ={xeX|xa=T}.

And A(D,D,) isan exact lower bound of the set D, in the semilattice D.

Definition 1.1. Let £ e€B, (D). If coe=¢ or aoe=a forany aeB, (D), then ¢ is called an idem-
potent element or called right unit of the semigroup B, (D) respectively (see [1]-[3]).

Definition 1.2. An element « taken from the semigroup B, (D) called a regular element of the semigroup
By (D) ifin B, (D) thereexistsanelement B suchthat aoBoa=a (see[1]-[4]).

Definition 1.3. We say that a complete X-semilattice of unions D is an XI-semilattice of unions if it satisfies
the following two conditions:

1) A(D,D,)eD forany teD;

2) Z= U/\(D, D,) for any nonempty element Z of D (see [1], definition 1.14.2), ([2] definition 1.14.2), [5]

tez
or [6].
Definition 1.4. Let D be an arbitrary complete X-semilattice of unions, « € B, (D) and
Y ={xeX|xa=T}.If

V(X a), if @¢D,
V]a]=1V(X",a), if @eV (X" a),
V(X'a)u{d}, if eV (X',a)and@eD,

then it is obvious that any binary relation « of a semigroup B, (D) can always be written in the form

a= U (YT“ ><T) the sequel, such a representation of a binary relation « will be called quasinormal.
TeV[a]

Note that for a quasinormal representation of a binary relation « , not all sets Y;” (T eV [a]) can be dif-
ferent from an empty set. But for this representation the following conditions are always fulfilled:

1) YY) =, forany T, T'eD and T=T';

2) X= U Y/ (see[1], definition 1.11.1), ([2], definition 1.11.1).

TeV[a]

Definition 1.5. We say that a nonempty element T is a nonlimiting element of the set D' if T \I(D’,T) E%)
and a nonempty element T is a limiting element of the set D' if T \I(D’,T) = (see [1], definition 1.13.1 and
definition 1.13.2), ([2], definition 1.13.1 and definition 1.13.2).

Definition 1.6. The one-to-one mapping ¢ between the complete X-semilattices of unions ¢(Q,Q) and
D" is called a complete isomorphism if the condition

o(wb)= U o(T)
T=D;
is fulfilled for each nonempty subset D; of the semilattice D' (see [1], definition 6.3.2), ([2] definition 6.3.2) or
[5]).

Definition 1.7. Let « be some binary relation of the semigroup B, (D) We say that the complete iso-
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morphism ¢ between the complete semilattices of unions Q and D' is a complete « -isomorphism if

1) Q=V ( D, a) ;

2) p(D)=0 for FeV(D,a) and ¢(T)a=T for eny T eV (D,&) (see [1], definition 6.3.3), ([2],
definition 6.3.3).

Lemma 1.1. Let Y ={y,,y,,-,y,} and D, ={T1,-~,Tj} be any two sets. Then the number s(k, j) of all
possible mappings of Y into any subset Dj of the set that D; such that T, e D] can be calculated by the for-
mula s(k, j)= j* —(j—l)k (see [1], Corollary 1.18.1), ([2], Corollary 1.18.1).

Lemma 1.2. Let D by a complete X-semilattice of unions. If a binary relation ¢ of the form

&= U({t}xx\(D,Dt ))u((x \D)x f)) is right unit of the semigroup B, (D), then & is the greatest right
teD

unit of that semigroup (see [1], Lemma 12.1.2), ([2], Lemma 12.1.2).
Theorem 1.1. Let D, = {Tl,Tz,---,Tj} , X and Y- be three such sets, that @ =Y < X . If fis such mapping of
the set X, in the set D;, for which f (y) =T, forsome yeY, thenthe number s of all those mappings f of the

set X in the set D; is equal to s = j*"! ( "= (] —1)‘”) (see [1], Theorem 1.18.2), ([2], Theorem 1.18.2).

Theorem 1.2. Let D={D,2,,Z,,---,Z, ,! be some finite X-semilattice of unions and
C(D)={R,,P,P,,---,P, | be the family of sets of pairwise nonintersecting subsets of the set X. If ¢ is a

mapping of the semilattice D on the family of sets C(D) which satisfies the condition (p(5)= P, and
9(Z,)=R forany i=12,--m-1 and D, =D\{T e D|Z < T}, then the following equalities are valid:

D=RURUPU-UP_, Z =RuU |J ¢(T) *)
TeDy;

In the sequel these equalities will be called formal.

It is proved that if the elements of the semilattice D are represented in the form (*), then among the parame-
ters P; (i = 0,1,2,---,m—1) there exist such parameters that cannot be empty sets for D. Such sets P;
(0<i<m-1) are called basis sources, whereas sets P; (0< j<m-1) which can be empty sets too are called
completeness sources.

It is proved that under the mapping ¢ the number of covering elements of the pre-image of a basis source is
always equal to one, while under the mapping ¢ the number of covering elements of the pre-image of a com-
pleteness source either does not exist or is always greater than one (see [1], Item 11.4), ([2], Item 11.4) or [4]).

Theorem 1.3. Let D be a complete X-semilattice of unions. The semigroup B, (D) possesses a right unit iff
D is an Xl-semilattice of unions (see [1], Theorem 6.1.3, [2], Theorem 6.1.3, [7] or [8]).

Theorem 1.4. Let S eB, (D). Abinary relation S is a regular element of the semigroup B, (D) iff the
complete X-semilattice of unions D'=V (D,ﬂ) satisfies the following two conditions:

1) V(X",8)cD';

2) D' isacomplete XI-semilattice of unions (see [1] Theorem 6.3.1), ([2], Theorem 6.3.1).

Theorem 1.5. Let D be a finite X-semilattice of unions and accoa=a forsome a and o of the se-
migroup B, (D); D(a) be the set of those elements T of the semilattice Q =V (D,a)\{&J} which are non-
limiting elements of the set Q;. Then a binary relation « having a quasinormal representation of the form
a= J (YT“ ><T) is a regular element of the semigroup B, (D) iff the set V (D, ) is a XI-semilattice of

TeV(D.a)
unions and for o -isomorphism ¢ of the semilattice V (D,a) on some X-subsemilattice D' of the semilat-
tice D the following conditions are fulfilled:

1) ¢(T)=To forany TeV(D,a);

2) U Y 2¢(T) forany TeD(a);

TeDB(a);

3) Y nep(T)= for any element T of the set D(a)T (see [1], Theorem 6.3.3), ([2], Theorem 6.3.3) or

[5D).

2. Results
Let D be arbitrary X-semilattice of unionsand Q ={T,,T,, T, T,.T;.T,.T,, T, } < D , which satisfies the following

conditions:
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T, cTycT,cT,cT, T,cT,cT,cT, cT,,
T, cT,cT,cT,cT,, ,cT,cT,cT, cT,,
T7CT6 CT4 CT]_CTO’ T5\T6 ;t@’ T(;\T5 ¢®u (l)
TN\, =0, T,\Z,#0, T,\T,=J, T\T,#dJ,
T T, =T,, T,UT, =T, T,UT, =T,.
Figure 1 is a graph of semilattice Q, where the semilattice Q satisfies the conditions (1). The symbol
2, (X ,8) is used to denote the set of all X-semilattices of unions, whose every element is isomorphic to Q.
P, Ps, Ps, P4, P3, P,, Py, Pg are pairwise disjoint subsets of the set X and let
C(Q)={P,,R;,R,,P,,P,,P,,R, P} beafamily sets, also
(T T T, T, T, T, T T,
"I R R P PRPRRER
is a mapping from the semilattice Q into the family sets C(Q). Then we have following formal equalities of
the semilattice Q:
T,=RUVURUP,UR,UP,UR,UR UPR,
T=RUR,URUPRURUPRUPR,
T,=FRURUPRUPRURUPRUPR,
T,=RUP,UP,UR, UR, UP, 2
T,=FRURURUR UPR,
T. =R UP,UP,
T, =R UPRUPRUP,
T, =P,
Note that the elements P,, P,, P3, Pg are basis sources, the element Pg, Py, Ps, P; is sources of completenes of
the semilattice Q. Therefore |X|>4 and §=4 (see Theorem 1.2).
Theorem 2.1. Let Q={T,, T, T, T, T,,T,,T,, Ty } € X, (X,8) . Then Q is Xl-semilattice
Proof. Let teT,, Q ={TeQ[teT} and A(Q,Q) isthe exact lower bound of the set Q: in Q. Then from
the formal equalities (2) we get that

T, if te P, T, if teP,
{T,. T}, ifteP, T, ifteR,
M1 if te P, T, if teP,
(T, T T, T T, if te P, T, if tep,

Q=TT if tep,, MQQ)= T, if teP,
M7, T, T, T.T,},  ifteR, T, if teR,
T T TT.T),  ifteh, T, if teP,
T T T T, T, T T}, if teP, T, if teP,

We have Q" ={T, T,,T,.T,.T,}, ~(Q,Q)eQ foralltand T,=T, LT, T,=T,UT,, T,=T,UT,. The
semilattice Q, which has diagram of Figure 1, is XI-semilattice, which follows from the Definition 1.3.
Theorem is proved.

Figure 1. Diagram of Q.
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Lemma2.1. Let Q={T,, T, T, T,. T, T,,T,, Ty} € X;(X,8) . Then following equalities are true:
P URUP =T,NT,, P =T\T,, P,UP, =((T;nT,)\T,),
P,=(T;\T,), P =(T,\T,).

Proof. This Lemma follows directly from the formal equalities (2) of the semilattice Q.

Lemma is proved.
Lemma2.2. Let Q={T,, s, T, T,.T;,T,,T,, Ty} € X;(X,8) . Then the binary relation

& =((T, AT xT, ) O((T\Ty)x Ty ) U (((Ts NT)NT, ) x Ty )
O((To\T,)x Ty ) U((TAT) X T, ) (X VT, ) xTy)
is the largest right unit of the semigroup B, (D).

Proof. From preposition and from Theorem 2.1 we get that Q is XI-semilattice. To prove this Lemma we will
use Lemma 1.2, lemma 2.1, and Theorem 1.3, from where we have that the following binary relation

#=U(1txA(Q.Q) (X \T)T)

te
=((R URUP)xT, ) U (P xTy ) U((P U R ) xTg ) U (P x Ty ) U (R xT, ) U((X \Ty ) xTy)
=((Te N T,)xT ) O ((To\Ty)xTe ) U (((Ts AT\ T )x T ) U (T \T, ) x Ty )
U((T\T)XT, ) U((X\Ty)xTy).
is the largest right unit of the semigroup B, (D).
Lemma is proved.

Lemma 2.3. Let Q={T,,T,,T,,T,,T,,T,,T,, T, } € £, (X,8) . Binary relation « having quazinormal repre-
sentation of the form
a = (Y7 xT; )oY xTo )oY x Ty U (Y x Ty U (Vo x Ty ) U (Y, xT, Ju (Y xT o (Y7 xT,)
where Y, Y5, Y, Y, Y e{@) and V(D,a)=QeX,(X,8) is a regular element of the semigroup
T T, T, T, T, T, T, T,

= _j of the semilattice Q

B, (D) iff for some complete « -isomorphism ¢=|_—. - > = > _°
X( ) p p go T7 T6 TS T4 T3 TZ Tl TO

Y/ Q-F?v YUYy Q-FG, YUYy in Y/ OY VY Q-Fsa
YASOYEOYE YUY o, YENT, 2D, YA AT, =T,

YT, 23, Y nT, #@.

Proof. It is easy to see, that the set Q(a)={T,,T,,T;,T,.T;,T,,T,} is a generating set of the semilattice Q.
Then the following equalities are hold:

Q(O’)T7 ={T.}, Q(“)Tﬁ ={T,. T}, Q(“)TS ={T,. T}, Q(“)T4 =T, T T, T},
Qa), ={T, .. T}, Qa), ={T, T T .}, Qa), ={T, 7T T, T, T}
If we follow statement b) of the Theorem 1.5 we get that followings are true:
Y 2T, YPOYE T, YUY oT, Y uY oY uYs oT,
YSOYSOYy oT;, YUY oY oY,/ uY) oT,,
Yo OuYs uYS Oy, oYy O oT,
From the last conditions we have that following is true:

YUY OO = (Y OY o (YUY )oY o T uT Y =T, Y o,

)
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YUY YUY Y OY = (YUY O U (YUY )oY LY
ST, UT,UY UY =T, UY/UY” oT,.

Moreover, the following conditions are true:

The elements T,, T, T;, T, are nonlimiting elements of the sets Q(a), , Q(a);, , Q(a);, and Q(a),

respectively. The proof of condition Y "T, 2D, Y2 NT, 2D, Y T, 2@ and YT, =P comes
from the statement c) of the Theorem 1.5
Therefore the following conditions are hold:

YO oT, YUY oT, YUYy oT, YUYy uY o,
YA OYSOYEOYSOYS oT,, YT, 23, YT, =3,
Y NT, 23, VST, 2.
Lemma is proved.
Definition 2.1. Assume that Q'e X,( X,8). Denote by the symbol R(Q') the set of all regular elements
of the semigroup B, (D), for which the semilattices Q" and Q are mutually « -isomorphic and V (D,a)=Q".

Note that, =1, where q is the number of automorphism of the semilattice Q.
Theorem 2.2. Let Q={T,.T,,T,,T,,T,,T,,T,,To} € X5(X,8) and |£,(X,8)|=m,. If X be finite set, and the

IR(Q)|=m ,(Z\T’e\fs\ _1) ol TV ,(Z\T;\few _1),(3\f3w3\ _ 2\%\@\).(5@@ _ 4\T72\TE\)'8\X\TB\
-
Proof. Assume that o € R(Q'). Then a quasinormal representation of a regular binary relation « has the
form
a = (Y7 xT, )Y < Ty Ju(Ye x T ) o (Y x T, ) U(Ys < Ty ) o (Y, xT, ) o (Y x T, ) u(Y" xT,)

where Y/, Y, Y7, Y, Y, ¢ {&} and by Lemma 2.2 satisfies the conditions:
Y/ 0T, YUY oT, YUY oT,, YUY oYy oT,,
YUY OYSOYSUYS oT,, YT, 23, Y T, =3, (3)
YT, 23, YT, Q.

Figure 2. Diagram of Q'.
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Father, let f, is a mapping the set X in the semilattice Q satisfying the conditions f, (t)=ta for all
teX. f,,. f f,o T, f,, and f,, are the restrictions of the mapping f, on the sets T, NT,,

T\T,, (T,nT,)\T,, T,\T,, T,\T,, X\T, respectively. It is clear, that the intersection disjoint elements of

1a !

the set {T6 AT T\ T (AT )\ T, T\ T, T\ T, X \T_O} are empty set and
TN UT\TLU(TAT, \T,UT\T, UT,\T,UX\T, = X..

We are going to find properties of the maps f_, f,,, f,, f,,. f,. T, -

1) teT, NT,. Then by properties (3) we have teT, nT, = (Y, LYy )N (Y7 LY LY ) =Y/ ie, teY/
and ta =T, by definition of the set Y;. Therefore f, (t)=T, forall teT,NT,.

2) teT,\T,. Then by properties (3) we have teT\T, <Y/ LY, ie., teY LYy and ta={T,T,} by
definition of the set Y, and Y. . Therefore f,, (t)={T, T,} forall teT\T,.

By suppose we have that Y T, =@, i.e. ta=T, forsome t eT,.If t eT,. Then t, eY LY UY,.
Therefore ta e (T, T, T,}. That is contradict of the equality ta =T, while T, #T,, T, #T, and T, #T,
by definition of the semilattice Q. Therefore f,, (t,)=T, forsome teT\T,.

3) te(T,nT,)\T,. Then by properties (3) we have

(LATN\T, cT,nT, < (Yﬁ UY uY;’)m(Yf‘ UYS UYE UYS UYS ) =Y UY”

ie, teY LY and tae{T,T,| by definition of the sets Y, and Y,*. Therefore f,, (t)e (T, T,} forall
te(T,nT,)\T,.

By suppose we have, that Y* N T, # @, i.e. t,a=T, forsome t,eT,.If t,eT, then t,eT, c Y,* UYS
Therefore tyor € {T,,T;}. We have contradict of the equality t, =T, since T & {T,,T}.

Therefore f,, (t,)=T, forsome t, T \T,. L

4) teT,\T,. Then by properties (3) we have T,\T, cT, c Y, UY LY/, ie, teY/UY UY;y and
ta e{T,,T,,T,} by definition of the sets Y,”, Y,”,and Y, Therefore f,,(t)e{T,,T,,T,} forall teT,\T,.

By suppose we have, that Y, "\ T, #@,i.e. t,a =T, forsome t,eT,.If t, eT,. Then
t,eT, c YUY UYS UYS UYL Therefore t,a e{T, T, T;,T,,T,} . We have contradict of the equality
ta =T, since T, ¢{T,, T, T;.T,.T,}.

Therefore f,, (t,)=T, forsome teT,\T,.

5) teT,\T,. Then by properties (3) we have T,\T, cT, Y LY LY, LY, UY, e,

Y," . Therefore f,, (t)e{T, T, T,.T,,T,} forall teT,\T,.

By suppose we have, that Y, "T, #@ ,i.e. ta =T, forsome t, eT,.If t, eT,.Then
toeT, Y, UYS UYS UYS UY UY, . Therefore tar €{T,,T;,T;,T,.T,,T,} . We have contradict of the equal-
ity toa=T,,since T, ¢{T,, T, T, T, T, T,}.

Therefore f,, (t;)=T, forsome teT,\T,.

6) te X \T,. Then by definition quasinormal representation binary relation « and by property (3) we have

thesets Y%, Y&, Y&, Y/, Y, Y, Y, Yy . Therefore fg, (t)e
Therefore for every binary relation « exist ordered system (
for disjoint binary relations exist disjoint ordered systems.
Father, let

{T7.T6,T5,T4,T3,T2,T1,T } forall te X \D.
fros fous Far fans fsu feo ) - It is Obvious that

T, NT,>T, f, T \T, > {T,. T},
f3:(T‘3mT2)\T —{T, T} f4:f3\f2 —>{T7,T5,T3},
f.:

are such mappings, which satisfying the conditions:

7) f(t)=T, forall teT,NT;;
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8) f,(t)e(T, T,} forall teT\T, and f,(t,)=T, forsome t eT,\T;;

9) fy(t)e{T, T} forall te(T,nT,)\T, and f(t,)=T, forsome t, eT,\T;;
10) f,(t)e{T,.T;,T;} forall teT,\T, and f,(t,)=T, forsome t, eT,\T,;

11) fo(t)e{T,. T, T, T,.T,} forall teT,\T, and f,(t,)=T, forsome t, eT,\T,;
12) f,(1)e{T, T, T, T, T, T, T,} forall teX\T,.

Now we define a map f of a set X in the semilattice D, which satisfies the condition:

fl(t), if teT,NT,,
(t), if teT,\T,,

f ()= o (t), ?fte(_far:T_z)\fe,
f,(t), if teT,\T,,
(1), if T\T,
fo(t), if X\T,.

Father, let ﬂ: U ({X}X f (X))7 Yiﬂ :{t|tﬂ T} (l 21,2,...,6)_ Then binary relation ﬂ my be repre-
sentation by form xex

B =Y T, ) (Y& xTo ) (Y xTo ) o (Y, xT, ) (Y x Ty ) (Y < T, ) (Y xT, ) U (Y xT,)
and satisfying the conditions:
Y7ﬂ Q-F?l Y7ﬂ UYeﬂ Qfev Y7ﬂ UYS'B Q-Fs’ Y7ﬂ UYsﬁ UYaﬁ Q-Fy
Y/ OYS O OYS OYS oT,, YT, 2D, YT, 20,
Y/ T, 20, Y/ T, #2D.
(By suppose f,(t)=T, for some t eT\T,; fy(t,)=T, for some t, eT\T,; f,(t;)=T, for some
t,eT,\T,; f,(t,)=T, forsome t, eT,\T,.From this and by lemma 2.3 we have that S eR(Q’).
Therefore for every binary relation « € R(Q') and ordered system (f,,, f,,, ., f,,. fs,. fs,) existone to

one mapping.
By Theorem 1.1 the number of the mappings f,,, f,,, f,,, T2, f1os Ts

la?' "2a' "3a' ‘4a?

are respectively:

a

T \T, (T3nT2)\(TsUTs Ts \ T, T5\T, T3\T, T\ T\T; X\Ty
1 o g BT 6)“(2\5 a\_l),gwa | gV g gk

(see Lemma 1.1). The number of ordered system (f,, f,,, s, .. fs,. fs,) Or number idempotent elements
of this case we my be calculated by formula

RQ)=m, ,(Z\ﬂ,\fz\ _1)_2\(fmfz)\f4\ ,(z\fs\fe\ _1),(3\@@\ _Z\fsxm)_(smxm _4@\?1\)_8\%\

Theorem is proved.
Corollary 2.1. Let Q={T,,T,,T,,T,,T,,T,,T,, T, } € 2, (X,8), If X be a finite set and E{” (Q) be the set of
all right units of the semigroup B, (Q) then the following formula is true

‘E§<f) (Q)‘ _ (z\Te\Ta\ _1) . 2\(T3“T2)\T4\ ,(Z\Ts\Te\ _1),(3\T3\Tz\ _ 2\T3\T2\),(5\T2\T1\ _4\T2\T1\ ) _S\X\To\

Proof: This Corollary directly follows from the Theorem 2.2 and from the [2, 3 Theorem 6.3.7].
Corollary is proved.
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