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Abstract 
 
Several new integral inequalities are presented via new ideas. 
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1. Introduction 
 
In [1] the following result was proved 

Theorem 1.1. If 0f   is continuous function on [0,1] 
such that 

   
1 1

d d , 0,1
x x

f t t t t x          (1) 

then 

   
1 1

1

0 0

d d , 0f x x x f x x         (2) 

and the following question was posed. 
If f satisfies the above assumption, under what addi-

tional assumption can one claim that 

   
1 1

0 0

d d , , 0f x x x f x x            (3) 

The following result as well, was achieved in [2] 
Theorem 1.2 If 0f   is a continuous function on 

[0,b] satisfying 

   d d , 0, 0,
b b

x x

f t t t t b x b        (4) 

then 

   
0 0

d d , 0.
b b

f x x x f x x          (5) 

In their roles, Zabadan [3] and Hoang [4] generalized the 
previous results by introducing the following theorems 
respectively. 

Theorem 1.3 Suppose  1, , , , 0,f g L a b f g g   
is non-decreasing. If 

     d d , , ,
b b

x x

f t t g t t x a b        (6) 

then 

     d d , , 0, 1
b b

a a

f x x f x g x x              (

7) 

Theorem 1.4 Suppose    1 1, , ,f L a b g C a b   
, 0,f g g is non-decreasing. If 

     d d , , ,
b b

x x

f t t g t t x a b     

then , 0, 1,        the following integral ine-
quality holds 

     d d .
b b

a a

f x x f x g x x       

The object of this paper is to prove some of the above 
results via simpler methods as well as to present some 
other new results. 
 
2. Results 
 
We start with the following: 

Lemma 2.1 Let 0   is non-decreasing on  ,a b , 
If 

   d 0, , ,
b

x

t t x a b            (8) 

then 

   d 0.
b

a

x x x                (9) 

If (8) reverses, then (9) reverses. 

Proof. 
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d d

d d

d d .

b b

a x

bb b

x aa

b b

a a

x t t x

x t t x x x

a t t x x x

 

   

   

 
  

 

 
   
 

 

 

 

 

 

Therefore 

       

   

d d d

d 0,

b b b

a a x

b

a

x x x x t t x

a t t

   

 

 
  

 

 

  


 

being the sum of two non-negative terms. 
Lemma 2.2. Let 0   is non-increasing, If 

   d 0, , ,
x

a

t t x a b             (10) 

then 

   d 0.
b

a

x x x                (11) 

If (10) reverses, then (11) reverses. 
Proof. 

           

       

d d d d

d d

bb x x b

a a a aa

b b

a a

x t t x x t t x x x

b t t x x x

     

   

   
     

   

 

   

 
  Therefore 

       

 

d d d

( ) d 0,

b b b

a a x

b

a

x x x x t t x

b t t

   

 

 
   

 

 

  


 

being the sum of two non-negative terms. 
The following two results are similar to theorem 1.4 

and proved via short simple methods: 
Theorem 2.3 Let , 0f g   defined on [a,b], f is 

non-decreasing. If 

     d d , , ,
b b

x x

f t t g t t x a b        (12) 

then 

     d d , 0,
b b

a a

f x x f t g t t          (13) 

Proof. The proof follows from Lemma 2.1 by putting 

         , .x f x x f x g x       

Theorem 2.4 Let , 0f g   defined on [a,b], g is 
non-decreasing. If (12) is satisfied with   replaced by 
 , then (13) is satisfied for , 0.    

Proof. By putting     ,x g x      x f x   
 g x  in Lemma 2.1, we get 

     d d .
b b

a a

f x g x x g x x         (14) 

Now making use of the arithmetic-geometric inequality, 
we have for , 0.    

        ,f x g x f x g x      
   

  
 

 

The above inequality, via (14) implies 

 

       

         

   

d

d d

d d

d .

b

a

b b

a a

b b

a a

b

a

f x x

f x g x x g x x

f x g x x f x g x x

f x g x x

 

   

   

 



  

  





  

  





 

 



 

The theorem follows. 
The coming two results are new: 
Theorem 2.5 Let , 0f g   defined on [a,b], f is 

non-decreasing. If 

   d d ,
b b

x x

f t t g t t          (15) 

then 

     d d , , 0,
b b

a a

f x x f t g t t          (16) 

Proof. The proof follows from lemma 2.1 by putting 

         , .x f x x f x g x         

Theorem 2.6 Let , 0f g   defined on [a,b], f is 
non-increasing. If 

   d d ,
x x

a a

f t t g t t          (17) 

then 

     d d , 0,
b b

a a

f x x f t g t t          (18) 

Proof. The proof follows from lemma 2.2 by putting 

         , .x f x x f x g x       



W. T. SULAIMAN 
 

Copyright © 2011 SciRes.                                                                                 APM 

65

Theorem 2.7 [4] Suppose , 0,f g   g  is non-de- 
creasing. If 

   d d
b b

x x

f t t g t t          (19) 

then 1, 0,     the following integral inequality 
holds 

     d d .
b b

a a

f x x f x g x x       

Proof. On putting    1 ,x g x     x f x   
 g x in lemma 2.1, we obtain 

     1 d d .
b b

a a

f x g x x g x x        (20) 

By the AG inequality, we have, for 1,   

       11 1
.f x g x f x g x  

 


   

The above inequality, via (19) implies for 1,   

   

     

   

1

d d

d d

d d 0.

b b

a a

b b

a a

b b

a a

f x x g x x

f x g x x g x x

g x x g x x

 

 

 









 
  

 
 

   
 

 

 

 

  (21) 

By the AG inequality again, 

        ,f x g x f x g x      
   

  
 

 

which implies 

     

   

   

d d d

d d

d .

b b b

a a a

b b

a a

b

a

f x x f x x f x x

f x x g x x

f x g x x

     

   

 

 
   

 
   

  

 

 
 

 
 



  

 



 

All of the following results are new: 
Theorem 2.8 Let , 0,f g   f is non-decreasing such 

that (15) is satisfied, then 

     d d ,
b b

a a

f x g x x g x x         (22) 

for all , 0.    
Proof. As           0,f x g x f x g x         

then 

      

      

d

d .

b

a

b

a

g x f x g x x

f x f x g x x

  

  

 

 



 




 

But by Lemma 2.1 by putting     ,x f x   
     x f x g x     , we obtain 

      d 0,
b

a

f x f x g x x      

then, the result follows: 
Theorem 2.9 Suppose , 0,f g g  is non-decreasing. 

If (19) satisfied, then the following integral inequality 
holds 

     d d , , 0, 1.
b b

a a

f x x f x g x x              

(23) 

Proof. By the AG inequality, 

       .f x g x f x g x      
   

   
 

 

Integrating, we have, via (21), 

 

     

     

d

d

d

b

a

b b

a a

b b

a a

f x x

f x g x x g x

f x g x x f x

 

   

   


 


 


 



 

 



 


 




 

 

 

which implies (23). 
Theorem 2.10 Let , 0,f g   and defined on [a,b], f 

is non-decreasing and g is non-increasing or conversely. 
Then 

       

     
2 2

1
d d d

1
d d

2

b b b

a a a

b b

a a

f x g x x f x x g x x
b a

f x x g x x
b a

   

 




                

  

 
 (24) 

Proof. Concerning the left inequality , we have 

          0, , 0,f x f y g y g x           

which implies 

         d d 0,
b b

a a

f x f y g y g x x y        

and hence 
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d d d d

d d

b b b b

a a a a

b b b b

a a a a

f x g y x y f y g x x y

f x g x x y f y g y

   

   



 

   

   
 

and the above implies 

     

     

( )d d d d

d

b b b b

a a a a

b

a

f x g y x y f x g x x y

b a f x g x x

   

 



 

   


 

therefore 

       1
d d d

b b b

a a a

f x g x x f x x g y x
b a

   
    

The right inequality follows by opening the inequality 

   
2

d d 0.
b b

a a

f x x g x x  
  

 
   

 

Remark. It may be mentioned that many other new 
inequalities can be obtained via Lemmas 2.1 and 2.2. 
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