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Abstract 
It is shown that the virtual states and relative momentum of the constituents of the bound states 
are very important for the cross section of the process ce e J+ − → Ψ +η  with the help of the 
Bethe-Salpeter wave function description of the bound states. The gauge invariance of the cross 
section is demonstrated. The numerical results can explain the experimental data. 
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1. Introduction 
Heavy quarkonium physics has been the traditional arena of Quantum Chromodynamics (QCD) since J Ψ  
was discovered, in both perturbative (PT) and non-perturbative (NPT) aspects. The heavy quark mass provides a 
hard scale for PT QCD calculations. The mass term of fermions in the QCD Lagrangian is irrelevant to the co-
lour symmetry, so that the confinement and NPT QCD mechanism for heavy and light quarks could be similar. 
These facts make the heavy quark a good tool in investigating the unsolved NPT QCD. A simplification is ex-
pected from the large mass of the heavy quark, so that it may be non-relativistic (NR) in the bound states. As a 
matter of fact, not only the relative momentum between heavy quarks in the bound states are considered small, 
but also these quarks are treated as almost on mass shell. The off shell states and the creation/annihilation of the 
heavy quarks are not taken into account in the description of the static bound state. This is justified for the rest 
quarkonia, as investigating their decay widths. In these processes, the largest energy scale is the quarkonium 
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mass M . However, in the hard production processes of heavy quarkonium at high energies, the hard scales like 
the transverse momentum are much larger than M . If there is no well justified factorization formula1 for a cer-
tain process, the NR description of the bound states could not be straightforward applicable. In this case, more 
general framework, which is relativistic and robust to introduce enough number of parameters to describe the 
bound system, especially the off shell states of the heavy quarks, is needed. The Bethe-Salpeter (BS) wave func-
tion framework is one of the good choices. If various relativistic effects are found to be small or could be facto-
rized from the static bound state, the BS framework will naturally leads to the NR descriptions. 

In this paper, the cross section of the exclusive production process ce e J η+ − → Ψ +  at B factories [1]-[3] is 
studied in the BS framework. It has been found that the relativistic effects are necessary for explaining the large 
cross section of this process. We show that both the off-shell heavy quark states as well as the large relative 
momentum are important in the BS framework.  

The double charm pair production process in B factory energies is of special significance. These four (an-
ti)charms can be respectively grouped into two colour-singlet pairs, hence the colour-octet mechanism never 
plays important role because of the relatively much smaller colour-octet matrix elements. One can then concen-
trate on the effects of relative movement and heavy quark off shell states. It has been found that the decay width, 
as well as the energy distribution of the J Ψ  in J Xϒ → Ψ +  process [4]-[6] can be easily understood by 
considering such kind of process [7] [8]. It has also been suggested [9] double charm pair production is helpful 
to analyze the Tevatron polarization ’paradox’, which is refreshed by Tevatron RUNII [10] as well as LHC re-
cently. When the discrepancy between the data [1]-[3] and the lowest order NRQCD calculation [11]-[13] for 
the exclusive process ce e J η+ − → Ψ +  was presented, Many groups recognized and have shown the impor-
tance of the relativistic corrections, besides the higher order PT QCD corrections. It has been generally adopted 
that exclusive process could be more sensitive to the inner movements and more difficult to factorize.  

The ways of incorporating the relativistic corrections can be grouped into two: One is in the NRQCD frame-
work, the other is to employ various relativistic wave functions of J Ψ  and cη . Works in the NRQCD 
frameworks [14] [15] show that the relativistic correction is important, at the same time the ( )3

sO α  PQCD 
corrections are found also very large. The large higher order corrections [16] [17] indicate the requirement of all 
order summations. For the to-date review of works in this framework, one refers to [18]. Works in the frame-
work of light-cone wave functions [19]-[23], or other relativistic quark wave function [24] employ the same 
hard partonic process as the lowest order NRQCD approach. When the scale parameter in the wave function is 
large, the momentum fraction difference 1 2x x−  is of ( )1O , and this approach can explain the data well. In 
both the above frameworks, the charm quarks in the bound states are treated as almost on shell, i.e., factorization 
is assumed.  

On the other hand, the bound states can be described by BS wave functions [25] [26]. The results [25] [26] 
with the heavy quark limit (HQL) employed and the partonic process the same as that of the lowest order 
NRQCD approach are consistent with data, i.e., much larger than that of the lowest order NRQCD. However, 
the HQL generally is considered as to make NR description of the quarks in the bound states valid. This fact im-
plies that different approaches for “NR limit” (HQL vs. NRQCD) could lead to completely different results. 
There could be effects of the full BS approach not incorporated in the NRQCD framework (but kept in HQL) 
which enhance the cross section. Such experiences have been seen in history. For the electron in the hydrogen 
atom, the most important “relativistic effect” comes from the generators of the little group of the Lorentz group 
(SO(3)), i.e., spin. Such a quantum number can only be naturally deduced from the relativistic wave func-
tion/equation of the electron, i.e., the Dirac spinor/equation. The Sommerfeld relativistic corrections to the Bohr 
theory can never incorporate this.  

Of course by the mention of this history we do not imply NRQCD cannot properly incorporate the spin effect 
of the bound state, but want to point out that it could be better to start from the completely relativistic framework, 
i.e., the full BS wave function without HQL, to investigate all the relativistic effects in the bound state, namely 
the off-shell states and the large relative movement of cc . The off-shell states have never been (and can never) 
covered in all the above approaches, but once they are taken into account, the Feynman diagrams in Figure 1 

( )( )0
sO α  naturally comes up. These three charm quark lines can never be all on shell at the same time that the 

four-momenta are all conserved for the two quark-hadron vertices (which requiring at least one of the charm 

 

 

1Factorization here means that all the effects of the off shell states and creation/annihilation of the heavy quarks, as well as the large relative 
momentum between them, are well separated into the hard part which is calculable via PT QCD, so that the bound state can be described by 
NR effective theories, such as [4]. 
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Figure 1. The momentum of each line is explicitly written. i j k, ,  are colour 
indices for the quark line. There is another diagram with all the arrows of 
three loop fermion propagators backward.                               

 
propagators off-shell at the order of s ). Hence all the above mentioned approaches, which neglect the consid-
eration of off-shell states of cc , set these diagrams to be zero by hand. On the contrary, taking into account the 
the off-shell states and the large relative movement of cc  in a self-consistent BS wave function framework, 
one has to make clear the contribution of these diagrams. Their contribution is not necessarily the leading, but 
depending on how large the effects of the off-shell states and relative movements, which need the concrete cal-
culations to clarify.  

Next section will be the introduction of the BS framework we employ, then followed by Section 3 for de-
scribing the calculation details. Here we do the loop integral directly in the momentum space rather than em-
ploying the Feynman parameters because of the complex form of the BS vertex. Such a method is quite general 
and can be applied to the calculation of much more complex production processes in the BS framework. We 
conclude and discuss at Section 4. 

2. The Bethe-Salpeter Framework for the Calculation 
In quantum field theory, the BS wave function of a quarkonium is  

( )
( )

( )
4

4

d 1e 0
2 232π

jiqx i
ij

x x xP q T B Pχ δ ψ ψ−    , = − ,   
   

∫                  (1) 

( ) ( ) ( )1 2F FS p P q S p=: Γ , − ,                                (2) 

where  

1 2
Pp q= + ,  

2 2
Pp q= − ,                                       (3) 

for equal mass quark pair. ( )FS p  denotes the quark propagator with momentum p . Equation (2) defines the 
BS vertex for the coupling of the bound state particle with the composite particles. One simple way to under- 

stand this point is that one can get the coordinate space BS wave function ( ) ( )0
2 2
x xT Bψ ψ −  from the 

Green function ( ) ( ) ( )0 0
2 2
x xT B yψ ψ −  employing the reduction formula. Here ( )B y  is the field for the 
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bound state particle B. So this ( )P qΓ ,  is just the coupling vertex which is the Green function without the ex- 
ternal legs. Of course from such an observation we can only obtain the coupling vertex from the BS wave func-
tion in the special case that the B particle is on mass shell. However this is enough for our purpose since here we 
only study the case of the B particle production as the real physical particle. In the following concrete calcula-
tions, consistent with all the studies on the decay processes [27]-[29], we take the quark propagator as the fol-
lowing form with an effective valence quark mass, i.e.,  

( ) ( ) ( ) 2 2
F

p m
iS p p m p m i

p m
ε

+
− = ; ∆ , = − + .

∆ ,
                         (4) 

For incorporation of the inner information of the bound states obtained from their decay processes which we 
have investigated in the BS framework [27]-[29], we here employ the Covariant Instantaneous Ansatz (CIA) for 
the BS wave function and BS equations same as [27]-[29] (and refs. therein) to do the calculations. In such a 
framework, the vertex is  

( ) ( ) ( )1ˆ ˆ ˆ
2π

q ND q q
i

ϕΓ = Γ ⋅ ,                                 (5) 

where  

( ) 1 2

1 1d
ˆ

q
D q

+∞

−∞
= ,

∆ ∆∫ 

                                   (6) 

2ˆ q Pq Pq
Pµ µµ
⋅

= − ,                                      (7) 

2

q Pq M
P
⋅

= .


                                       (8) 

N  is the normalization factor for the BS wave function. 1 2,∆  are the form obtained from Equation(4) with 
the momentum p  replaced by 1 2p , , respectively. Equation (7) shows that the space component of q̂  is ex-
actly the 3-dimension relative momentum between cc  in the quarkonium rest frame. Γ  contains the com-
plete Dirac structures. Based on a simple power counting rule which has been investigated to NLO recently 
[27]-[29], one can expand the structures as powers of ( )O q M , and fit to the data to get the coefficients order 
by order. In this work we take the most simple and popular-used structure which belongs to the leading order. 
For vector meson J Ψ   

J
µ µγΓ =                                           (9) 

For pseudo-scalar meson cη   

5y γΓ = .                                          (10) 

From comparing with the decay data, it has been found that the higher order Dirac structures do not contribute 
significantly to heavy quark bound states [27]-[29]. Only with more and more production processes are investi-
gated within this BS framework and comparing with more and more precise data, it is possible to check how 
much other Dirac structures contribute in production processes.  

The ground state scalar wave function ( )q̂ϕ  takes the form  

( ) 2 2ˆ2ˆ e qq βϕ = ,                                       (11) 

which leave only one parameter β  to be determined. It is clearly defined in [27]-[29], and is dependent on the 
quark mass. In this paper we leave it as a free parameter to see the dependence of cross section on it. As can be 
seen from the scalar wave function, β  characterizes the distribution width of the relative momentum between 
cc . This point will be further discussed in next section.  

3. The Calculation Procedure and the Results  

The invariant amplitude for the ce e J η+ − → Ψ +  process is 1 2= +M M M , corresponding to two Feynman 
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diagrams. It is easy to show that 1 2=M M , so M  is  

( )

( )
( ) ( ) ( ) ( )

( )( )( ) ( )( )

2

2 2

4

4 2 22 2 2 2

12
2π

ˆ ˆ ˆ ˆd
2π

Q

J y J y
J y

y J

ie e
l h

q

D q D q q qpN N
p P m p m p P m

µ
µ

ϕ ϕ

−

× ,
− − − + −

∫
               (12) 

with  

( ) ( )B Al v p u pµ µγ= ,                                 (13) 

and  

( ) ( ) ( )
4

y y J J

y J

h Tr p P m p m p P m

m P P

µ µ

α β σ
µαβσ λ

γ

ε ε

 = / − / + Γ / + Γ / + / + 
= .

                (14) 

J yN N,  are the normalization factor of J Ψ  and cη  BS wave functions, respectively. They can be found 
from [28] [29], by only keeping the Dirac structures we take into account here. In the above equations, ˆ ˆJ yq q,  
are defined according to Equation (7) w.r.t. J yP P, , respectively. According to Equation (3), 

2 2J J y yq p P q p P= + , = − . So all the variables above are functions of J yP P p, , .  
The electromagnetic (U(1)) gauge invariance for this amplitude is explicit. When replacing the four-vector lµ  

by the total four-momentum of the virtual photon, J yq P Pγ ∗ = + , the above expression (12) is zero. The reason 
is  

( ) 0J y y Jq h P P P P
µµ α β σ

γ µ µαβσ λε ε∗ = + = ,                          (15) 

because the totally antisymmetric tensor in hµ  and totally only three independent 4-vectors in the product.  
The key point in the calculation is the loop integral in Equation (12). In principle it is simple and straightfor-

ward, since there is no divergence so that no regularization and renormalization are needed. However, the com-
plexity of the vertex function makes it difficult to employ the formal and conventional Feynman parameter for-
mulations. it will be more difficult if one want to improve precision by employing a more general form of the 
vertex (more Dirac structures and more complex form of scalar function) rather than the simplified ones em-
ployed in this paper. Here we first integrate over the poles of the propagators and then do the numerical integral 
for the remaining 3-dimensional momentum. This method, though no help to give analytical results but gives a 
schematic way to do the calculation to obtain the numerical results for much more complex diagrams. As a mat-
ter of fact, one of the purposes for this paper is to explore a systematic and practical way to do calculations for 
production processes within the BS wave function framework, of which the complexity from the loop integrals 
is quite common.  

Such a method is employed to calculate the high energy scattering amplitude with the help of the flow dia-
grams, which shows great advantage [30]. The key difference here is that the high energy approximation is not 
applicable hence not applied. As the consequence, no infrared cutoff caused by the approximation of [30] is 
needed, so no explicit ln s  dependence (s is the center of mass energy square) is obtained. As another conse-
quence of not applying the high energy limit, there will be more integral regions of the p−  contributing as can 
be seen in the following.  

We denote the integral in Equation (12) as ( )I β , and write the momenta in light cone coordinates, i.e. for 
any four momentum p   

( )0 31
2

p p p+ = +  

( )0 31
2

p p p− = −  

4 2d d d dp p p p− +
⊥=                                   (16) 
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Here 3
zp p=  and in the concrete calculations we choose the direction of the 3-momentum of J Ψ  as the 

z-axis positive direction. So the integral ( )I β  can be written as  

( )
( )

( )

( )( )

( )( )

2 2
4

2 2 2 2

2 2

1 d d d
2π

1 1
2 2

1
2

J J

y y

I p p p F p p p

p p p m i p P p P p m i

p P p P p m i

β β

ε ε

ε

+∞ +∞ +∞− + + −
⊥ ⊥−∞ −∞ −∞

+ − + + − −
⊥ ⊥

+ + − −
⊥

= , , ,

×
− − + + + − − +

× ,
− − − − +

∫ ∫ ∫

               (17) 

where  

( ) ( ) ( ) ( ) ( )2 ˆ ˆ ˆ ˆJ y J yF p p p D q D q q qβ ϕ β ϕ β+ −
⊥, , , = , , .                   (18) 

We first integrate p+  employing the residue theorem. As Jp P− −< −  or yp P− −> , all poles locate up or 
under the Real-axis of the complex p+  plane, so the integral on p+  is zero. Therefore, the contributing  
integral interval of p−  should be ( )0 yP−,  or ( )0JP−− , , and ( )I β  is composed by two parts:  

( ) ( ) ( )1 2 .I I Iβ β β= +                                 (19) 

Here  

( )
( ) ( )( )

2
1 4 2 2 2 20

1 2π 1 1d d
2 22π

yP

y J J

iI p p
p P p p p m i p P p P p m i

β
ε ε

−+∞ −
⊥ − − + − + + − −−∞

⊥ ⊥

= × ,
− − − + + + − − +∫ ∫  (20) 

with  
2 21

2 y
y

p mp P
p P

+ +⊥
− −

+
= + ;

−
                                 (21) 

and  

 ( )
( ) ( )( )

02
2 4 2 2 2 2

1 2π 1 1d d
2 22π JP

J y y

iI p p
p P p p p m i p P p P p m i

β
ε ε

−

+∞ −
⊥ − − + − + + − −−∞ −

⊥ ⊥

−
= × ,

+ − − + − − − − +∫ ∫   (22) 

with  
2 21

2 J
J

p mp P
p P

+ +⊥
− −

+
= − .

+
                                (23) 

The next step is the numerical integral of 1 2I , , and the total cross section is straightforward:  

( )
2 2

62
2 2d 4 2π sin d d

2 32π
kR E

F s E
σ θ θ φ= =∫ ∫M M

                   (24) 

( )

( )
( )

4 2
22 2 2

4 4
4

2π
Qe

J y

e e
L H N N I

q
µν

µν β= .M                         (25) 

L l l H h hµν µ ν µν µ ν= ; =                                  (26) 

The numerical results are listed in Table 1.  
β  depends on the quark masses and it is around 1 GeV [27]-[29]. Here all the quark masses are taken as 

half of the bound state masses. Since the masses are almost the same for J ψ  and cη , so we take the same β  
for them for simplicity. When taking this β  value, the cross section is not very large but reaches the same or-
der of magnitude as those in the lowest order NRQCD framework [11]-[13]. One can also observe from the table 
that though the production cross section is quite sensitive to small β  (the cross section should be vanishing for 
very small β , corresponding to the case of the NR limit), it is steady for large β  value. For β  varies from 
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Table 1. The center of mass energy is taken to be 10.58 GeV. 

β (GeV) ( )fbσ  

1 2  61 4 10−. ×  

1 2  22 9 10−. ×  

1 0.9 

1.15 1.5 

1.3 6.6 

2  5.0 

1.5 1.6 

1.6 2.2 

1.7 3.1 

1.8 4.7 

1.9 8.1 

2 12.2 

2.1 74.6 

2.25 8.2 

2.5 1.5 

3 0.4 

4 0.05 

 
1 to 1.9, the cross section varies very slowly. It goes up for larger β  value but then decrease for too large 
(maybe unphysical) β  values. As a matter of fact, the decay constants for J Ψ  and cη  calculated in the BS 
framework is also not sensitive to the β  value. So one is even possible to take a larger β  value in calculating 
the production cross section, say, 2 GeV, to coincide the experimental data at the same time not to change the 
decay constant much. For this large β  value, the half width of the energy fraction distribution of a quark in the 
rest frame of the quarkonium is about 0.3. There is no direct correspondence of this energy fraction to that in the 
light cone framework, but it is found that to explain the data, the light cone wave function must have a likely 
wide distribution. Here we will not sharpen the fact that one can explain the data by the lowest order diagrams 
considered in Figure 1 by taking a large β  value, but to emphasize the following points:  

1. In the BS framework, when one takes into account the off shell states and large relative movement of the 
bound quarks, one can get a large contribution to the production cross section from the diagrams of Figure 1.  

2. To get the best value of β  so to gain more definite information on the inner movements, it is better to 
employ more processes to make a global fit. One needs to fit more decay as well as production data. In other 
words, investigation on various production processes in the BS framework may help to get more precise infor-
mation for the bound state rather than only consideration on its decay constant.  

4. Summary and Discussion 
The BS wave function framework can naturally take into account the off shell states of c  and c  in the bound 
states, whose effects are ignored a priori in other frameworks. This framework also naturally takes into account 
the relative movement of the bound quarks at the same time. Our calculations show that the above effects can 
contribute significantly to the cross section of the production process ce e J η+ − → Ψ + . One can even get the 
experimental data by adopting a larger value of β , i.e., wider relative momentum distribution. The calculations 
are done with the method of direct integration in the momentum space rather than employing the Feynman pa-
rameters. Such a systematic method can be applied to more complex production and decay processes for inves-
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tigation on the inner information of the bound states within the BS framework.  
A question left is how to combine with the calculations in [25] [26], which could be considered as ‘NNLO’ 

calculations at HQL of the BS framework. Higher order calculations are straightforward though a little more te-
dious. But the treating of the propagators and vertices need to be investigated to eliminate double counting. We 
leave this topic as later works.  

There are two papers employing the diagrams like this paper. In [31] it is a hadronic level calculation. Be-
cause the quark states (especially when considering the concept of constituent quark) and the hadron states are 
not orthogonal to each other [32], it is more interesting to discuss the possible overlap or relation between these 
two treatments, which could be helpful in clarifying the physical mechanism underlying the QCD bound states. 
In [33], the authors employ the QCD sum rule to do the calculations, but it is not clear whether they take into 
account the off-shell states in their evaluation on the form factors. 
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