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Abstract 
We present in this paper an investigation of the nonlinear process of above-threshold ionization. 
The process arises when an atomic or molecular system, exposed to an intense laser pulse, conti- 
nues to absorb more photons than that needed for the ionization to occur. We trigger this non- 
linear process in a simple molecular system by exposing it to an intense transform-limited Gaus- 
sian laser pulse of 267-nm wavelength which is the third harmonic of an 800-nm wavelength Ti- 
sapphire laser. We explore the characteristics of the process by analyzing the kinetic-energy spec-
tra of the electrons ejected from the molecular system under different laser peak intensities. 
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1. Introduction 
The recent progress in laser technology has made possible the generation of laser pulses that are increasingly 
shorter and intense [1]-[3]. Their characteristics and shape made them ideal tools to probe the ultrafast motion of 
electrons inside an atomic or a molecular system [4] [5]. Highly nonlinear processes arise when a system is ex-
posed to such pulses. One of the most intriguing nonlinear processes discovered to date is the above-threshold 
ionization (ATI) process that was first observed by Agostini et al. in 1979, when they were experimentally in-
vestigating the irradiation of xenon gas with an intense laser field [6]. The measured kinetic-energy spectrum of 
the ejected electrons (ATI spectrum) from xenon atoms showed an unusual shape that consists of a series of 
regularly spaced peaks that are surprisingly separated by exactly the photon frequency of the incident laser field. 
Since then, more experimental studies have been launched on xenon and other rare gases (Kr, Ar, Ne) to explore 
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the nonlinear process in greater detail [7]-[9]. These investigations have been accompanied by the launching of a 
series of theoretical studies that have supported the observations made by the experimentalists [10]-[12]. The 
findings of all these studies indicate that the ATI process shows quite clearly how an atomic or molecular sys-
tem, under certain conditions, can successively absorb photons beyond the minimum necessary for the ioniza-
tion to occur. Different features could appear in the ATI process depending of the characteristics and the shape 
of the incident laser pulses. In most of the conducted studies, the ATI process was successfully triggered and 
investigated using transform-limited laser pulses, i.e. unchirped pulses. However, few recent studies have 
pointed out the efficiency of chirped laser pulses as well in exploring and controlling the process [13]-[17]. 

In this paper, we numerically investigate the ATI process in the hydrogen molecular ion 2H+  exposed to an 
intense transform-limited Gaussian laser pulse of 267-nm wavelength (photons of 4.65 eV), which corresponds 
to the third harmonic of an 800-nm wavelength Ti: sapphire laser. Our calculation of the whole electronic struc-
ture of the ion is based on a discretization technique using B-spline functions [18] [19]. This technique has 
proven its efficiency to accurately calculate the density of the continuum electronic states [20]. A realistic and 
precise representation of the electronic continuum is necessary to adequately describe the absorption of the mo-
lecular system of a number of excess photons beyond its ionization threshold which causes the appearance of the 
ATI process. Our treatment of the laser-ion interaction consists in solving the time-dependent Schrödinger equa-
tion (TDSE), describing the motion of the electron in the presence of the laser field. The approach we used to 
solve the TDSE is based on a spectral method that gives very accurate results and allows easy retrieval of the 
physical quantities of interest such as the ionization probability and the kinetic-energy spectra of the ejected 
electrons [15]-[17]. We accurately generate the ATI process under different laser peak intensities. We show how 
the increase of the laser intensity induces changes in the electronic structure of the ion which affects the shape of 
the emitted ATI spectra. 

Atomic units (a.u.) ( )e 1em= = =  are used throughout the paper unless otherwise mentioned. 

2. Laser-Ion Interaction Approach 
In our investigation, the laser pulse is assumed to be linearly polarized along the z  axis, with its vector poten-
tial given by: 

( ) ( ) ( )0 0sint A f t tω= zA e                                        (1) 

0A  is the peak amplitude, which is related to the laser central frequency 0ω  and the peak intensity I  by: 
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We consider the laser pulse having a Gaussian time envelope ( )f t  identical to that given in [21] [22]: 
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0τ  is the FWHM duration of the transform-limited pulse of frequency bandwidth: 

0

4ln2ω
τ

∆ =                                                (4) 

The kinetic-energy spectrum of the ejected electrons, i.e. the ATI spectrum, is calculated by using the follow-
ing expression: 
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where ( )Eρ  is the density of continuum states [20] and ( )ψ r  the electronic stationary wave function associ-
ated to the electronic state of energy E . ( )Ψ , ,R tr  is the time-dependent electronic wave function describing 
the motion of the electron in the laser field. r is the electron radial vector and R the internuclear distance that we 
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have fixed to 2 a.u. (the equilibrium distance). 

3. Results and Discussion 
To trigger the nonlinear ATI process, we have exposed the hydrogen molecular ion to a transform-limited Gaus-
sian laser pulse of photon frequency 0 0.171ω =  a.u. (4.65 eV), FWHM duration 0 120τ =  a.u. (2.9 fsec) and 
peak intensity 14 2 W cm1 10I −⋅= × . Figure 1(a) depicts the variation of the vector potential ( )tA  in time, see 
Equation (1), and the spectral profile of the laser pulse. In this case, the molecular system of ionization potential 

1.1026pI =  a.u. (30 eV) has to absorb 7 photons for the ionization to occur. 
We show, in Figure 1(b), the ATI spectrum obtained at the end of the laser pulse interaction with the ion. The 

ATI spectrum exhibits a series of successive peaks localized around some specific electronic energies. All these 
peaks are the consequence of the excessive absorption of the ion of additional photons beyond the minimum of 7 
needed for the ionization to occur. Here, the molecular ion absorbs more than 9 additional photons above its 
ionization threshold. 

We also have exposed the molecular ion to a laser pulse of intensity 14 2 W cm2 10I −⋅= ×  that we have in- 
 

 
Figure 1. (a) Variation of the laser pulse vector potential A(t) in time. The 
laser pulse has a central frequency ω0 = 0.171 a.u. (4.65 eV), peak intensity 
I = 1 × 1014 W∙cm−2, and FWHM duration τ0 = 120 a.u. (2.9 fsec); (b) ATI 
spectrum generated by the pulse.                                          
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creased later to 14 2 W cm4 10I −⋅= × . In both experiments, we have used the same laser frequency and FWHM 
duration than before. We show, in Figure 2, the obtained ATI spectrum at the end of each experiment. We no-
tice from the figure that the more we increase the intensity, the more the ATI spectrum gains in intensity and the 
peaks shift to the left. The shift is due to the Stark effect which consists, see Figure 3, in the displacement that 
electronic states undergo in the presence of an electric field. The ion under the laser pulse of intensity I  and 
photon frequency 0ω  sees its ionization threshold displaced by the following amount of energy: 

2
0 . .4p

a u

IU
Iω

=                                            (6) 

which is the average energy that the electron of the molecular ion acquires when it is submitted to the electric 
field. 

Figure 3 indicates the changes that occur in the electronic structure of the ion depending of the magnitude of 
the laser intensity. When the pulse is of 14 2 W cm1 10I −⋅= ×  and 14 2 W cm2 10I −⋅= × , the ionization potential 
 

 
Figure 2. ATI spectra emitted from the molecular ion exposed to a 
laser pulse of photon frequency ω0 = 0.171 a.u (4.65 eV), FWHM 
duration τ0 = 120 a.u. (2.9 fsec) and for three different intensities: I = 
1 × 1014 W∙cm−2, I = 2 × 1014 W∙cm−2 and I = 4 × 1014 W∙cm−2.          

 

 
Figure 3. Electronic structure of the ion when submitted to a pulse of intensity (a) I = 1 × 
1014 W∙cm−2; (b) I = 2 × 1014 W∙cm−2; and (c) I = 4 × 1014 W∙cm−2.                      
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pI  of the ion get increased by 0.024pU =  a.u. and 0.048 a.u., respectively. In both cases, the absorption of 7 
photons is largely enough to ionize the ion. However, when the intensity is increased to 14 2 W cm4 10I −⋅= × , 
the pU  increases to 0.097 a.u., here the absorption of 7 photons is no longer enough for the ionization to occur. 
The ion has to absorb an 8th additional photon to eject the electron. Following this step, in each of the three 
above studied cases, the nonlinear ATI process is triggered as the ion continues to absorb a number of additional 
photons beyond its ionization threshold of p pI U+  as it is schematically indicated in Figure 4. The energy of 
the ejected electron by the laser pulse can be then predicted by the simple following formula: 

( ) ( )0
S

p pE N S I Uω′= + − +                                 (7) 

where N ′  is the minimum number of photons necessary for the ionization to take place, and S  the number of 
additional absorbed photon by the molecular ion. 

Our numerical treatment of the laser pulse interaction with the molecular ion generates precise ATI spectra. 
The results, presented in Figure 2, accurately recreate the multiphoton absorption in the molecular continuum 
for three different laser peak intensities. They precisely indicate the kinetic energies SE  acquired by electrons 
when leaving the ion. For example, when the laser peak intensity is set to 14 2 W cm1 10I −⋅= × , the first peak of 
the ATI spectrum results from the absorption of a number of 7 photons and is localized around the kinetic en-
ergy 0 0.07SE = =  a.u. The second peak results from the absorption in the molecular continuum of an additional 
8th photon and is localized around 1 0

0a.u.0.24 S SE E ω= === + , and so on for each subsequent peak. The inter-
val of energy 1S SE E E+∆ = −  between each two successive ATI peaks is exactly equal to the photon frequency 

0ω . The results of 0 1 2, , ,S S SE E E= = =
  we obtained are in agreement with those predicted by Equation (7). The 

noticeable shift shown in Figure 2 of the ATI peaks obtained for 14 2 W cm2 10I −⋅= ×  and 14 2 W cm4 10I −⋅= ×  
compared to when 14 2 W cm1 10I −⋅= ×  is understandable. As seen in Figure 3, the increase of the laser peak 
intensity significantly displaces the ionization threshold, which shifts the generated ATI peaks towards lower 
electronic energies SE . 

4. Conclusions 
We have investigated the nonlinear ATI process in the hydrogen molecular ion under a laser pulse of 267-nm 
wavelength. We have generated the ATI spectra under different laser peak intensities with a high degree of ac-
curacy. The obtained spectra are characterized by a series of successive peaks separated exactly by the photon 
frequency of the incident laser pulse. We have explored the sensitivity of the process to the laser intensity. The 
more the intensity is increased, the more important the displacement of the ion electronic states becomes which 
affects the energy of the ejected electrons and then the shape of the ATI spectra. 

Our study could be applicable to other simple molecular systems. The case of nonsymmetric molecules will 
 

 
Figure 4. Schematic description of the nonlinear ATI process.   
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be interesting as we expect the ATI spectra emitted from these systems to be sensitive to the carrier-envelope 
phase of a short laser pulse. The appropriate adjustment of this laser parameter will be the key to control the 
nonlinear behavior of such systems under short and intense laser fields. 
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