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Abstract

Stochastic partial differential equations (SPDEs) describe the dynamics of stochastic processes
depending on space-time continuum. These equations have been widely used to model many ap-
plications in engineering and mathematical sciences. In this paper we use three finite difference
schemes in order to approximate the solution of stochastic parabolic partial differential equations.
The conditions of the mean square convergence of the numerical solution are studied. Some case
studies are discussed.
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1. Introduction

Stochastic partial differential equations (SPDEs) frequently arise from applications in areas such as physics, en-
gineering and finance. However, in many cases it is difficult to derive an explicit form of their solution. In re-
cent years, some of the main numerical methods for solving stochastic partial differential equations (SPDEs),
like finite difference and finite element schemes, have been considered [1]-[9], e.g. [10]-[12], based on a finite
difference scheme in both space and time. It is well known that explicit time discretization via standard methods
(e.g., as the Euler-Maruyama method) leads to a time step restriction due to the stiffness originating from the
discretization of the diffusion operator (e.g. the Courant-Friedrichs-Lewy (CFL) At<C (Ax)2 , Where At and Ax
are the time and space discretization, respectively). Mohammed [8] discussed stochastic finite difference

(AAXt)zﬁgé, B>0 and five

schemes by three points under the following condition of stability: 0<rg=
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points under this condition of stability: 0<rg= At =B s%, £>0. Our aim of this paper is to use the sto-

(4x)
chastic finite difference schemes by seven points that are strong convergences to our problem and much better
stability properties than three and five points.

This paper is organized as follows. In Section 2, some important preliminaries are discussed. In Section 3, the
Finite Difference Scheme with seven points for solving stochastic parabolic partial differential equation is dis-
cussed. In Section 4, some case studies are discussed. The general conclusions are presented in the last section.

2. Preliminaries

In this section we will state some definition from [9] as follow:
Definition 1. A sequence of r.v’s {X,,n,k >0} converges in mean square (m.s) to a random variable X if:
lim | X, — X[ =0 ie. X, —>X

nk—o

Definition 2. A stochastic difference scheme Lyu; =G, approximating SPDE Lv=G is consistent in
mean square at time t =(n-+1)At, if for any differentiable function ® =®(x,t), we have in mean square:

E‘(LCD—G)E —(|_;c1>(|<Ax,nAt)—Gk“)2 -0

As k — o, n—>oAx —0, At >0 and (kAX,nAt) — (xt).

Definition 3. A stochastic difference scheme is stable in mean square if there exist some positive constants
&, & and constants k, b such that:

n+l

2 2
Eluf™ < keb‘E|u°|

Forall 0<t=(n+1)At, 0<Ax<eg and 0<At<§.

Definition 4. A stochastic difference scheme Liu, =G, approximating SPDE Lv=G is convergent in
mean square at time t=(n+1)At, if:

n 2
Euk—u| -0

As n— oo, k>0, AX—0, At—0 and (kAx,nAt)—(x,t).

3. Stochastic Parabolic Partial Differential Equation (SPPDE)

In this section the stochastic finite difference method is used for solving the SPPDE. Consider the following
stochastic parabolic partial differential equation in the form:

U (X,t) = Buy (x,t)+ou(x,t)dW (t) €h)
u(x,0)=u,(x), xe[0,X], te[0,T] 2)
u(0,t)=u(X,t)=0 ®)

where W (t) is a white noise stochastic process and S3,o are constants.

3.1. Stochastic Difference Scheme (with Seven Points)

For the Equations (1)-(3) the difference scheme is:

n+l

urt=ul + %(2%3 —27uy, +270u] , —490u; +270u] , — 27Uy , +2uy, 5 ) + oAty (W W), (4)

US :uo(xk)’ 5)

ug =uy =0, (6)

X
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A . . .
where r :ﬁ and it can be written in the form:
AX

uy (1—Erﬂ]uk 15 (2uk s — 27Uy , +270u, , +270u;,, — 27y}, + 2uk+3)+aAtuk (W”+1 -W," )

180

3.1.1. Consistency

In this subsection we study the consistency in mean square sense of the Equation (7).
Theorem 3.1. The stochastic difference scheme (7) is consistent in mean square sense.
Proof. Assume that ®(x,t) be a smooth function then:

L(®), =<I)(kAx,(n+1)At)—<1>(kAx,nAt)—,B.[:Zt+ o (KAX,5)ds — 0'_[ @ (KAx,s)dW (s),

L@ = @ (kAX,(n+1)At) - @ (KAX, nAt)—%(Z(D((k —3) AX,nAt) - 27®((k —2) Ax, nAt )
+ 2700 ((k +1) AX, At ) - 4900 (KAX, NAt) + 270 ((k +1) AX, NAt) - 27 ((k +2) AX, nAt)
+20((k +3) Ax,nAt)) - oAtd (kAX,s ) (W ((n+1) At) W (nAt)),

then we have:

n+1

E|L(@), - Lo

_E‘ /)’J' . (kAX,s)ds — oj @ (kAX,s)dW (s)
B

180 (2c1>((k —3) Ax,nAt) - 270 ((k —2) Ax,nAt) + 2700 ((k +3) Ax, nAt)

— 490 (KAX, NAt) + 2700 ((k +1) Ax, nAt) - 27 ((k +2) Ax, nAt ) + 20 ((k +3) Ax,nAt )

+ oAt (KA, s)(W ((n+1) At) -W (“At))r

—E ‘_ﬁ{j("”)“qnxx (kAX, s)ds—ﬁ(zq)((k —3) AX,nAt) - 270 ((k - 2) Ax,nAt)

nAt
+ 2700 ((Kk +1) AX, NAt) — 490 (kAx, NAt ) + 2700 ((Kk +1) AX, nAt)

~27 (k+2) A, nAt)+ 20 ((k +3) A, nAt) |

2

_gUn(z:i @ (kAX,s)dW (s)- AtCD(kAx,s)(W((n+1)At)—W(nAt))J

since:

1 s<1
E|X +Y[" <k(E[X[ +E[Y[) for |<={25_1 o1
then:

E‘L((D)E—LE

<2p°E 80AX>

DM xx(kAX’S)dS—lL(ZGJ((k—S)Ax,nAt)

— 27 ((k - 2) Ax, nAt) + 2700 ( (K +1) Ax, nAt) — 4900 (KAX, nAt)

2

(k-
+270@ ((k +1) AX, nAt) — 27 ((k +2) Ax, nAt )+ 2 ((k +3)Ax,nAt)}

2

+20°E J'(Mm[ @ (kAX,s) - @ (kAX,s) [dW (s)

and from the inequality

U]
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2n

E ;{[f (s, w)dw,| <(t —to)"%l [n(2n —1)]n jE U f (s,w)|zn }ds.

Applying in the part

n+l

E J':Z:m[ (kAx,s) - (kAx,s)]dW(s <(n+1-n) At[l (2-1 ]j UCI)(kAx,s)—(D(kAx,s)ﬂds

= at[" UCD(kAx,s)—(I)(kAx,s)ﬂds,

and ®@(x,t) is deterministic function we have:
n+1)At At
[J' @, (kAx,s)ds W(Z(D((k—S)Ax,nAt)

—27®((k —2) Ax, NAt) + 2700 (K +1) Ax, nAt ) - 4900 (KA, NAt )

E‘L(CD):—LE

<28°E

2

+2700 (K +1) AX,nAt) - 27® (K +2) AX, nAt) + 2 ((k +3) AX, nAt)}

20" A1 o (kax,s) - o (kax,s) Jds
astime t=(n+1)At, At—0, Ax—>0,and (KAX nAt)—(xt), then:
E|L(®); - Lo (kax, nAt)r -0,
hence the stochastic difference scheme (7) is consistent in mean square sense.

3.1.2. Stability
Theorem 3.2. The stochastic difference scheme (7) is stable in mean square sense.

Proof. Since
urt = ( 49 rﬁjuk 1:5) (207 5 —27u] , +270u] , +270uf,, - 27y, + 207 ) + oAty (W -W,"),
then:
49 rp ?
E uf*l = E‘(l —r/i‘juk 180(Zuk . =270 , +270u; , +270u,,, — 274, +2uk+3)+aAtuk (W " —W”)

Since {W( t)-W (., s)} is normally distributed with mean zero and variance t—s increments of the
winner process are independent u, and

(W™ =W, ) = (W (kAx, (n+1) At)—W (kAx, nAt)) .

Then we have:

2
E u;‘“z:[l—%rﬂj Elurf + 90 1—f—§rﬂ e (20] - 270, + 270, + 270, —27u] , +2u] )
L[ TB 2 E‘Z(u,?73+u£+3)—27(u£72 +uy 2)+270(u£71+ulf+1)2 +02(At)2 Euy
180 :
2
ey = ( ﬁj It [1—49 ﬂj‘( U (0 U )|~ 27E | (025w, )|+ 270E |uy (07, +u., )

+0'2(At)2

+(ij : ‘Z(UE—s + ULs)_ 27(u£_2 + uf+2)+ 270(”'?-1 + U‘?ﬂ) 2

180
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since:
1 s<1

Ex +v[" <k(E[X[+E[V[), k:{zs1 o

then:
1 E
(180)
1
(180)°

+540(uy. 3+um)(uk L+l )~ 7290(u;. 2+uk+2)(ugl+uﬁﬂ))}

< (1810)2 5[4( #(uns ) 72((u )+ (ue) )+ 72900 () 4 (u2a) )
({0 (0 o () SO0 ) (0.0
(U0 )) = 7290( (U0 ) (U 00 )+ (w0 ) + (uk”ﬂuk”ﬂ))}

S@H (urs) +E(y +3)2)+729( (ur,)’ +E(uﬁ+2)2)+72900(E(uk”_1)2+E(u:+l)2)
~54(E (up U7, )+ E(u 57, )+ B (uf,ouf )+ E(uf.uy,, ))+ 540( E (u quf )+ B (ufuy,,)
. B .)) T, £ £ £ )

— B () B () () +E(ua) o (E () +E(ua))
(B () + E (e )+ E (Ut )+ B (Ut ) o (B (T )+ E (001

+E(ulUfs )+ E (uk"ﬁuk"ﬂ))—f—o(e (uf2ugs )+ E(uguge )+ E (uloui )+ E (U, up,s )

9§(1_£rﬂj‘( (E

n )_27(uQ_2 + UE+2)+ 270(u|':_1 + uLl) 2

[E (4(uk'[3 +ul, )2 +729(uy, +uy,, )2 +72900(uy, + ufﬂ)2 ~54(uf 5 +ugs ) (U, +uy,)

then:

n+1

Uy

2
E (1—£rﬁ) Elurl* +

n
uk—3

" o) 27 (E|ufu

)

n
uk+2

+270(Eu )) (rp) [8100 (uE73)2+$E(uQ+3)Z
%( 72 +E u|<+2 2)+%(E(u£71) +E(u|f+1)2)
_i0< U_3Uy_ 2 +E uk 3uk+2)+E(uk+3uk 2)+E(uk+3uk 2))
( Uy_ 3'ka1)+ E (uk—3uk+1)+ E (u£+3u£71)+ E <UE+SUE+1))_%(E (UIT—ZUI?—l)

+E<uk_2um)+E(u:+zu;_1)+E<u:+2u:+1))}+az (at)

49 Y rg(. 49
S[l_ﬁrﬁj % (1_Erﬂ]‘[ (s

T)
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_27( ) “2j+270( ! 2)) (rp) [8100 ;

1 9 n 2 9 n
8100« W( K )7( ' )
1 02
—m( J
1 02
"ol )
9 nl? 2 2
_E( ) k ﬂm (a0 su
49 Y 2 |rp "
S(l__rﬂj % (1_1_”3)‘( )
2401 )
(rpY (648 j+o- (a0 su
[l—ﬁrﬂj — rﬂ(l—ﬁrﬂ)
k
2401(rﬁ)2
2401 2 2
|:(1——rﬂ) +— (1—— ﬂj +m(rﬁ) :| ! (At) !
2401
Kl——rﬂj +— (1——rﬂj+ 4 (rﬁ) } :
2401(!’/3)2 supE UE ( )2 !
Now with:
_ At 18
0=rp (Ax)zﬂs49'
then:
49
‘1—— ‘ 1—E|rﬂ|.
Hence:
E uQ*lzs[(l—ﬂrﬂ)+£rﬁ} Elur[ 2401(r,3)
[+ S (08 Efuf o (at)

(1+@|rﬁ| 2(At) )

. t
It is enough to select A such that: ﬁ|rﬂ|2 +c? (At)" < A%At for all k then we put At = — to get:
n+

n+l

+1
Elurf < (1+itljn Elul| =e”E[ue . ®)

n+
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Hence the scheme is conditionally stable with k =1 and b =% in mean square sense with the condition:

0<rg=

( )zﬂ_— for 5 >0.
3.1.3. Convergence

Theorem 3.3. The random difference scheme (7) is convergent in mean square sense
Proof.

n_ 2_ nY n_gn g
Uy u| —E‘(Lk) (Lkuk Lku)‘.

Since the scheme is consistent then we have Lju; —=—Lu then we obtain
B 2
E‘(L’;) “(Lup - L’;u)‘ 0,

as At—0, Ax—0 and (kAx,nAt)—(x,t) and since the scheme is stable then (Lﬂ)_1 is bounded hence:

n—u|2 —0 as At—0, Ax—0,
then the random difference scheme (7) is convergent in mean square sense.
4. Applications

Consider the linear heat equation with multiplicative noise in this form
u (x,t)=0.001u,, —u(x,t)dw(t), te[0,1], xe[0,1]
Uy (X) = x? (1-x)°
u(0,t)=u(1t)=0

The SFDS with seven points is:

Thi (1—— rﬂj uy + 1r£) (2u,i‘_3 —27uZ , +270u] , +270u; , —27uZ,, +2u? , ) — Atu] (Wk”+1 —-W," )

Since the stability condition from Theorem 3.2 is:

0<rpg=

Atz E £ =0.001
(Ax) 49
let M =150 then Ax=i therefore:
150

At 0001<E

( 1 ) 49
150

0<Ats-t = N>62
245

0<

then we have:

In Theorem 3.8, we assumed that:

2401
324

Therefore, for different amount N, we can derive low boundary of A (see Table 1).

rpf + L <AL
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Table 1. 4% for stability.

N 62 200 500 1000 1500 6000
L 60.52520161 18.7628125 7.505125 3.7525625 2501708333 0.62542
7- .
R 1.204
6 R 1.18-
1.16
> 54 o°
°0° -
1144
4 o
1.124
37 oo’°°°°
".o T T T T 1 110_ T T T T 1
0 02 04 0.6 0.8 1 0 0.2 0.4 0.6 08 1
t t
N=62 N =200
1.0304
L 008 1.0074
1.0264
1.024 1 1.006
> i )
1,022
1.020 1.005
1.018
1.016 1,004
0 02 0.4 06 08 I 0 02 04 06 08 |
t t
N =500 N =1000
1.00324 1.00020
1.0030 100019
1 1.00018
1.0028 ]
] 1.00017
1.0026 |
g _ 1.00016
1.0024 1 1.00015
| 00221 100014
: 1.00013
1.0020 4 ]
] 1.00012-
1.00187 1.00011
0 0.2 04 0.6 0.8 1 0 02 0.4 06 08 |
t t
N=1500 N =6000

Figure 1. Stability.
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On the other hand, in Equation (8), we had

2
n+l n+1
2 2 2 Elu 2 Elu 2
Elug™ se“E|uE| = L —<et! yz%se“, AtzL,
0 0 n+1
Eu] Eu]

and for stability, we represent y for different N (see Figure 1).

5. Conclusion and Future Works

The stochastic parabolic partial differential equations can be solved numerically using the stochastic difference
(with seven points) method in mean square sense. More complicated problems in linear stochastic parabolic par-
tial differential equations can be studied using finite difference method in mean square sense. The techniques of
solving nonlinear stochastic partial differential equations using the finite difference method with the aid of mean
square calculus can enhance greatly the treatment of stochastic partial differential equations in mean square
sense.
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