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Abstract

We consider the block matrices and 3-dimensional graph manifolds associated with a special type
of tree graphs. We demonstrate that the linking matrices of these graph manifolds coincide with
the reduced matrices obtained from the Laplacian block matrices by means of Gauss partial di-
agonalization procedure described explicitly by W. Neumann. The linking matrix is an important
topological invariant of a graph manifold which is possible to interpret as a matrix of coupling
constants of gauge interaction in Kaluza-Klein approach, where 3-dimensional graph manifold
plays the role of internal space in topological 7-dimensional BF theory. The Gauss-Neumann me-
thod gives us a simple algorithm to calculate the linking matrices of graph manifolds and thus the
coupling constants matrices.

Keywords

Graph Manifolds, Continued Fractions, Laplacian Matrices, Kaluza-Klein

1. Introduction

Graphs can serve as a universal remedy for the codification and classification of topological spaces, matrices,
dynamical systems, etc. In this article, we consider the following question: how the topological invariants of
manifold corresponding to a tree graph (graph manifold) can be calculated using the method of Gauss-Neumann
partial diagonalization of Laplacian matrix defined for the same graph. This calculation can be useful in multi-
dimensional models of Kaluza-Klein type, where coupling constants of gauge interactions are simulated by the
rational linking matrices of the internal space [1]. We constructed various models [2] [3] where the role of in-
ternal spaces is played by a specific family of 3-dimensional graph manifolds, whose rational linking matrices
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describe the hierarchy of gauge coupling constants of the real universe. The basic structure blocks of these graph
manifolds are Seifert fibered Brieskorn homology spheres, defined as the link of Brieskorn singularity
2(a)=2(ay,8,a,):= {zf11 +232 +2% =0{NS°, with a,a,,a, pairwise relatively prime positive numbers [4].
Bh-spheres belong to the class of Seifert fibered homology spheres (Sfh-spheres). On each of these manifolds,
there exists a Seifert fibration with unnormalized Seifert invariants (a;,b;) subject to

e(z(g)):z;bi/ai =-1/a, where a=aa,a, and e(z(g)) is its rational Euler number, the well known
topological invariant of a Bh-sphere. The topological operation known as plumbing [5] is used to past together
Bh-spheres according to plumbing diagrams (Figure 4) which can be transformed in plumbing graphs (Figure
3). This type of graphs and their Laplacian block matrices is the main object of attention in this article.

The paper is organized as follows. In section 2 we define the type of tree graphs considered in this paper
(plumbing graphs) and Laplacian matrices for these plumbing graphs. We recall also the Gauss-Neumann me-
thod of partial diagonalization by means of which we obtain the reduced rational tridiagonal matrix for each
plumbing graph. In section 3 we construct graph manifolds codified by the plumbing graphs defined in section 2
and calculate the main topological invariant for these 3-dimensional manifolds, namely rational linking matrix.
Then we demonstrate that the linking matrices of these graph manifolds coincide with the reduced matrices ob-
tained from the Laplacian block matrices by means of Gauss-Neumann partial diagonalization procedure. Final-
ly, we conclude formulating our main results and considering an example of their application for the topological
field theory.

2. Block Matrix Representation for a Graph I', of Tree Type

We begin from the definition of graph I" as a finite one-dimensional simplicial complex, which does not con-
tain multiple edges and loops, i.e. we consider only the graph of tree type. An integer weight e, is assigned to
each vertex of I'. Vertices with at least three edges are called nodes. For simplicity we shall use graphs with
nodes of minimal valence (n = 3) only (a generalization to n>3 is obvious). Suppose that the set of nodes N
of the graph I" is non-empty. Considering the graph T" as a one-dimensional simplicial complex, we take the
complement T'—A . This complement is the disjoint union of straight line segments which are the maximal
chains of I'. Figure 1 shows a maximal internal chain {v,,---,v,} of length k between two nodes N' and
N’ , with weights {el,-u,ek} embedded in a tree graph I . The chain is maximal because it cannot be in-
cluded in some larger chain. Figure 2 shows a maximal terminal chain {vl,---,vk} of length k also with
weights {e,,---,e}.

In this paper we shall considered only the simplest type of graphs which are called plumbing graphs. An ex-
ample of plumbing graph I', is given in Figure 3. This type of graphs is used to codify the plumbing graph
manifolds [5] which will be constructed in the following section, where it will be clear why weights of plumbing
graph are called Euler numbers. In Figure 3 the Euler numbers ¢' and €' decorate the vertices with valence
1 and 2. The nodes are marked by N' with 1 =1,---,R and form a straight line or chain structure. We associate

Figure 2. A maximal terminal chain of length k.
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Figure 3. The plumbing graph T .

to each node a weight equal to zero that is connected with using of the unnormalized Seifert invariants for
Bh-spheres, which are the block elements for the construction of graph manifolds [6].

Now let’s define a Laplacian matrix for the plumbing graph I'; as follows:
e,, If A=B;

Q*(r,)=4-1, if A=Bandyv, isconnected to v, by an edge;
0, otherwise,

with integer numbers e, corresponding to each vertex v,. This is a tridiagonal block matrix containing all the

information about the graph I",. The I-th fragment of the matrix Q"® which corresponds to the I-th piece of
the graph I'; shown in Figure 3 is represented as

-1 ]
1e* 0 0 0 -1
0 & -1 0
0 -1 :
: 100
0 14 -1
Q*®(r,)=| -1 o 0 -1 0 -1
1¢ -1
-1
1
-1 ¢ -1
-1 0|+1 1
L _1 _

Note that 0' denotes an integer number O corresponding to the node N'. Now we pay attention to the
tridiagonal submatrices (blocks) of type

0 -1
-1 ¢ -1
Bab= -1
-1
-1 e -1

-1 0
and notice that using Gauss-Neumann partial diagonalization [7] the matrix is equivalent to the rational block
matrix

[e]®[e,¢]® D¢, .¢]®B

red

where

1896



F.I. Becerra Lépez et al.

Bred ==

o | ©|a

1
p

a
p

and gz_[el,...,en], ﬂz_[en,...,el], p=-[e][e,.e][e.e ] [e, ] Here we are using the stan-

Applying the general Gauss-Neumann partial diagonalization method for the matrix Q*® I',) we obtain a
similar result where Q. is a rational tridiagonal matrix of rank R (the number of nodes of the graph I'))
whose elements on the diagonal are a sum of three terms representing each maximal chain connecting to the
node.

1 1
2—0+%+%, ifl=J=1
| |
‘:) +%+Z—,, ifl=J=2--R-L
*R-1 bR bR+l .
Q5 (r,)=- CLR*”a_“W’ if I =J =R )
1 .
— ifJ=1-lorJ=1+1
p
0, other case
a' | p
where o [q, ml] are continued fractions for a terminal chain, and q [el, e ] for a internal
chain. We have used the notation q° to indicate that the order of the numbers on the continued fraction is in-
| *
verse, i.e. p—*lz—[er']I el'] So, we can reduce each chain of I') toa rational number g, a or 9
q p p

which is represented as a continued fraction, and thus reduce the original block tridiagonal matrix Q(Fp) toa
tridiagonal matrix Q.4 (I",) whose size depends just of the number of nodes of F . It is important to note that
it is possible to obtain the original matrix Q(Fp) from the reduced matrix Q

red

3. Rational Linking Matrix for Graph Manifold M (1" )

In this section we will construct a plumbing graph manifold M (I",) codified by the same graph I'; as in
section 2. Now we see the weight e, as the Euler number of the prrncrpal S'-(U(1)-)bundle, correspondlng to
i-th vertex v,. We define the bundle M( ) associated to each vertex v, as S™-bundle over S? with the
Euler number e, , which can be pasted together from two trivial bundles over D? as follows [8] [9]

D?xS'Uy, D’ xS, H,:0(D*x8")=8"x§" - §'x§' =9(D*xS")
RN S
H | |= = .
y -6 1)y y—§X

where
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Note that the above is a well known description of the lens space L(ei ,1) , S0 the total space of the bundle is
M (e )— L(e,,l) To perform pasting operation, which is known as plumbing between the S*-bundles, we must
use the trivial bundles over annuli M ( ) AxS? Uy, Ax S* where A is an annulus or twice punctured sphere
S2. The manifold M (F ) is pasted together from the manifolds M ( i) as follows [9]: whenever vertices
v, and v; are connected by an edge o; in I') we paste a boundary component S'xS' of MA(ei)
to a boundary component S'xS' of M, (e;) bythe map J =G 2)
AxS'U, AxS'U; AxS! Uy, Ax S', so the base and fiber coordinates are exchanged under the plumbing
operation. Thus the edge oy corresponds to the torus Ti2 =S"'xS' along which the pieces M ( i) and
M, (e;) pasted together.

For example, the plumbing of the chain shown in Figure 1 gives us the pasting

M (N')U, (AxS' Uy, AxS')U, U, (AxS"Uy, AxS')U, M(N?),

where M(N') is a S'-bundle associating with the node N'. This chain corresponds to a Seifert fibered
thick torus (homeomorphic to T?x [0 1]) in graph manifold M (F . Also, the terminal maximal chain shown
in Figure 2 corresponds to a Seifert fibered solid torus (homeomorphic to D*xS') in M ", ). The using of
graphs with nodes of valence n=3 (as in Section 2) corresponds to plumbing of Brieskorn homology spheres
(Bh-spheres) [4].

Now recall that each edge o of T, relates to the embedded torus T <M (I",) and the collection of all
these tori cuts the graph manifold M (F ) into disjoint union of circle bundles over n times punctured sphere
s? \U P, 1<n<3. In general, the bundles are over compact surfaces of genus g with some boundary com-
ponents, see [8] [9]. Such a collection of tori 7, is called a graph structure on M (F ) by Waldhausen [10].
We want to define the Jaco-Shalen-Johannson (JSJ) graph structure 7., = 7, of the Waldhausen graph struc-
ture and to specify the corresponding JSJ-decomposition of graph manifold M (F ) on the set of Seifert fi-
bered pieces MJSJ(N') Let us denote C(p) the set of maximal chains in the graph T'). This set can be
written as a disjoint union C(p)=C (p)LIC (p), where C(p) denote the set of interior chains and G, (p)
is the set of terminal chains. The edges of I'; contained in a chain Ce C( p) correspond to a set of parallel
toriin M (T, ). Choose one torus T¢ among them and define

T = L T ©)

This set of tori performs the well known JSJ- decomposmon of the graph manifold M (I",) [11].

By construction, each piece M JSJ(N') (denoted as M, for brevity) of JSJ- decomposmon that corres-
ponds to the node N' contains a unique piece M (N : ) (which we shall denote as M, ) of Waldhausen de-
composition associated with the same node N'. One can extend in a unique way up to isotopy the natural Sei-
fert structure without exceptional fibers on M,, to a Seifert fibration on M, with exceptional fibers. Thus
in these terms the JSJ-decomposition of the manifold M (Fp) is defined completely by M ( ):ULMJ'SJ,
where R is the number of nodes in I", and the bar over M means the closure of the piece M, .

Note that there exists an uncertalnty in the choice of the torus T for each internal chain which appear in the
JSJ-structure (2). We can remove this uncertalnty in following way. Let us perform the maximal extension of the
natural Selfert flbratlon fromeach M,, and denote the obtained Seifert fibered piece of M (F ) by M. Itis
clear that M'NM’ =& if and only if there exists a chain C,, joining the nodes N' and N’. If we start
with plumbing of R Bh-spheres {Iz(a1 az,a3)|l =1, } the resulting graph three-manifold WI|| be integer
homology sphere [4] [9] (Z-homology sphere), WhICh |n general case does not have the global Seifert fibration.
But we can construct the JSJ-covering M= f "I =1, R} suchaseach M' isa Seifert fibered space and
it is maximal in the sense described above.

Suppose that we perform the plumbing operation according to the plumbing diagram A, shown on the Fig-
ure 4. Thus our plumbing diagrams will always have the pairwise coprime weights around each node and cor-
respond to Z-homology spheres [5].

We construct the plumbing graph T'; for a Z-homology sphere, following [5] [8] [9] (as a result we shall
obtain a graph of type shown in Figure 3). First of all we calculate the characteristics of maximal chains. For
terminal chains the integer Euler numbers ¢' are defined by the continued fraction:
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2 a a} 2 3 2
Figure 4. A plumbing (splicing) diagram A,,.

a
_b_|:|:6_|_|l'”16r:1lj|! (3)
where (a' b' ) , 1=0,---,R+1 are the Seifert invariants, numerated in the following way
a’=a;, b’=h}; a’=a’, b’ =b’, J=1---,R; a*" =a], b*"* =0}, 4)
For internal chains the integer Euler numbers €' are defined by
|
_z_lz[el',...7e;|], )

where the Seifert (orbital) invariants (p .q ) I =1,---,R-1 characterize the thick tori TT(p .q )~T2x[0 1]
which are created by the plumbing operations performed between the nodes N' and N'*', see [6] [9]. These
invariants identify also the extra lens spaces L( p'.q ) which arise in four-dimensional plumbed V-cobordism
(corresponding to the graph I';) with

' =alal ~alalal“al”, o =blal"+al"al" (hal +aln!)

for the ordering fixed by the plumbing diagram in Figure 4. From this representation of the plumbing graph it is
clear that for 1 =2,---,R—-1 theset M' of JSJ-covering M has the form

M' =M, UTT(p',q")UTT(p'.q' JUST (a'.b'), (6)
where ST (a',b') is a Seifert fibered solid torus with Seifert invariants (a',b') and
_;’*II =[el el ], @
Forthecases | =1 and | =R the formulas are different from (6):
M* =M, UTT (p',q")UST (a°,b°)UST (a',b"), ®)
M® =My UTT (p*, g™ *)UST (a% b" JUST (a*,b™). 9)

Moreover M'NM'* =TT (p',q')="TT(p',q") I =2,--,R-1. Here the symbol =" indicates that
TT ( p' ,q') and TT(p',q"') are homeomorphic, but their Seifert structures are characterized by different in-
teger Euler numbers defined by (5) and (7) respectively. Thereby the thick torus between the nodes N' and N'**
has two Seifert fibrations: the first is the extension of the natural Seifert fibration defined on the piece M,, and
the second one is obtained as extension from the piece M,,". These Seifert fibrations are connected by the ma-

trix [6] [9]:
SI_-q' p') (-1 0)(0 1)-1 © 0 1)(-1 O
S RTRCD R B ) Y Y B

in the following sense. Recall that edges of I'; contained in a chain C, ., (between the nodes N'and N'*)
correspond to the set parallel tori in M (F . On any of these tori there exist two bases formed by the section
lines and the fibers pertain to the Seifert flbratlons extended from M,, and M, which we denote as the pair

of columns
| I+1
{52] and (53 J (10)
fl fl+1
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1+1 1+1

Subindices 2 and 3 manifest that (a/,a;,a;) and (a*,a;",a;") are plumbed together along the sin-
1+Y

gular fibers with Seifert invariants a) and a™ (see Figure 4). Then the transformation between these sec-

I| pl q ! II+

where p™' is defined from detS' =—(q'q" +p'p")=-1.
Now we introduce the one-form bases (o7,x') and (o7,,,x'*), duals to the bases (10) in the following

Sense:
J.S%O-'Z - -[83'*10'3*1 :Jf.KI =L -[f.o—'2 - J.f.+1cr'3*l :jsékl - ss'*lKHl =0,

where the integrals are calculated over any such section line or fiber as, for example, in [12]. Thus we obtain the
corresponding transformations between the the dual one-forms:

of ==qot, + 'k K =pTol, 'k (11)

We suppose that the forms o and x are dual with respect to the bilinear pairing defined as

<GE'KJ>::Jmlm\;|JO-I2AdKJ :5IJ; <G?+11KJ>::IM|+1W\;IJGI3+1/\dKJ :§IJ+1’ (12)
Also we shall used the integrals
AI,I+1_ K'I /\dKl+1. AI,I _ K'I /\dK'I' AI+1,I+1_ Kl+1/\dKl+l
- TT(p',q') ! - TT(p',q') ! - TT(p',q*') !

which define the linking (intersection) numbers of the fiber structures «' and '™ defined on thick torus
T (p' ,q');* TT(p',q"). We can obtain the rational linking matrix for TT(p',q')="TT(p',q"") by means
of multiplication of the Equations (11) by dx' and dx'* and integration over TT(p'.q"')="TT(p'.q").
Applying the duality conditions (12) we obtain:

*|

1 AI,I:i. A|+1,|+1:C]_

AL A 2
p' p' p'
The rational numbers A'' and A'*™'*' are also known as Chern classes of the line V-bundles associated
with the Seifert fibrations with the U(1)-invariant connection forms ' and «'** on the lens spaces L(p' ,q')
and L(p',q"") respectively [12],
Now we are ready to calculate the rational linking matrix for the graph manifold —M (Fp) (see Figure 3):

(13)

o I J
K __J.M(rp)K Adx.

We integrate here over the three dimensional graph manifold —M (") to obtain a positive definite linking
matrix. This manifold has the opposite orientation with respect to the graph manifold M (Fp) obtained directly
by plumbing of Bh-spheres, which are defined as links of singularities. This construction of the graph manifold
M (Fp) gives the possibility to represent it also as a link of singularity that guarantees its rational linking ma-
trix to be negative definite (for details see [5]).

From the tree structure of the graph I',, and from the first equation in (13) we immediately obtain, that for
I #J the nonzero elements are only

1
LI+l _ e l+1] _ [ 141 _ [ 141 _
K =K __.[M'm?l'*l’( Adx __J.TT(p',q')K Adx __F’
for 1<l <R-1.
If 1=J=2,---,R-1, we have
" | I _ | [ [ | | |
K ——IM,K Adx __J‘TT(p"l,q*"l)K Adx _J.TT(p',q')K Adx _.LT(a',b')K Adx .

Here we use the decomposition (6) of the piece M ', and that the integral over trivial Seifert fibration MV'V
is zero. Then according to the two last equations in (13) we obtain the matrix element
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-1 | |
K" :—[q _ +q—,+b—,j, (14)
p p a
also known as the Chern class of line V-bundle associated with the Seifert fibration of M.
For 1 =1 and | =R the matrix elements are
1 _ 1 1 1 1 1 1 1 1.
K ——J.WK Adx’ =— ST(aO,bO)K Adx — TT(pl,ql)K Adx — ST(al,bl)K Adx’; (15)
RR _ R R _ R R R R R R.
K ——fMRK Adx __J.TT(pR’l,q*R’l)K Adx _IST(aR,bR)K Adx —J.ST(aRﬂ'bM)K Adx”; (16)
bO 1 bl *R-1 bR bR+l
Kn:—(¥+%+gj; KRR:_(qul +?+aR+lJ' 17

Here we have used the decompositions (8) and (9) as well as the notations (4).

4. Conclusions

Comparing the reduced matrix Q, (Fp) (1) with the results (14) and (17) for the rational linking matrix K of
the graph manifold —M (I",) we observe that decomposing the rational invariants into continued fractions ac-
cording to (3), (5) and (7), we can create the graph I', (related to diagram A ) and obtain the rational linking
matrix K of —-M l"p) just by Gauss-Neumann diagonalization on the Laplacian matrix of I',. This is the
main result of this article.

We want to conclude with an example of an application of our results for the topological field theory. In [3]
[13] we built a set of graph manifolds whose Seifert invariants are constructed on the base of the first 9 prime
numbers p,=2,p,=3,---, p, =23. The rational linking matrix of these graph manifolds are positive definite
and have diagonal elements (and eigenvalues) simulating the low-energy coupling constants hierarchy of the
fundamental interactions of real universe. An example of such matrix is [13]

9.69x107" —3.13x107? 0 0 0
-3.13x107%  7.21x10° -1.44x10°® 0 0
K" = 0 ~1.44x10° 1.76x10%? -1.93x107% 0 :
0 0 -1.93x10% 3.68x10™ -3.12x10°%
0 0 0 ~3.12x10®  2.66x107%*

whose elements are all rational and the diagonal ones are described in (14) and (17) by a sum of three continued
fractions. The matrix K,, inverseto K" is integer one [6], the inversion of the rational linking matrices can
be done with the help of any program such as MathematicaTM to verify this property, any error on calculation
of K" leads to non-integer elements in resulting matrices K, . It is also worth mentioning that in the present
example the Laplacian block matrix Q*® (Fp , corresponding to the matrix K" =Qp, (Fp) , has

rank(QAB (r,))=4.019x10% [13], while rank(K")=5.

In the 7-dimensional Kaluza-Klein approach to the topological field theory (BF-model), the rational linking
matrices of the 3-dimensional graph manifold may be really interpreted as coupling constants matrices [1]. So,
the Gauss-Neumann method gives us a simple algorithm to calculate the linking matrices of graph manifolds
and thus the coupling constants matrices (despite the probably huge rank of the original block matrix Q*® (Fp)).
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