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Abstract 
The thermoelastic behaviors of such as temperature distribution, displacements, and stresses in 
thermal barrier coatings (TBC) are seriously influenced by top coat thickness and edge conditions. 
The top coat of TBC specimens prepared with TriplexPro™-200 system was controlled by changing 
the processing parameter and feedstock, showing the various thicknesses and microstructures. A 
couple of governing partial differential equations were derived based on the thermoelastic theory. 
Since the governing equations were too involved to solve analytically, a finite volume method was 
developed to obtain approximations. The thermoelastic behaviors of TBC specimens with the var-
ious thicknesses and microstructures were estimated through mathematical approaches with dif-
ferent edge conditions. The results demonstrated that the microstructure and thickness of the top 
coat, and the edge condition in theoretical analysis were crucial factors to be considered in con-
trolling the thermoelastic characteristics of plasma-sprayed TBCs. 
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1. Introduction 
Ceramic thermal barrier coating (TBC) technique is a widely used method to improve the durability of metal 
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components. Due to the low thermal conductivity, relatively high thermal expansion, and erosion resistance zir-
conia-based thermal barrier coatings on metal alloy substrates are preferred in gas turbines in power generation. 
Recently, widely used techniques for depositing TBCs are the air plasma spraying (APS) and the electron beam 
physical vapor deposition (EB-PVD) processes [1]-[3]. APS coatings produce a lower thermal conductivity in 
compared with EB-PVD [4], while EB-PVD coatings present better corrosion resistance, bond strength, and 
surface roughness [5]. 

The microstructures of the top coat are influenced deeply by the deposition process, the size, shape, and the 
density of powder. Zotov et al. [6] and Schulz [7] investigated the effects of thermal annealing on the micro-
structure of TBCs deposited by EB-PVD. The microstructure features of TBCs fabricated through ASP process 
are clarified by Jung et al. [8] and Lee et al. [9]. Meanwhile, the microstructural feature yields crucial effects on 
the thermal and mechanical properties in TBC systems. Especially, the thermal conductivity is so sensitive to the 
variation of various parameters such as the physical size of an object, grain size, coating thickness and the space 
of splat boundary depending on temperature. Kwon et al. [10] investigated mechanical characterization and 
contact damage of zirconia-based TBC systems with different bond coat thickness using nanoindentation and 
Hertzian tests, and spallation mechanism in TBC with graded bond costs analyzed by Pindera [11]. Moreover, 
Sarikaya and Celik [12] studied the effects of residual stress on thickness and interlayer of TBCs. However, the 
effects of top coat thickness to the thermoelastic characteristics are not sufficiently announced. 

In the present paper, the effects of top coat thickness to the thermoelastic characteristics of TBC circular spe-
cimens are analyzed considering different boundary conditions. TBC specimens were prepared by Triplex-
Pro™-200 system using different commercialized powders for the bond and top coats. The top coat with about 
0.6 mm thickness was prepared with METCO 204 NS and the bond coat with about 0.3 mm thickness was pre-
pared with AMDRY 962. For temperature distribution profiles heat flux is applied at each layer. Based on the 
thermal elastic theory, a couple of partial differential equations are derived and a finite volume approach is 
adopted to analyze the thermoelastic characteristics. The results and the analysis performed may contribute fur-
ther understanding to the thermoelastic behaviors of TBCs. 

2. Mathematical Modelling 

2.1. Temperature Distribution Formulation 
According to the assumption that the circular sample is subjecting to a uniform temperature loading to the lon-
gitudinal z -direction (see Figure 1), the differential equation for is  

2

2 0T
z

∂
=

∂
                                             (1) 

The general solution of Equation (1) is 

( ) 1 2T z d d z= +                                        (2) 

where 1d  and 2d  are integral constants. The boundary conditions for integral constants are given by  
( ) ( ) ( ) ( )0 in 1 1 2 2 out           .bT z T T z T T z T T z T= = = =                      (3) 

 

 
Figure 1. A circular disk model for thermoelastic characteris-
tics of TBCs.                                           
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But, only two boundary contions inT  and outT  are provide and additional necessary information is required 
to obtain the unique temperature distribution profile for each layer. Heat flux point takes into account at each 
layer, and the equations for thi  layer are expressed as 

( )1 1,     i
i i i i i

i

k
q T T q q

L − += − =                                   (4) 

where iq  is the heat flux into thi  layer, ik  the condcutivity, and iL  the length of thi  layer. Then, the inte- 
gral constants for the temperature distribution profile at each thi  layer in the cyclinder model can be deter- 
mined uniquely by solving the following linear system: 
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                         (5) 

For the cylinder model consisting of n layers, since the 1iT −  is known value solved by ( )th1i −  layer linear 
system and Tout is given initial value, the number of ( )2 3n i− +  equations will determine ( )2 3n i− + ’s un- 
known coefficients. When i n= , only two unkown integral coefficients 1nd  and 2nd  with two equations will 
be determined easily. Similar process can apply to the temperature distribution profile of the circular disk. 

2.2. Thermoelastic Formulation 
Since the temperature profiles pressures the circular disk to the longitudinal direction only, all quantities are in-
dependent of circumferential ( )θ  direction. Equilibrium equations in polar coordinates thus are 

0

0

rr rz

rz z rz

r z r

r z r

θσ σσ τ

τ σ τ

−∂ ∂
+ + =

∂ ∂
∂ ∂

+ + =
∂ ∂

                                    (6) 

Let u  be the displacement to the radial direction, let v  be the displacement to the circumferential direction, 
and let w  be the displacement to the longitudinal direction. The independence of all quantities in circumferen-
tial direction yields the following strain-displacement relations 

,     ,     

0,     0,     

r z

r z rz

u u w
r r z

u w
z r

θ

θ θ

ε ε ε

γ γ γ

∂ ∂
= = =

∂ ∂
∂ ∂

= = = +
∂ ∂

                            (7) 

The strain-stress relations due to the thermal expansion can be expressed as 

( ) ( ) ( )

2 2 2

1 1 1,         ,

0,     0,     ,

r r z r z z z r

r r z z rz rz

T T T
E E Eθ θ θ θ

θ θ θ θ

ε σ ν σ σ α ε σ ν σ σ α ε σ ν σ σ α

τ γ τ γ τ γ

   = − + + = − + + = − + +     

= Π = = Π = = Π
  (8) 

where ( )2 2 1 .E νΠ = +  
The combination of Equations (6)-(8) leads to the following governing equations  

( ) ( )2
1 2 11 1 0u ur r r u

r r z z
ν ν∂ ∂ ∂ ∂   −Π − + Π + Π − =   ∂ ∂ ∂ ∂   

                   (9a) 
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( ) ( ) ( )2
1 2 1 11 1 0w u K u Tr

z z r z r r z z
νν ν α ν

Π∂ ∂ ∂ ∂ ∂ ∂    −Π − + Π − Π + − + Π + =     ∂ ∂ ∂ ∂ ∂ ∂     
         (9b) 

where 
( )( )1 1 2 1

E
ν ν

Π =
+ −

 and ( )2 2 1E νΠ = + . 

2.3. Finite Volume Formulation 
The governing Equations (9) for the circular disk are too complicate to be solved analytically and a finite vo-
lume method is adopted to obtain approximated solutions. The domain is divided up into control volume and in-
tegrates the field equations over each control volume. The finite surface mesh is denoted by ( ),i j  and the dis-
cretisations for the governing equations are developed based on the following relations at the adjacent locations;  
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In the equations a subscript 1
2

 implies the value of the displacement at the boundary of the control surface.  

According to above relations at the adjacent locations the governing equations (9) are discretised as below 
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The numerical solutions presenting the thermoelastic behaviors are obtained based on the following boundary 
conditions: 

i) ( ) ( ) ( ) ( )0, 0    , 0    ,0 0    , 0r z z bu z R z r r zσ σ σ= = = =   
ii) ( ) ( ) ( ) ( ) ( )0, 0    , 0    , 0    ,0 0    , 0r z z bu z u R z R z r r zσ σ σ= = = = = . 

3. Results and Discussion 
The samples are controlled by the variation of the top coat thickness: 0.3, 0.6, 0.9, and 1.2 mm, and the bond 
coat and the substrate remain unchanged. Figure 2 displays the temperature distribution profiles according to 
the mechanical and thermal properties shown in Table 1. 
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Variable z (mm) 

Figure 2. Temperature distribution profiles of TBC samples.             
 
Table 1. Mechanical and thermal properties used in this study for analyzing thermoelastic characteristics.                    

Material/property Elastic module 
(GPa) Poisson’s ratio Thermal expansion  

coefficient (10−6/˚C) 
Thermal conductivity 

(W/m-˚C) 

Top coat* (8 wt% Y2O3 doped ZrO2) 94 0.1 9.5 (20˚C - 1300˚C) 2.0 

Bond coating (AMDRY 995C) 200 0.3 14 11 

Substrate (NIMONIC 263) 221 0.3 11.1 (20˚C - 100˚C) 11.7 

 
The samples manufactured with METECO 204 NS features a low thermal conductivity at the top coat, whose 

property is depicted by the largest decline of the temperature distribution profiles at the top coat. As the thick-
ness of the top coat increases the bond coat and the substrate are under the influence of lower temperature. The 
rate

 

of temperature decrease is getting slower due to the increase of metal concentration to the longitudinal di-
rection, demonstrating that the mathematical approach is reliable and reasonable. 

Figure 3 shows the radial displacement distribution profiles at the bond coat. Figure 3(a) represents the radial 
displacement at the bond coat of samples with fixed edges and Figure 3(b) the radial displacement at the bond 
of samples with moving edges, respectively.  

The radial displacements of TBC models undulate along the radius and the magnitude of fluctuation is getting 
larger as the thickness of the top coat increases, in the samples with fixed boundaries (see Figure 3(a)). Howev-
er, opposite inclination is appeared in the samples with moving boundaries. The sample with top thickness 0.3 
mm exhibits the largest magnitude and decreases the thickness of the top coat increases (see Figure 3(b)). 

The longitudinal displacement distribution profiles are presented in Figure 4. The extension to the longitu-
dinal direction is larger according to the decrease of the top coat thickness at the samples with fixed edges, 
which is due to the loading of higher temperature (see Figure 4(a)). 

For the samples with moving boundaries the longitudinal extension is displayed near the center and edge of 
the domain. Unlike the samples with fixed edge, the displacement fluctuates along the longitudinal direction 
both near the center and edge. Almost all over the domain, the extension appears to the positive direction near 
the center, while the displacement near the edge develops to the negative direction (see Figure 4(b) and Figure 
4(c)). Moreover, the extension of the substrate is getting larger near the edge as the radial thickness decreases. 

Figure 5 exhibits the radial stress distribution profiles at the top coat. For the samples with fixed boundaries 
the largest top thickness produces the largest tensile at the center and the difference of the radial stress distribu-
tion is trivial most of area of the substrate (Figure 5(a)). However, the smallest top thickness creates a fluctua-
tion showing the largest magnitude along the radius in the samples with moving edges (see Figure 5(b)). The 
center of the sample having the smallest top thickness is under the loading of the largest compressive and tensile 
at the center and edge, respectively. The radial stress movements of the other samples carrying moving bounda-
ries are similar. 

The longitudinal stress distribution profiles are displayed in Figure 6. The stress intensity at the both inter-
faces between the top and bond coats, and the bond coat and the substrate decreases according to the increase of  
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Figure 3. Radial displacement generated at bond coat: (a) fixed boundary and (b) moving boundary.                        
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Figure 4. Longitudinal displacement: (a) fixed boundary, and (b) moving boundary at r = 1.27 mm and (c) r = 11.43 mm.      
 
top thickness in the edge-fixed models, implying lower influence of the temperature (see Figure 6(a)). For the 
samples with moving boundaries the both interfaces show only tensile stress near the center and the intensity is 
getting smaller as the top thickness increases (see Figure 6(b)). Near the boundary, the interface between the top 
and the bond coats is under the compressive stress, whereas the tensile develops at the interface between the 
bond coat and the substrate (see Figure 6(c)). The stress intensity at the both interfaces decreases as the top 
thickness increases. In addition, the longitudinal stress, unlike the edge-fixed models, generates a fluctuation at 
the substrate, which is an influence of the release of boundary constraints. 
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Figure 5. Radial stress distribution profiles at the top coat: (a) fixed boundary and (b) moving boundary.                    
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Figure 6. Longitudinal stress distribution profiles: (a) fixed boundary, and (b) moving boundary at r = 1.27 mm and (c) r = 
11.43 mm.                                                                                               
 

Figure 7 represents the circumferential stress distribution profiles. As shown in Figure 7(a), the models with 
fixed boundaries are under the loading of compressive over the entire domain and the largest compressive stress 
occurs near the center. As the top thickness increases the intensity of compressive stress decreases near the cen-
ter and trivial distinction appears over the domain except center part. Meanwhile the samples with moving edges 
fluctuate in developing of circumferential stress over the entire domain and the magnitude of fluctuation is get- 
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Figure 7. Circumferential stress distribution profiles: (a) fixed boundary, and (b) moving boundary at r = 1.27 mm and (c) r 
= 11.43 mm.                                                                                              
 
ting smaller as the top coat is thicker (see Figure 7(b) and Figure 7(c)). The entire domain is influenced by a 
compressive loading near the edge and the largest compressive stress happens on the sample having the largest 
top thickness, while the tensile stress develops most of area near the center and the sample of the largest top 
thickness generates the largest tensile. 

4. Conclusion 
The thermoelastic characteristics have been investigated for various TBC models. Thicker top coat, as shown in 
the temperature distribution profiles, causes more reducing of high temperature at the top coat, which yields 
lower temperature influence on the bond coat and the substrate. As the thickness of the top coat increases, in the 
radial displacement distribution profiles, the magnitude of fluctuation is getting larger in the samples with fixed 
boundaries. But, thicker top coat displays smaller magnitude in the samples carrying moving boundaries. The 
samples with fixed edges extend to the positive longitudinal direction only and larger displacement is developed 
according to the decrease of the top coat thickness, implying higher temperature loading. But, the extensions of 
the samples with moving boundaries appear to the positive direction near the center and to the negative direction 
near the edge, describing an influence of the release of fixed edge constraints. The thicker top coat produces 
larger radial tensile stress at the center in the samples with fixed edges and the fluctuation of the smallest mag-
nitude for radial stress in samples carrying moving boundaries. In the longitudinal stress distribution profiles the 
stress intensity at the both interfaces decreases as the top thickness increases. Throughout mathematical ap-
proach it demonstrates that the thermal stability of TBC and wear resistance of the surface can be improved by 
controlling the microstructure and thickness of the top coat. 
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