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Abstract 
This paper studies the outcomes of independent and interdependent pair-wise contests between 
economic agents subject to an optimal external decision problem for each pair. The external deci-
sion maker like the government or regulator is faced with the problem of how to devise rules and 
regulations regarding contests. In this paper, a decision problem is faced under negative and posi-
tive externalities. A pair of entities is represented by disjoint convex sets in a small area in a 
neighborhood. I assume that each entity imposes an equal externality on the other (and the other 
only) and thus they can be considered to be twins. Among the group of twins in any neighborhood, 
there is a set of twin pairs such that, for each pair in the set, each twin can impose a strictly nega-
tive externality on the other (and the other only), and this is a potential welfare loss which con-
cerns the decision maker. A separating hyper-plane can block the negative externalities between 
any pair of twins given convexity. However, this can be costly if positive externality from the neigh- 
borhood is also blocked by the separation technology. Thus, this paper compares the pair-wise 
utility from separation to that of non-separation. A simple representation of the decision problem 
is developed with respect to a single and isolated neighborhood. A complete characterization of 
the decision problem is obtained with a large number of pair-wise intersecting neighborhoods. 
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1. Introduction 
Regulation and decentralization of institutional (legal rules and economic organization structure) setup are a 
primary challenge to improve the performance of an economy and bring about economic growth, financial sta-
bility and equitable wealth and income distribution. That an economy does not automatically achieve optimality 
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with respect to these goals is by now well established (see in particular [1]-[4]). A regulator has to use some 
contingent intervention mechanisms in order to improve outcomes. All of these involve optimization under some 
basic assumptions about convexity.  

Optimization and rules for decentralization in economic theory of choice and decision making rely heavily on 
convexity which naturally arises in the underlying preferences, budget sets, production sets and valuation sets. 
Maximization thus involves separating the set of benefits from the set of costs thus selecting the optimum while 
decentralization of resources uses the price system to separately allocate net benefits to economic units. Howev-
er, additional complexity is introduced by a structure of externalities which leads to market failure unless cor-
rected by some regulatory mechanisms. In this paper, I suggest such a mechanism under externalities by charac-
terizing the decision problem of the regulator. It seems intuitively that when an economic entity makes a loss in 
engaging in games (of conflict, cooperation and coordination activities) with another entity due to negative ex-
ternality imposed on each other, the loss could be minimized by not allowing the two entities to transact with 
each other. However, under positive externalities coming from some other source, separation decision might not 
be always optimal (except in case of outliers in a neighborhood). This is true both for independent and interde-
pendent transactions and for both an isolated and a non-isolated neighborhood. 

Consider the world of utility or value maximization by the individual units (like consumers, producers, traders, 
financial intermediaries, political groups (like political parties or political states) and social groups). Utility or 
value can be maximized through consumption, power, wealth and attainment of social objectives under eco-
nomic, social and political interactions. Success is conditional on (besides own actions and resources) competing, 
cooperating and coordinating actions and resources of others. Thus selection of strategy by an agent is necessar-
ily contingent on the strategies of others and the economic environment. Strategic contests thus characterize all 
economies, political systems and societies. A basic characteristic of strategic interaction is that utility (or value) 
maximizing economic agents are matched in a pair-wise fashion. A buyer is matched to a seller and a buyer may 
be matched to a number of sellers. With some loss of generality, it can be assumed that an economic unit like a 
buyer (who is a buyer in some matches and a seller in other matches) has multiple identities (with each identity 
relevant for each match) without some consolidating and general characteristics. The same can be assumed for a 
seller. Though pair-wise contests are potentially dependent on each other, independent pair-wise contests and 
the decision problems for regulators are first studied. This simplifies the analysis and the corresponding decision 
problem. I also discuss the implications of relaxing this restrictive assumption and derive a qualitatively similar 
result for the decision maker with interdependent pair-wise contests. The decision problem requires separation 
only when the sum of negative externalities dominates the sum of positive externalities. 

Given that a buyer and a seller are matched, they engage in strategies of conflict like bargaining and contract-
ing. Cooperation and coordination results if bargaining and contracting succeed and there is no cooperation and 
coordination if bargaining or contracting fails. Pair-wise contests are assumed to be driven by potential gains 
from trade and traditional rivalry with access to each other and where pairs are self-selected given their charac-
teristics and their environments (see the analysis in [5]-[7]). This paper is based on a combination of economic 
phenomena which is generally observed in world where allocation of scarce resources is determined by pair- 
wise decentralized competition given non-satiation in demand and the economy does not automatically attain the 
first best welfare given a structure of exogenously and endogenously determined externalities (see the discussion 
in [8]-[10]). Under these circumstances, it is well known that an appropriate system of regulation and an optimal 
design of a mix of centralization-decentralization of the institutional structure are required to achieve economic 
efficiency. This paper studies the optimal design of regulation and the required optimal mix of centralization and 
decentralization of the institutional and corresponding organization structure by an analysis of outcomes of pair- 
wise contests between economic agents subject to an optimal external decision problem for each pair.  

I first describe twin convex sets in a neighborhood. A pair of entities is represented by two disjoint convex 
sets (closed balls of same radius) in an arbitrarily small area of a neighborhood and a set of utility assignments 
associated with different types of externalities faced. The potential utility from positive externality to each of the 
twin convex sets is same. The centre of each set is equidistant to the centre of the neighborhood and each can 
potentially receive the same amount of positive externality from a ray coming from the centre. The potential ex-
ternality can be interpreted as coming from public goods (see the exposition in [11] [12]), government programs 
(see the discussions in [13]-[19]) and coordination games of private activity with positive spillovers at the heart 
of the economy as the analysis in [4] [11] [14] [15] demonstrate.  

I also assume that each entity can potentially impose an equal amount of externality on the other (and the oth-
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er only). Thus they can be called twins. When a buyer and seller realize gains from trade they are essentially 
imposing non-negative externality on each other. This is satisfactory from the viewpoint of the decision maker 
and does not need any intervention. On the other hand, strictly negative externality imposed by a twin on the 
other and vice versa, is the essential welfare loss problem. It is assumed that the set of pairs of twins which real-
ize gains from trade in a neighborhood ( )N i  is denoted by the set ( )S i  ( ( )S i  stands for success set) and 
the complement set in neighborhood ( )N i  is denoted by ( )F i  ( ( )F i  stands for the failure set).  

There are pairs of twins which achieve gains from trade or gains from collusion or gains from coordination 
despite potential destructive competition or costs of coordination but these are not considered to be problems 
that affect a neighborhood. However, it is instructive to note how gains from trade are realized in pair-wise con-
tests (see the analysis in [4] [10] [11] [15] [20] [21]). One or more of the following conditions are usually 
present: there is specific structure of specialization patterns, which through increasing productivity in activities 
creates a potential for gainful exchange, there is also the comparative advantage phenomena, differences in re-
source combinations and qualities, and the relative advantages of safe and risky assets. Each requires some de-
gree of heterogeneity among entities. Entities can specialize in high risk but high coordination activities and in-
sure against extreme specialization through risk sharing ex ante (see [15]). Positive externality is also realized in 
exchange when one economic entity creates a favorable situation for production or consumption of the counter-
party and this increases the region of gains from trade. Of course in any of these situations, valuation to a buyer 
exceeds that of the seller.  

The economics literature also discusses the reasons for negative externalities. One can start by assuming that 
the advantages in trade discussed above are missing and moreover different kinds of disadvantages manifest. 
But there is more than that. Preferences, endowments and production sets may be very different and generate 
negative externalities. The abstract analysis of standard negative externalities like pollution and encroachment 
are discussed in [8] [10] while [9] [10] discuss the costly contracting problems of moral hazard and adverse se-
lection. The negative externalities of transaction costs like holdup and state verification problem which leads to 
suboptimal investment and under-provision of liquidity is analyzed in [22]. Incomplete information also results 
in bargaining inefficiency and is discussed in [7] [10] [15]. Other sources of negative externalities are absence of 
properly defined property rights (see the discussion in [8] [11] [22]), lack of incentives to invest and trade due to 
strategic uncertainty and unforeseen contingencies (see the analysis in [4] [11] [22], imperfect information (dis-
cussed in [9] [10]) and envy (analyzed in [11]). 

I shall focus on the problem of negative externality imposed by any twin on the corresponding twin in ( )F i  
subject to other considerations. I assume that each twin in ( )F i  has a potential net loss of −n (n > 0) due to the 
negative externality that can be imposed by the other twin without separation. Given that for any twin-pair in 
( )F i , the twins are disjoint and convex, there exists a hyper-plane which can separate the twins. I assume that 

the hyper-plane is a technology which can completely block the negative externalities between any pair of twins. 
Thus it may seem that using the separation technology will be the right decision by the government regulating 
pair-wise contests. However, considerations become complicated because of the presence of the positive exter-
nality on each of the twins within its neighborhood coming from the centre of a neighborhood. Thus, this paper 
undertakes to analyze whether there is any need for separation technology when positive externality is blocked 
by the hyper-plane. A simple representation of the decision problem is developed with respect to a single neigh- 
borhood. A complete characterization of the decision problem is obtained with a large number of neighborhoods 
and overlapping positive externalities. This paper is more concerned about the desirability (normative analysis) 
of separation even if separation is feasible given the assumptions of convexity and disjoint twin sets (positive 
analysis). The focus of the paper is to first highlight the possible tradeoffs in the separation decision. The deci-
sion problem is characterized so that pair-wise utility value of separation is compared to pair-wise utility value 
of non-separation. The decision problem of the regulator is developed for independent as well as interdependent 
pair-wise contests where the latter is a generalization of the former with some restriction on separation decisions. 
At the same time, it should be noted that the present paper has a special approach which when generalized, could 
inform and improvise the decentralized interdependent bargaining model by introducing potential dynamics. The 
discussion about interdependent dynamic bargaining games is made in the conclusion where several suggestions 
for optimal regulation and decentralization decisions are developed for analyzing more complicated problems. 

A classification of games is useful for a deeper understanding of economic phenomena and the need for regu-
lation and redesign of economic systems. Economic entities compete for scarce resources that allow utility or 
value through consumption. As the analysis in [11] [15] [20] [21] suggest, at the basic level, potential competi-
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tors enter into costly conflicts with games of entry, predation, market share rivalry, takeover and attrition with 
exit resulting. In a pair-wise contest, conflict is always primary between two matched contestants. However, 
cooperation can emerge to a large extent due to self-preservation tendencies that equalizes the value of strategic 
options of being an aggressor and being timid. The credit for this insight goes to [23] who analyzes pair wise 
contests in an evolutionary biology context leading to the powerful concept of “Evolutionarily Stable Strategy”.  

The literature on dynamic matching and bargaining games is relevant for pair-wise matching contests. Dif-
ferent kinds of matchings (exogenous and endogenous) and assumptions about bargaining can be made. Both 
gain and loss is possible in these bargaining games and a general dynamic game should accommodate both. I 
start with a discussion of gains and cooperation. One significant notion of cooperation is potential gains from 
exchange through bargaining and contracting between a matched pair (though one should note that bargaining 
and contracting is potentially a game of conflict and cooperation). The result of such a game between a matched 
pair could have multiple solutions or exhibit indeterminacy as noted by [24]. However, as the number of agents 
grows sufficiently large and re-contracting possibilities are allowed, [24] shows the outcome to be the perfectly 
competitive equilibrium outcome with no indeterminacy. In the same spirit, dynamic matching and bargaining 
games are discussed by [6] [7] where games go over time and at any time, each of the simultaneous bargaining 
games is a pair-wise contest. Each bargaining depends on the future outcomes like exit if bargaining succeeds 
and re-matching and prospective value from future bargaining if bargaining fails at present. Bargained prices are 
shown by [6] to converge to the Walrasian price(s) even with dispersed characteristics provided discount factors 
approach unity. However, the decentralized pair-wise exchange process has several hazards which prevent its 
attainability and reduce its utility even if attainable. Costs of different exchange related phenomena like search, 
matching, learning to bargain, contract drafting and post-contractual unforeseen contingencies that are known as 
transaction costs are discussed by [25] [26] which are shown to impede trade. In the context of industrial organ-
ization, [21] shows that duopoly competition does not attain efficiency. Negative externalities discussed above 
lead to the pair dissolving and waiting for a favorable match under a dynamic game.  

This paper is a brief attempt to characterize optimal regulation and institutional design. It anticipates a more 
general problem of regulation given the additional complexity introduced by interdependence and interdepen-
dence of pair-wise contests and given complexity induced by different possible kinds of dynamics. As such, a 
brief review of the literature on regulation is necessary. The problems of regulating a (potential) monopoly, in-
efficiently excessive competition, inefficient collusion and unstable coordination problems require the optimal 
design of regulation and are discussed in [5] [9]-[11] [15] [19] [21]. Standard devises suggested in the literature 
on industrial regulation are antitrust regulation, price control and control of entry. Other devices suggested by 
the literature are discriminating screening contracts devised by the government, vertical and horizontal integra-
tion and prudential regulation of banks. In the context of the problem of transaction costs associated with orga-
nizing economic activity, [8] has argued that, decentralized market solution is not necessarily optimal and the 
authority (which reduces transaction costs) based firm must play a relatively more important role. In an in-
sightful analysis by [8], it is argued that in particular, for the problem of externalities in the presence of transac-
tion costs, the optimal solution should be the efficient allocation of property rights such that the efficient me-
thods of countering the negative externality and allowing the positive externality are actually implemented. In 
discussing the optimal combination of centralization and decentralization in firms and economic systems, [27] 
has emphasized management and organization design as the principal coordination devices. 

The historical development of relevant mathematical tools provides clues on the appropriate ways to approach 
the problem, the crucial assumptions needed, and the creative avenues that can be explored using optimization 
techniques, and the use of convexity. The first systematic study of the general properties of convexity and the 
separating hyper-plane theorem was due to [28]. A major work with comprehensive coverage on convex analy-
sis is due to [29] which is still the basic text on the subject. The theoretical framework of linear economic mod-
els was developed by [30] who also provided analysis of two person games with other notable contemporary 
game theories and mathematicians and showed equivalence of two person games to appropriately redefined li-
near programming problems. Optimization by vector space methods was pioneered by [31] and allowed more 
productive use of linear algebra in optimization. The pioneering work by [32] elegantly analyzes the properties 
of convex sets and concave functions and provides an economic interpretation of separation through a hyper- 
plane as optimization by decentralizing resources using a price system. A nice treatment of mathematical analy-
sis especially in terms of basic topology, sequence and series convergence and properties of continuity has been 
provided in [33].  
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2. The Decision Problem for a Single Isolated Neighborhood 
Given the assumptions about twin sets, the structure of externalities and the convexity assumptions, I discuss the 
decision problem both for independent and interdependent pair-wise contests. In particular, I discuss the relative 
merit and demerit of applying the hyper-plane theorem for the disjoint convex twin sets. First I describe the 
neighborhood and the externalities. I only discuss twins with negative externalities.  

Assumption 2.1. Consider the Euclidean Space RK. A neighborhood in RK is an open set ( )N i  where i is a 
positive integer and the centre of the set is ( )c i  which has radius ( )r i . 

Assumption 2.2. I assume that each neighborhood ( )N i  is isolated in the sense that there is no intersection 
between any of the neighborhoods.  

Assumption 2.3. For set ( )S i , any twin in a pair can receive a positive externality (equal to net gain in util-
ity = m > 0) from the other twin in the pair, if non-separated. For set ( )F i , any twin in a pair can receive a 
negative externality (equal to net loss in utility = −n < 0) from the other twin in the pair, if non-separated. The 
decision problem is for each twin-pair in ( )F i . 

Assumption 2.4. Let X and Y be two twin disjoint convex sets (closed balls of same radius belonging to set 
( )F i  in the neighborhood ( )N i ). The positive externality comes from the centre of the neighborhood and in 

order to have the positive utility effect on each of the twin pairs, it must reach the centre of each set representing 
the twins. The centre of each neighborhood emits a ray throughout the neighborhood with utility value equal to 
positive externality ( ) ( ) ( )d ,A i c i c X−     where ( ) ( )d ,c i c X    represents distance travelled by the ray from 
the centre of the neighborhood to the centre of any set X  in the neighborhood. The maximum distance tra-
velled by the ray is ( )r i  such that ( ) ( ) 0A i r i− = . In other words, the positive externality is exhausted when 
maximum distance equivalent to the radius is attained by a ray. If X and Y are twin sets then  

( ) ( ) ( ) ( )d , d ,c i c X c i c Y=       . 
Assumption 2.5. Separation is a technology. Since any of a pair of twin sets are convex and disjoint, they can be 

separated using a separating hyper-plane (see [28] [29] [32]). I assume that a separating hyper-plane has real life 
separating properties in the sense that it blocks the negative externalities imposed by each set on the twin set and 
vice versa. This will ensure that as long as separation holds, there is no negative externality effect. I further as-
sume that a separating hyper-plane is confined to the (arbitrarily) small area where any pair of the twin sets lie. 

There are two ways of separation: 
Case 1. There exists, and is optimally chosen, a separating hyper-plane line which meets the centre of the 

neighborhood from where the positive externality is coming. This ensures that negative externality can be re-
moved without any effect on the positive externality since the hyper-plane does not block the path of positive 
externality on each set. In this case, separation is always an optimal decision. 

Case 2. No separating hyper-plane line exists which meets the centre of the neighborhood. This is due to the 
fact that the twin sets are at an angle such that the separating line does not meet the centre of the neighborhood. 
This implies that due to separation, one set of the twins (let us call it Y) will not be a beneficiary of the positive 
externality coming from the centre of the neighborhood since the hyper-plane blocks the path of the positive ex-
ternality. It does not matter which twin set will be denied positive externality, the total value of positive exter-
nality for the pair of sets is the same because the addition to utility from ( ) ( ) ( )d ,A i c i c X−     is constant over 
the two sets. 

Assumption 2.6. Any ray from ( )c i  potentially reaches only one convex twin set. This means that no other 
twin set (say Z or W) comes in the way of the positive externality on X and Y. Further, each set in the neighbor-
hood potentially receives a ray from ( )c i . Positive externality is generated from the centre of the neighborhood 
and is received by a set unless separation involves blocking of the positive externality coming to a twin set. 

Assumption 2.7. In Case 2, if separation is considered to be optimal then ( ) ( ) ( )( )d , 2A i c i c X−     will be 
allocated to each set. 

2.1. Independent Pair-Wise Contests with Externalities  
The decision criterion for Case 1. Separation is optimal. 

The decision criterion for Case 2. 
Value from separation:  

( ) ( ) ( ) ( )( )d ,V s A i c i c X= −                                   (1) 
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Value from non-separation:  

( ) ( ) ( ) ( )( ) ( ) ( ) ( )( ) ( ) ( ) ( )( )d , d , 2 d ,V ns A i c i c X n A i c i c Y n A i c i c X n= − − + − − = − −                (2) 

Since the centre of each of the twin sets are equidistant from the centre of the neighborhood. 
So non-separation is optimal iff: ( ) ( ) ( )( )d , 2A i c i c X n− ≥   . 

2.2. Interdependent Pair-Wise Contests with Externalities 
I consider only twin (disjoint and convex) sets with negative externalities in ( )F i . Positive externalities as in 
( )S i  can be ignored without loss of generality. I therefore consider interdependent contests where each entity 

is represented in multiple contests with loss in each contest. Therefore the decision problem is with respect to 
the consolidated entity or the basic economic unit.  

Assumption 2.2.1. Each twin set is denoted by ( )( )X t i  and the corresponding twin ( )( )Y t i  (where 
( ) ( )t i s i=  or ( )l i  belonging to the set ( )S i ) or ( )F i  respectively).  
Assumption 2.2.2. For each ( ) 1l i =  to L, an entity ( )( )X l i  is matched with another twin ( )( )Y l i  L 

times in set ( )F i .  
Assumption 2.2.3. For any consolidated entity or unit, separation means blocking negative externalities for 

all matches of the entities representing the unit in ( )F i . In other words, discrimination in separation is not al-
lowed since rules are made for the consolidated entity. However, separation decisions for negative externalities 
are not allowed to affect the gains from trade made by an economic unit in ( )S i  (note that if separation implies 
separation for all matches both in ( )S i  and ( )F i , the case for non-separation is correspondingly stronger). 

Assumption 2.2.4. In Case 2, if separation is considered to be optimal then ( ) ( ) ( )( )( )( )d , 2A i c i c X l i −     

will be allocated to each set. 
The decision criterion for Case 1. Separation is optimal. 
The decision criterion for Case 2. 
Value from separation:  

( ) ( ) ( ) ( )( )( )( )( ) 1 d ,L
l i A i c i c X lV is

=
 − = ∑                          (3) 

Value from non-separation:  

( ) ( ) ( ) ( )( )( )( )( ) ( ) ( ) ( )( )( )( )( )

( ) ( ) ( ) ( )( )( )( )( ) ( ) ( ) ( )( )( )( )( )

1 1

1 1

d d

or

, ,

, ,d d

L L
l i l i

L L
l i l i

A i c i c X l i n A i c i c Y l i n

A i c i c X l i n A i c i c X l i n

V ns

V ns

= =

= =

=

=

   − − + − −   

   − − + − −   

∑ ∑

∑ ∑
      (4) 

Since the centre of each of the twin sets are equidistant from the centre of the neighborhood. 
So non-separation is optimal iff: ( ) ( ) ( )( )( )( )( ) 1 d , 2L

l i A i c i c X l i Ln
=

 − ≥ ∑ . 

3. The Decision Problem for a Large Number of Non-Isolated Neighborhoods 
The decision problem for a large number of neighborhoods is difficult and I avoid analysis of an unrestricted 
domain. Instead, I assume that neighborhoods have a hierarchical structure (in terms of increasing positive ex-
ternalities ( )A i  and radii ( )r i  as i increases). This then allows a representation of the space covering the set 
of all neighborhoods as a cone CK closed under scalar multiplication. The cone is convex given the following 
conditions hold: any of the (closed) set of points connected by a straight line between any two points in the cone 
belongs to a neighborhood and is nonempty (there are activities given externalities everywhere in any neigh-
borhood) or belongs to the space in the cone which is not belonging to any neighborhood and is nonempty (there 
are isolated activities in each point in that space).  

Assumption 3.1. The space that provides a complete cover for all the sets is a convex cone having the origin 
as the vertex. It is assumed that ( )1c i +  is located to the northwest of set ( )c i  for all i. Further, I assume that 
for all i, ( ) ( )1A i A i< + , so that as one moves up northwest, positive externalities are stronger in the successive 
neighborhoods. Also, ( ) ( )1r i r i ε+ = + , where ε is an arbitrarily small positive number.  
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Assumption 3.2. ( ) ( ) ( ) ( )d , 1 1c i c i r i r i+ < + +        for all i, so intersection does occur between two ad-  
joining neighborhoods. Further, for all i and ( )N i , ( )1N i +  and ( )2N i + , there is a restriction on each ra-  
dius such that the following condition holds: ( ) ( ) ( )d , 1r i c i c i< +    and ( ) ( ) ( )2 d 2 , 1r i c i c i+ < + +   . This 
will ensure that for the analysis of the properties of intersection of two adjoining neighborhoods, no other 
neighborhood matters. 

Assumption 3.3. For Case 2, if separation is considered to be optimal then ( ) ( ) ( )( )d , 2A i c i c X−     will 
be allocated to each set. 

3.1. Independent Pair-Wise Contests with Externalities  
The decision criterion for Case 1. Separation is optimal. 

The decision criterion for Case 2. Let X and Y (a pair of disjoint convex twin sets) belong to the intersection 
of ( )N i  and ( )1N i +  for any i. Now, if the sets X and Y are separated, the positive externality from ( )c i  
hits one set and the positive externality from ( )1c i +  hits the other set given the angularity assumption about 
separation.  

Value from separation:  

( ) ( ) ( ) ( )( ) ( ) ( ) ( )( )( )d , 1 d 1 ,V s A i c i c X A i c i c Y= − + + − +                           (5) 

Value from non-separation: 

( ) ( ) ( ) ( )( ) ( ) ( ) ( )( ) ( ) ( ) ( )( )
( ) ( ) ( )( )

( ) ( ) ( ) ( )( )( ) ( ) ( ) ( )( )

d , 1 d 1 , 1 d 1 ,

             d , 2

So 2 d , 2 1 d 1 , 2

V ns A i c i c X A i c i c X A i c i c Y

A i c i c Y n

V ns A i c i c X A i c i c X n

= − + + − + + + − +          

+ − −  

= − + + − + −    

      (6) 

Since the centre of each of the twin sets are equidistant from the centre of the relevant neighborhood. 
So non-separation is optimal iff: ( ) ( ) ( )( ) ( ) ( ) ( )( )d , 1 d 1 , 2A i c i c X A i c i c X n− + + − + ≥       .  

3.2. Interdependent Pair-Wise Contests with Externalities 
The decision criterion for Case 1. Separation is optimal. 

The decision criterion for Case 2. 
Assumption 3.2.1. Let ( )( ), 1X l i i +  be an economic unit in the intersection of ( )N i  and ( )1N i +  and  

let it be represented by ( )( )X l i  for ( ) 1l i =  to J L< . The same applies for ( )( ), 1Y l i i +  and ( )( )Y l i   

where ( )( )X l i  and ( )( )Y l i  are twins for each ( ) 1l i =  to J L< . Separation decision for any pair of twins 
imply separation decision between the two corresponding economic units also. Now, if the twin sets are sepa-
rated, the positive externality from ( )c i  hits one set and the positive externality from ( )1c i +  hits the other 
set given the Case 2.  

Assumption 3.2.2. In Case 2, if separation is considered to be optimal then ( ) ( ) ( )( )( )( )d , 2A i c i c X l i −    
will be allocated to each set. 

Value from separation 

( ) ( ) ( ) ( )( )( )( )( ) ( ) ( ) ( )( )( )( )( )1 1 1d , 1 d 1 , 1J J
l i l iV A i c i c X l i A i ls c i c Y i

= + =
   − + += − + +   ∑ ∑ .       (7) 

Value from non-separation:  

( ) ( ) ( ) ( )( )( )( )( ) ( ) ( ) ( )( )( )( )( )1 1 12 d , 2 1 d 21 , 1J J
l i l iA i c i c X l i A i c i c X lV ns Ji n

= + =
   − + + − + +  = −∑ ∑ .  (8) 

So non-separation is optimal iff:  

( ) ( ) ( )( )( )( )( ) ( ) ( ) ( )( )( )( )( )1 1 1d , 1 d 1 , 1  2J J
l i l iA i c i c X l i A i c i c X i Jnl

= + =
   − + + − + +    ≥∑ ∑ . 

Since the centre of each of the twin sets are equidistant from the centre of the relevant neighborhood. 
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4. Conclusions 
In this paper, decision criteria have been characterized with respect to the choice of separating or not separating 
disjoint twin convex sets in small areas of an isolated neighborhood where twins impose potential negative ex-
ternality on each other and where positive externality comes from the centre of any neighborhood. Wherever 
there are tradeoffs between blocking negative externality using separation technology and receiving positive ex-
ternality, the key issue is the distance of the ray travelled from the centre of the neighborhood. When the dis-
tance is low relative to other parameters, the positive externality is relatively strong and non-separation is con-
sidered to be optimal. On the other hand, when distance is high, positive externality is low and separation be-
comes optimal. Outliers (belonging far away from centre of a neighborhood) are better candidates for separation. 
Results are qualitatively same for independent and interdependent pair-wise contests.  

I have also considered many neighborhoods in a convex cone under pair-wise intersection of neighborhoods 
assumption and the decision criteria have been similar but favoring non-separation relatively more since allow-
ing positive externality from two neighborhoods is found more attractive. Otherwise, the distance travelled rela-
tive to other parameters is the crucial one. Results are qualitatively same for independent and interdependent 
pair-wise contests.  

A generalization of the present analysis is possible by making the externalities endogenous and ensuring they 
change over time with each separation decision such that there are also inter-temporal tradeoffs. Another gene-
ralization is possible by considering the assumption of large number intersecting and interactive neighborhoods.  

Optimization under convexity is an important tool for regulation as has been emphasized here. As mentioned 
in the beginning, in economic systems, three chief concerns in economic regulation are growth, stability and 
equitable distribution. Growth results from low capital-output ratios displayed by efficient technologies, tech-
nological progress and accumulation of human capital (see [4]). Instability of a growth path has been noted in 
some contexts. Financial instability has been discussed in [16] stressing asset risk due to moral hazard and ex-
cessive financial innovation (see [15] [25]) while the financial systemic financial fragility due to some salient 
properties of liquidity has been analyzed from several viewpoints in [1] [15] [25]. Inequality and poverty are 
analyzed and discussed in [4] [12]. Inequality is seen as stemming from unequal opportunities, results from lack 
of trust (see [4] [11]) through adverse selection and moral hazard, and endogenously arises through missing 
markets and incomplete participation.  

Despite important insights, there are problems in the foundations of this literature. Bilateral exchange is as 
important as organized exchange and even in the organized exchange there are ex ante pair-wise matchings be-
tween potential buyers and potential sellers under basic heterogeneities while there is ex post bilateral renegotia-
tion given transaction costs, unforeseeable uncertainties and externalities. At the same time, bilateral bargaining 
and contracting games proceed in the context of varying and dispersed characteristics of buyers and sellers while 
histories of games of the past, current play and the future expectations link the bargaining games in an overall 
dynamic general equilibrium setup. Thus, sellers can be rationed in one class of decentralized pair-wise market 
leading to lack of effective demand in other decentralized pair-wise market. Other phenomena like delay in in-
vestments, slow accumulation of capital, transactions contingent on gradual learning and experimentation, evo-
lution of trading strategies in financial markets and resulting financial innovations and low economic mobility 
might arise. 

The analysis in this paper can be extended for the basic economic problems analyzed as dynamic pair-wise 
matching and bargaining games. For understanding growth, it is useful to start with the observation that inter-
vention mechanisms for creation of surplus in bilateral bargaining games are necessary. This can be achieved 
through appropriate provision of public goods like network externalities mechanisms and technology but it 
should be recognized that fiscal and monetary constraints limit the possibilities. Interdependent pair-wise games 
can create positive spillovers given mechanisms of positive expectations generated by a policy maker (where the 
expectations are feasible and can be satisfied under a set of conditions requiring coordination and centralization) 
with respect to gains from trade. In this way, an increase in economic growth can be coordinated. Successful de-
signs of complementary institutions for pair-wise games also result in endogenous provision of platforms of public 
goods (like the stock of knowledge, information and network technologies and financial innovations) thus rein-
forcing the growth process. Financial fragility and instability can be mitigated through certain indirect mechan-
isms. Regulation of banks, over-the-counter markets, financial innovations and corporate governance through 
combinations of dynamic screening contracts contingent rules and monitoring allow aggregative regulation as 
well as regulation of pair-wise matched individual entities which reduces financial fragility and instability. Reg-
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ulation in the context of economic inequality and poverty can be designed in several ways. The provisions of 
need based liquidity and finance in combination with developing ability and incentives to repay create condi-
tions for economic surplus and potential gains from trade, government programs for provision of public goods in 
health and education raise human capital and surplus in bilateral exchange, building trust in trading partners be-
comes possible in bilateral exchange by information sharing infrastructure and rules embedded in law, and the 
appropriate institution design of organizations and markets leads to efficient trading rules in bargaining games. 
Successful learning and experimentation in interdependent pair-wise contests given these interventions bring 
about the needed inequality reducing innovations.  
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