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Abstract 
In this paper, the fundamental theorem of Yetter-Drinfeld Hopf module is proved. As applications, 
the freedom of tensor and twisted tensor of two Yetter-Drinfeld Hopf algebras is given. Let A be a 
Yetter-Drinfeld Hopf algebra. It is proved that the category of A-bimodule is equivalent to the cat-
egory of A A⊗ -twisted module. 
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1. Introduction 
Let k  be a field and A  an algebra. A left A -module is a k -vector space V  together with a k -linear map 
A V V⊗ →  such that ( )ab v a b v→ = → →  and 1 v v→ = . The category of left A -module is denoted by 
A M . Dually, let ( ), ,C ε∆  be a coalgebra. A left C -comodule is a k -vector space V  together with a k
-linear map :V V Cρ → ⊗  such that 

( ) ( ) ( ) ( ) ( )1 01 1 0 1 0 0 1 0

1 2
,     .a a a a a a a a aε

−− − − −⊗ ⊗ ⊗= =⊗∑ ∑ ∑  

The category of left C -comodule is denoted by C M . For more about modules and comodules, see [1]-[3]. 
Assume that H  is a Hopf algebra with antipode S , a left Yetter-Drinfeld module over H  is a k -vector 

space V  which is both a left H -module and left H -comodule and satisfies the compatibility condition 

( ) ( ) ( )1 0 1 0
1 3 2 ,h v h v h v S h h v− −⊗→ = →→ ⊗∑ ∑  

for all ,  h H v V∈ ∈ . The category of left Yetter-Drinfeld module is denoted by H
H YD . Yetter-Drinfeld mod-

ules category constitutes a monomidal category, see [4]. The category is pre-braided; the pre-braiding is given by 
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( )1 0
, : ,     .V W V W W V v w v w vτ − →⊗ → ⊗ ⊗ ⊗  

The map is a braiding in 
H
H YD  precisely when Hopf algebra H  has a bijective antipode S  with inverse 

S  of S . In this case, the inverse of ,V Wτ  is 

( )1 0 1
, : ,    .  V W W V V W w v v S v wτ − −⊗ ⊗⊗ → ⊗ →∑  

Let H  be a Hopf algebra and H
H YD  the category of left Yetter-Drinfeld module over H . We call A  a 

Hopf algebra in H
H YD  or Yetter-Drinfeld Hopf algebra if A  is a k -algebra and a k -coalgebra, and the fol-

lowing conditions (a1)-(a6) hold for ,  ,h H a b A∈ ∈ , 
(a1) A  is a left H -module algebra, i.e., 

( ) ( )( ) ( )1 2 ,    1 . 1A Ah ab h a h b h hε→ = =→ →→∑  

(a2) A  is a left H -comodule algebra, i.e., 

( ) ( ) ( ) ( )1 0 1 1 0 0 ,     1 1 1 .A H Aab ab ab a b a bρ ρ− − −⊗ ⊗= = ⊗=∑ ∑  

(a3) A  is a left H -module coalgebra, i.e., 

( ) ( ) ( ) ( ) ( ) ( )1 1 2 2 ,     .H Ah a h a h a h a h aε ε ε→ = → ⊗ → =∆ →∑  

(a4) A  is a left H -comodule coalgebra, i.e., 

( ) ( ) ( ) ( )1 0 0 1 1 0 0 1 0
1 2 1 21 2

 ,     1 .A A Ha a a a a a a a a aε ε− − − −⊗ ⊗ ⊗ ⊗= =∑∑ ∑  

(a5) ,  ε∆  are algebra maps in H
H YD , i.e., 

( ) ( ) ( ) ( ) ( ) ( ) ( )1 0
1 2 1 2 2 ,   1 1 1,   ,   1 1 .A kab a a b a b ab a bε ε ε ε−= ⊗ = ⊗ =∆ =→ ∆∑  

(a6) There exists a k -linear map :S A A→  in H
H YD  such that 

( ) ( ) ( )1 2 1 21AS a a a a S aε= =∑ ∑  

One easily get that S  is both H -linear and H -colinear. In general, Yetter-Drinfeld Hopf algebras are not 
ordinary Hopf algebras because the bialgebra axiom asserts that they obey (a5). However, it may happen that 
Yetter-Drinfeld Hopf algebras are ordinary Hopf algebras when the pre-braiding is trivial, for details see [5]. 

Yetter-Drinfeld Hopf algebras are generalizations of Hopf algebras. Some important properties of Hopf alge-
bras can be applied to Yetter-Drinfeld Hopf algebra. For example: Doi gave the trace formular of Yetter-Drin- 
feld Hopf algebras in [6] and studied Hopf module in [7]; Chen and Zhang constructed Four-dimensional Yet-
ter-Drinfeld module algebras in [8]; Zhu and Chen studied Yetter-Drinfeld modules over the Hopf-Ore Exten-
sion of Group algebra of Dihedral group in [9]; Alonso Álvarez, Fernández Vilaboa, González Rodríguez and  
Soneira Calvoar considered Yetter-Drinfeld modules over a weak braided Hopf algebra in [10], and so on. 

Hopf module fundamental theorem plays an important role in Hopf algebras. This theory can be generalized 
to Yetter-Drinfel Hopf algebras. 

Theorem 1.1. Let A  be a Yetter-Drinfeld Hopf algebra, A
AM M∈  be a Yetter-Drinfeld Hopf module, then 

coAM A M≅ ⊗  as left A  Yetter-Drinfeld Hopf module. 
Note that Theorem 1.1 was appeared in [7], but we give a different proof with Doi’s here. 
Let A  be a Yetter-Drinfeld Hopf algebra. Define the multiplication of ( )A A τ⊗  as 

( )( ) ( )1 0a b c d a b c b d− →⊗ ⊗ = ⊗∑ , 

then ( )A A τ⊗  is an algebra. But it is not a Yetter-Drinfeld Hopf algebra if τ  is not the trivial twist T. As ap-
plications of Yetter-Drinfeld Hopf module fundamental theory, we have the freedom of the tensor of Yet-
ter-Drinfeld Hopf algebras and twisted tensor of Yetter-Drinfeld Hopf algebras. 

Theorem 1.2. Let A  be a Yetter-Drinfeld Hopf algebra, then A A⊗  and ( )A A τ⊗  are free over A . 
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We also proved the category of Yetter-Drinfeld. A -bimodule is equivalent to the category of ( )A A τ⊗ - 
module. 

Theorem 1.3. Let A  be a Yetter-Drinfeld Hopf algebra. Then the category of A AM  and 
( )A A

Mτ⊗
 are 

equivalent. 

2. The Freedom of Yetter-Drinfeld Hopf Algebras 
In this section, we require H  is a Hopf algebra and A  is a Yetter-Drinfeld module over H . Moreover, we 
need A  is a Yetter-Drinfeld Hopf algebra. Next, we will give the definition of Yetter-Drinfeld Hopf module, 
also see [7]. 

Definition 2.1. Let A  be a Yetter-Drinfeld Hopf algebra. The Yetter-Drinfeld Hopf module over A  is de-
fined by the following 

1) M  is a left A -module and left A -comodule with comodule map :M M A Mρ → ⊗ , 
2) Mρ  is a A -module map, i.e., ( ) ( )1 2

2 21 1 0M am a a m a mρ −
−→= ⊗∑ , where 1 2,  a a A∈ . 

Note that A  is a left H -comodule with ( ) 1 0 ,  A a a a a Aρ − ⊗= ∈∑ , and M  is a left A -comodule with 
( ) 1 0 ,  M m m m m Mρ − ⊗= ∈∑ . The Yetter-Drinfeld Hopf module category over A  is denoted by A

A M . 
Define ( ){ }1coA

MM m m mρ= = ⊗  is the set of coinvariant elelments of M . Next conclusion is similar to 
the fundamental theorem of Hopf algebra, we call it as the fundamental theorem of Yetter-Drinfeld Hopf mod-
ule. 

Theorem 2.2. Let A  be a Yetter-Drinfeld Hopf algebra, A
AM M∈  be a Yetter-Drinfeld Hopf module. 

Then coAM A M≅ ⊗  as left A  Yetter-Drinfeld Hopf module. 
Proof: We define  : coAA M Mα ⊗ →  by a m a m⊗ ⋅  and : coAM A Mβ → ⊗  by 

( )2 1 0 m m S m m− −⊗ ⋅∑ . 

First, we show that β  is well-defined, i.e., ( )1 0
coAS m m M− ⋅ ∈∑ . In fact, we have 

( )( ) ( )( ) ( )( ) ( )( )
( )( ) ( )

( )( )( ) ( )
( ) ( )

0
1 0 2 2 1 2 01 2

02

1

1
3 2 3 1 3 0

0
3 2 1 3 0

0
2 1 0

2

2

                             

                             

                             

     

S m m S m S m m S m m

m S m m m S m m

m S m m S m m

m m S m mε

ρ − − − − −

− −
− − − − −

− − −

− −

−

−

−

→ ⊗

→

⋅ = ⋅

= → ⊗

→ ⊗=

= → ⊗

⋅

⋅

⋅

∑ ∑

∑
∑
∑

( )1 0                        .S m m−= ⋅∑

 

So ( )1 0
coAS m m M− ∈∑ . Thus β  is well-defined. 

We will show that α  is the inverse of β . Indeed, if m M∈  we have 

( ) ( )( ) ( ) ( )2 1 0 2 1 0 1 0 ,m m S m m m S m m m m mαβ α ε− − − − −⋅ = ⋅ =⊗= =∑ ∑ ∑  

Hence idαβ = . Conversely, if ,  coAm M a A∈ ∈ , then 

( ) ( ) ( ) ( ) ( )

( )( ) ( )( )( )
( )

2 1 0

1 1 1 1 01

1 1 2
2 2 2

1 2

2

3

                                    

                                    ,

a m a m a m S a m a m

a a m S a a m a m

a S a a m a m

βα β
− −

− −
− −

= ⋅ = ⋅ ⋅ ⋅⊗ ⊗

→

⋅

= ⋅

= ⋅

→

⊗ ⊗=

⊗

∑
∑
∑

 

which show that idβα =  too. It remains to show that α  is a morphism of H -module and H -comodule. 
The first assertion is clear, since 

( )( ) ( ) ( ).b a m ba m ba m b a mα α α⋅ ⊗ = ⊗ = ⋅ = ⋅ ⊗  

Next, we show that α  is a H -comodule morphism, i.e. ( )( )id idρα α= ⊗ ∆⊗ . Indeed, we have 
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( ) ( ) ( ) ( )( )( )01
1 2 1 02 1 2 .a m a m a a m a m a a m id id a mρα ρ α−

−= ⋅ = ⋅ = ⋅ = ⊗ ∆⊗⊗ → ⊗ ⊗ ⊗∑ ∑  

This complete the proof. 
Proposition 2.3. We have A A⊗  is a Yetter-Drinfeld Hopf module over A . 
Proof: A A⊗  is an A -module by the trivial module action: ( )a b c ab c⋅ ⊗ = ⊗ . In fact, for , ,a b A∈  

c d A A⊗ ∈ ⊗ , we have ( )( ) ( ) ( )( )a b c d a bc d abc d ab c d⊗ = ⊗ = ⊗ = ⊗  and ( )1 c d c d⊗ = ⊗ . The A-co-  

module structure of A A⊗  is defined by ( ) 1 2a b a a b A A Aρ ⊗ ⊗⊗ = ∈ ⊗ ⊗∑ . It is easy to check A A⊗  is 
an Yetter-Drinfeld Hopf module over A , we omit it. 

Theorem 2.4. Let A  be a Yetter-Drinfeld Hopf algebra, then A A⊗  is free over A . 
Proof: Apply M A A= ⊗  to the fundamental theorem of Yetter-Drinfeld Hopf algebra, then α  and β  

become ( ) ( ): a b c a b c ab cα ⊗ ⊗ ⊗ = ⊗  and 

( )( ) ( )( ) ( )1 2 3 1 2 3: 1 .Sb c b b b c b S b b c b cβ ⊗ ⊗ ⊗ ⊗⊗ = = ⊗ ⊗∑ ∑  

Next, we show that idβα αβ= = . In fact, we have 

( )( ) ( ) ( ) ( )( ) ( )( )
( ) ( )( ) ( )( )
( ) ( ) ( )( ) ( )
( )

1 0 0
2 2 2

1 01

1 2 3

1 1 2 21 2

1 1 2 31

1

0 0 0
2 2 2 22 2

1 2 0
2 3 2 31

                          

                          )

                          

a b c ab c ab S ab ab c

a a b S a b a b c

a a b S a a b a b c

a a a b S a a

βα β

−

−−

− −

⊗ ⊗ ⊗ ⊗ ⋅ ⊗

→ ⊗

= =

=

 =  

⋅ ⊗

→ ⊗ → ⋅ ⊗

→



⊗



=

∑
∑

∑

∑ ( )( ) ( )( )
( ) ( ) ( ) ( )( )
( ) ( ) ( )( )

( )

1 0
3

1 2 1 0 0
2 3 3 2 3

1 2 1 0 0
2 3 3

2 3

1 1 2 3

1 3

1

2

2 3

3

3

                          

                          1 1

                          

                         

b a b c

a a a b S a b S a a b c

a a a S a S a a b c

a Sa a b c

−

− − −

− − −

→ ⋅ ⊗

→ ⊗ → ⋅ ⊗

→ ⊗ → ⊗

⊗ ⋅ ⊗

=

=

=

∑
∑
∑

( )
( )

1 2 3 3 

                          . 

a S a a b c

a b c

=

= ⊗

⊗

⊗

⊗∑

 

and 

( ) ( )( )( ) ( )( )( )1 2 3 1 2 3 .b c b S b b c b S b b c b cαβ α⊗ = ⊗ ⊗= =⊗ ⊗∑ ∑  

Hence, we have idβα αβ= = . 
Moreover, α  is an A -module map. Since ( )( )( ) ( )( )a b c d ab c d abc dα α⊗ ⊗ = ⊗ ⊗ = ⊗  and 

( )( ) ( )a b c d a bc d abc dα ⊗ ⊗ = ⊗ = ⊗ . Furthermore, α  is also an A -comodule map by the following. Take  

( ),  coAa A b c A A∈ ⊗ ∈ ⊗ , then
 ( ) 1 2 1b c b b c b cρ ⊗ ⊗⊗ = = ⊗ ⊗∑ . We have 

( )( )( ) ( ) ( ) ( ) ( )1
1

0
2 1 2 1 21 2 2a b c ab c ab ab c a a b a b c a a b cρ α ρ −⊗ ⊗ → ⊗ ⊗⊗ ⊗ = ⊗ = = ⊗ = ⊗∑ ∑ ∑  

and 

( )( ) ( )( ) ( )( )1 2 1 2 .id id a b c id a a b c a a b cα α ⊗⊗ ∆⊗ ⊗ ⊗ = ⊗ ⊗ = ⊗ ⊗⊗∑ ∑  

In a word, ( )coAA A A A A⊗ ≅ ⊗ ⊗ , so A A⊗  is free over A . This completes the proof. 

3. Twist Yetter-Drinfeld Hopf Module 
Let A  be a Yetter-Drinfeld Hopf algebra over Hopf H . Define the multiplication of ( )A A τ⊗  as follows: 

( )( ) ( )1 0 .a b c d a b c b d− ⊗→⊗ ⊗ =∑                            (1) 
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Lemma 3.1. Let A  be a Yetter-Drinfeld Hopf algebra, then ( )A A τ⊗  is an algebra with multiplication (1). 
Proof: We only need to check the associativity of ( )A A τ⊗  

( )( )( )( ) ( )( )( ) ( )( )
( )( )( )

( ) ( )( ) ( ) ( )( )( )

1 0 2 1 1 0 0

1 1 0

1

                                       

                                       .

a b c d e f a b c b d e f a b c b d e b d f

a b c d e b df

a b c d e df a b c d e f

− − − −

− −

−

⊗ ⊗ ⊗ = ⊗ ⊗ = ⊗

= ⊗

= ⊗ ⊗ = ⊗ ⊗

→ → →

→ →

→ ⊗

∑ ∑
 

And 1 1⊗  is the unit element of ( )A A τ⊗ . Thus ( )A A τ⊗  is an algebra. 
Remark 3.2. ( )A A τ⊗  is a Yetter-Drinfeld Hopf algebra if and only if Tτ = . See reference [5] for the de-

tails. 
Denote the A -bimodule category by A AM , and ( )A A τ⊗ -module category by 

( )A A
Mτ⊗

. 

Theorem 3.3. Let A  be a Yetter-Drinfeld Hopf algebra. Then the category of A AM  and 
( )A A

Mτ⊗
 are  

equivalent. 
Proof: we are going to construct the functor 

( )
:A A A A

F M Mτ⊗
→  as follows. Let M  be an A -bimodule.  

We denote the two-side action on M  by “·”. Define ( )F M M=  as k -space with the left ( )A A τ⊗  action 
given by 

( ) ( ) ( )1
0 ,   , ,   .a b m a b m S b a b A m M−⊗ = ⋅ ∈→ ⋅ ∈∑  

We claim that the action is well-defined, i.e. ( )( )( ) ( ) ( )( )a b c d m a b c d m⊗ ⊗ = ⊗ ⊗ . In fact, we have 

( )( )( ) ( )( ) ( ) ( ) ( )
( )( ) ( ) ( )( ) ( )

1 0 2 1 1 0 0

3 2 1 1 0 0

a

                              .

a b c d m a b c b d m b c b d m S b d

a b c b d m b S d S b

− − − −

− − − −

⊗ ⊗ = ⊗ = ⋅ ⋅

=

→ → →

→ ⋅ ⋅→ →

∑ ∑

∑
 

and 

( ) ( )( ) ( ) ( ) ( )( ) ( ) ( )( )( ) ( )
( )( ) ( ) ( )( ) ( )

1 0 1 1 0 0

3 2 1 1 0 0                              .

a b c d m a b c d m S d a b c d m S d S b

a b c b d m b S d S b

− − −

− − − −

⊗ ⊗ = ⊗ ⋅ ⋅ = ⋅ ⋅→ → →

→ →

⋅

= ⋅ ⋅→

∑ ∑

∑
. 

By comparing the above two identities, we have M  and ( )A A τ⊗ -module. 

Moreover, we have the functor 
( )

 : A AA A
G M Mτ⊗

→  given as follows: Let N  be a left ( )A A τ⊗ -module,  

define ( )G N  to be N  as k -space, and its A -bimodule structure given by ( )1a n a n⋅ = ⊗  and  

( )( ) ( )( )1 0 11n b S b S b n− −⋅ = ⊗ →∑ . Note that 1S −  denotes the inverse of AS  and S  denotes the inverse of  

HS . Clearly, ( )G N  is a left A -module. Note that 

( ) ( )( ) ( ) ( )( )
( )( ) ( ) ( )( ) ( )( )( )
( )( ) ( ) ( )( )( ) ( ) ( )( )
( ) ( ) ( )( )( ) ( )( )
( )( ) ( )( ) ( )

1 0 1

1 0 1 1 0 1

1 0 1 1 0 2 1

1 0 1 1 0 1 2

1 0 0 1 1

1

             1 1

             1 1

             1

             1 .

n a b S b S b n a

S b S b S a S a n

S b S b S a S b S a n

S b S b S a S a b n

S a b S a b n n ab

− −

− − − −

− − − − −

− − − − −

− − −

⋅ ⋅ = ⊗ → ⋅

= ⊗ → ⊗ →

= ⊗ ⊗ → →

= ⊗ → →

= ⊗ → = ⋅

∑

 

Hence, ( )G N  is also a right A -module. We have 
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( ) ( ) ( ) ( )( ) ( )( )1 0 11 1 1a n b a n b a S b S b n− −⋅ ⋅ = ⊗ ⋅ = ⊗ ⊗ →∑  

and 

( ) ( ) ( )( ) ( ) ( )( ) ( )( )1 0 1 1 0 11 1 1 ,a n b a S b S b n a S b S b n− − − −⋅ ⋅ = ⋅ ⊗ → ⊗ ⊗ →=∑∑  
therefore, ( )G N  is a A -bimodule. It is easy to check that the functors F  and G  are inverse to each other. 
This completes the proof. 

Let A  be a Yetter-Drinfeld Hopf algebra, then ( )A A τ⊗  is a right A -module by 

( ) ( )1 0
1 2a b c a b c b c−⊗ → ⊗⋅ ∑ . 

Recall that if V  is a vector space, then V A⊗  is a free A -module with the action ( )v a b v ab⊗ = ⊗ . 
Theorem 3.4. The right A -module ( )A A τ⊗  defined above is free over A . 
Proof: Let V  denote the underlying space of A . Thus V A⊗  become a right free module. Define a map  
( ) ( )1 2: :A A V A a b aS b bτψ → ⊗ ⊗ ⊗=⊗ ∑ . It is obvious that ψ  is a bijection with inverse  

( )1
1 2a b ab bψ − =⊗ ⊗∑ . We claim that ψ  is a right A -module morphism, then we are done. 

In fact, we have 

( )( ) ( )( )
( ) ( )( ) ( )
( ) ( )( )
( ) ( )( )
( )

1 0
1 2

1 0 0
1 2 21 2

11 0 0
1 2 2 2 3

1 2 0 1 0
1 2 1 1 2 2 2 3

2 2
1 2 1

0
1

1

                    a

                    

                    

                    

a b c a b c b c

b c S b c b c

a b c S b b c b c

a b b c S b b c b c

a b b c b

ψ ψ −

−

−−

− − −

− −

⊗ → ⊗

→ ⊗

→ → ⊗

→ →

=

=

 =  
 

=

=

⊗

→

∑

∑

∑

∑
( )( )( ) ( )

( )( ) ( )
( )( ) ( )

( ) ( ) ( )
( )

1 1 0 0
2 2 1 2 3

1 1 0 0
1 2 1 2 1 2 3

1 1 0 0
1 2 1 1 2 2

1 1 0 0
1 2 1 2

1 2

                    

                    

                    

                      .

b S c S b b c

a b b c S c S b b c

a b b c S b b c

a b b S b b c

a S b b c

ε

ε ε

− −

− −

− −

− −

→ ⊗

→ ⊗

→ ⊗

=

=

=

=

⊗

⊗

∑
∑
∑
∑
∑

 

Note that the right A -module structure on V A⊗  is ( )v a b v ab⊗ ⋅ = ⊗ , so ( ) ( )1 2a b c aS b b cψ ⊗ ⊗⋅ = ∑ . 
Thus we have proved that ( )( ) ( )a b c a b cψ ψ⋅ = ⊗ ⋅⊗ . This completes the proof. 
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