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Abstract

In this article, Yukawa interaction is used to study the relativistic spin-1/2 particles and obtain
their energy levels. The role of Yukawa potential on the spin and pseudospin symmetry solution is
investigated systematically by solving the Dirac equation with attractive scalar S(r) and repulsive
vector V(r) potentials. Bound state spectrum and wave functions of Yukawa potential are obtained.
It is found that the energy eigenvalues strongly depend on the potential parameters.
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1. Introduction

The nature of interactions between nucleons is one of the fundamental and essential concepts of nuclear physics.
It is required to clarify the nuclear structure of nucleus which comprises of relativistic spin-1/2 particles. The
Dirac equation is the most perfect example of a relativistic equation which is able to describe the relativistic ef-
fects in a simple manner. In recent years, considerable attention has been paid to exactly solvable Dirac equation
[1]. To the best of our knowledge, this equation is exactly solvable for only a few simple interactions and the so-
lutions usually come with a strong constraint on the potentials [2]. For example, some authors assumed that the
scalar potential is equal to the vector potential and obtained the exact solution of Dirac equation with some typi-
cal simple potentials by using different methods. These investigations include the harmonic oscillator potential
[3], the triaxial and axially deformed harmonicoscillator potential [4], Eckart potential [5] [6], Woods-Saxon
potential [7], Hulth“en potential [8], pseudo harmonic oscillator [9] and ring-shaped Kratzer-type potential [10],
ring-shaped non-spherical oscillator [11] and double ring-shaped oscillator potential [12], Hartmann potential
[13] [14], Rosen-Morse type Potential [15], generalized symmetrical double-well potential [16], Scarf-type po-
tential [17], etc. [18]. The methods include the standard method, super symmetry quantum mechanics [5] [19]
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and [20], and the Nikiforov-Uvarov (NU) method [21] and so on. Formerly, Yukawa potential has been used in
nonrelativistic quantum mechanics to study the interactions between nonrelativistic particles. Recently there has
been much interest in solutions of Dirac equation for spin-1/2 particles with high energies [22]. In addition,
thespin and pseudospin symmetry [23] [24] has been originally observed almost about 40 years ago as a me-
chanism to explain different aspects of the nuclear structure with relativistic spin-1/2 particles. Ginocchio has
shown that the pseudospin symmetry arises from the near equality of the magnitude of the attractive scalar po-
tential S(r) and the repulsive vector potential V(r), i.e., S(r)~—V(r) in nuclei. The pseudospin symmetry refers to
a quasi-degeneracy of the single-particle doublets and can be characterized with the quantum numbers (n, I, j =1
+1/2)and (n—1,1+2,j=1+3/2), where n, | and j are the radial, orbital and total angular momentum quantum
numbers for a single particle, respectively. The spin symmetry and the pseudospin symmetry occur for A(r) = const
and X(r)=const in Dirac equation [25]-[27]. The screened Coulomb potential is used in various areas of phy-
sics to model singular but short-range interactions [28] [29]. In high energy physics, for example, it is used to
model the interaction of hadrons in short range gauge theories where coupling is mediated by the exchange of a
massive scalar meson [28] [30]. In atomic and molecular physics, it represents a screened Coulomb potential
due to the cloud of electronic charges around the nucleus. It has also been used to describe the interaction be-
tween charged particles in plasma, solid and colloidal suspensions [31].

In this work, we have obtained the energy equation of relativistic spin-1/2 particles with the consideration of
spin symmetry and pseudospin symmetry case. Solution of Dirac equation with standard Yukawa potential is
presented by using the Nikiforov-Uvarov (NU) method and the eigen functions related to these cases of Dirac
equation are obtained. Standard Yukawa-potential is given by

v, (r)=v, , (@))
where o and v, are range of nuclear force and strength of potential, respectively [28].

2. Dirac Basic Equation for Spin-1/2 Particles

In the relativistic description, the Dirac equation for a single-nucleon with the mass of M moving in an attractive
scalar potential S(r) and a repulsive potential V(r) in natural units #=c =1 can be written as [32]:

[a'P+ﬁ(M+S(r))}//nr,k:[E_V(r)]‘//n,,k’ 2

where E is the relativistic energy, P is the momentum operator, and o, are the 4 x 4 Dirac matrices as fol-

lows:
. 0 o (10

I is the unit matrix and o, represents Pauli matrices. For a particle in a central field, the total angular momen-
tumJand k= —ﬂ(a- L+1) commute with the Dirac Hamiltonian, where L is the orbital angular momentum.
For a given total angular momentum j, the eigenvalues of k are k ==(j+1/2), where the negative sign is re-
lated to aligned spin and the positive sign represents the unaligned spin. The wave functions can be classified
according to their angular momentum j and spin-orbit quantum number k as follows:

Vo i (r,0,¢) 1[ Fnr,k (r) lem (9:¢)}, 4

rlic, . (r) Yi(0.9)

where F, ,(r) and G, ,(r) are the upper and lower components, Y; (6,4) and Yj (6.¢) are the spher-
ical harmonic functions. n, is the radial quantum number and m is the projection of the angular momentum on
the z-axis. The orbital angular momentum quantum numbers | and I are related to the spin and pseudospin
quantum numbers. Substituting Equation (4) into Equation (2), we obtain a couple of equations for the radial
part of the Dirac equation as follows:

[%Aj Fo (N=[M+E, , ~V (1) +5(r)]G, . (1), ©)

r
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(8o, 0[5y v ()esieln ) ®

dr r

By eliminating G, , (r) in Equation (5)and F, , (r) in Equation (6), we obtain the following two second-
order differential equations for the upper and lower components:

dA(dJrk
a2 k(k+1) drldr r

= —r—z—(M +E,  —A(N))(M-E, , +2(r))+ M-E,, —A() F,«(r)=0, @
dz(d_kj

a2 k(k+1 dr \d

arz (r:— )_(M+En,,k_A(r))(M_En,,k+2(r))_m G, (r)=0. ()

where A(r)=V(r)-S(r) and X(r)=V(r)+S(r) are the difference and the sum of the potentials V(r) and
S(r), respectively [26] [27]. We consider the bound state solution that demands the radial components satisfying
Fo k (0)=G, ,(0)=0 and Fo k ()= G, « (0)=0.

n k

3. Spin Symmetry Solution

This symmetry arises from the near equality in magnitudes of an attractive scalar, S(r), and repulsive vector,
V(r), relativistic mean field, S(r)~V (r) in which the nucleon moves [29]. In this case A(r)=C, = const,
and Equation (7) reduces to

( d®  k(k+1)

~——5——-(M+E, ,-C,)(M-E, +Z(r))j F, . (1)

~ 0, 9
dr? r? ©

where k=1 for k<0 and k=—(l1+1) for k>0. The energy eigenvalues depend on n, and k. By in-
serting the standard Yukawa potential instead of X(r) in Equation (9) we get

( L I((k+1)—(|\/| +E, —CS)(M -E, +VTOeMDF”f’k (r)=0. (10)

dar? o2
This equation is a combination of the exponential and inverse square potentials, which cannot be solved ana-
Iytically by using the standard methods such as SUSY or NU. Therefore, we must find an approximation to Yu-

kawa potential term to solve the equation analytically. Considering the Taylor expansion, we adopt the approx-
imation bellow [33]:

Z(r):VT"e"“ :VTO(l—ar) (11)
Rewriting Equation (10) with above term yields
d>  k(k+1) v
{W_ > ~(M+E, —CS)[M ~E, +T°(1—ar)j] F,.(r)=0, (12)
d>  k(k+1) 2 2 Vo
d?_ |’2 _(M _Enrvk_cs)(M_Enrvk)+(M+Enrvk_Cs) T_aVO Fnrvk(r)ZO' (13)
If we introduce the notations
M?—E2, —C,(M-E, ,)=¢, (M+E,  —C,)=A, (14)
and
&y — AV, =E, |, k(k+1)=L%. (15)

O,
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We obtain

> 2 (= v
(d?_r_z_(E”r-k +A_OJJF”r’k(r):O' (16)
To solve this equation, we consider
Fn,,k(r):rsn,,k(r)’ 17)
So we can rewrite Equation (16) as

dzsn k(r) 2dsn k(r) 1 = 2 2
" + R +r_2(_Enr,kr —Ay,r - L )Snr,k(r)ZO- (18)
It is known that the solution of the second order differential equations plays an essential role in studying many
important problems of theoretical physics. At this point, the NU method can be used to solve these types of equa-
tions.

4. Basic Concepts of NU Method

The NU method has been used to solve Schrodinger, Dirac, Klein-Gordon wave equations for certain kinds of
potentials [34]. In this method the differential equations can be written in the following form:

l,/g(s)+%y/; )+, (s) -0, (19)

0
where o(s) and &(s) are polynomials that can be at most second degree, and 7(s) is a first-degree poly-
nomial. To find a particular solution for Equation (19) by separation of variables, we have the following trans-

formation:
v () =0(s)¥(s). (20)
It reduces Equation (19) to a hyper-geometric type function:
o(s)y"(s)+z(s)y'(s)+Ay(s)=0. (21)
The function ¢(s) is defined as a logarithmic derivative
#(5)_x(s). -
#(s) o(s)
y(s) is the hypergeometric type function whose polynomial solutions are given by Rodrigues relation:
B, d"
s)=———(a"(s)p(s)), 23
N (8)= 5 (07 (9)0(5)) (23)
B, is the normalizing constant and the weight function p must satisfy the following condition:
(crp)' =1p. (24)

The function z and the parameter 4 required for this method are defined as:

ﬁ(s):"'(5)‘5(%\/("'(5)‘5(5)J _6(s)+ko(s), A=k+m(s), (25)

2 2

7(s) is a polynomial with the parameter s and the determination of k is the essential point in the calculation of
7(s). In order to find the value of k, the expression under the square root must be square of a polynomial, so we
have a new eigenvalue equation:

n(n-1)

A=A, :—nr'(s)—T(y"(s) (n=0,12,), (26)
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where
(s)=#(s)+2x(s), (27)

and it will have a negative derivative. By comparing (25) and (26), we obtain the energy eigenvalues [34].
If we apply the NU method, by comparing (18) and (19), the following expressions are obtained:

=2, o=r, o’=r’ 6-:—I§nrykr2—Av0r—L2. (28)

Substituting the above expression into (25), we have:

nr k

ﬂ(r):—%i\/é rzt(Av0r+k)r+L2+%. (29)

The constant parameter k can be determined from the condition that the expression under the square root
must be the square of a polynomial of first degree. So, it has a double zero. Therefore, possible forms of z(r) are
as follows:

. 1
7Z'(I')=—%i Enzr'kri[L2+%]2 . (30)

Since we have the polynomial z(s)=7(s)+2x(s) and it has a negative derivative, the suitable form is es-
tablished. Therefore,

1 1 2 1
r(r)=1-2 Enzrvkr+(|‘2+2j . T=-2EZ . (31)

According to (22) and (24) these values can be obtained:

1
—lt(Lz +£]2 1
2 4 +E2 1

#(r)= Nr[ g Mk (32)

= 1
N T
p=r [ ‘J o5 (33)
Substituting (33) into (23), y, can be found:

1

1 1
1 1 R
262 ¢ (" “*ZELZQJ +2E2 ¢
—_— e

2(L2+3j2
Yo (s)=Brt e ™t = L (34)

By using y(s)=¢(s)y(s), the solution of (16) can be written as the wave function of the Dirac equation as
follow:

re 4 e~f'kL‘;(r) . (35)

JZ[W

1
w(r)= Nn!(:ZEﬁr’k

Considering the notations of (14), (15) and Equation (26) the eigenvalues of energy can be obtained:

E, « ==1(C,—av)+ |[(C,—av,)" 4] -M?+C,M +(M -C,)av, + (36)

ny .k

N |-

@
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This equation can be used to determine the difference in energy between energy levels of spin-1/2 particles
with spin symmetry.
5. Pseudospin Symmetry Solution

Now we return to Equation (8) under pseudospin symmetry, i.e. =(r)= C, =const . with the consideration of
Equation (11), Equation (8) reduces to:

d> k(k+1 Y
(D (- ) o a1 e (-0, @)
If we introduce the notations:
M?—EZ, +C,(M+E, ,)=5, . (M-E, +C,)=A,, (38)
and
g, +Aav,=E, k(k+1)=L5. (39)
We will obtain:
2 LB (. v,
(F_r_s_(Epn,,k _ApToj]Gpn,,k (r)=0. (40)
In order to solve the above equation, as we did in Equation (17), we consider:
Gpnr,k (r) = r‘SF‘nr,k (r) (41)
So we can rewrite Equation (41) as:
d’s, (r) 2dS, (1) 1
pn,-,k pnr,k ~
T dr +r—2(—Epnr‘krz+Apv0r—L2p)Spnryk (r)=0. (42)
Applying the NU method and comparing (42) and (19), the following expressions are obtained:
=2, o=r, o’=r? 6:—Epnr‘kr2+Apvor—L2p. (43)
Using (25), z(r) can be found as follow:
1 ~ 1
7r(r)=—§i\/Epwr2+(k—ApV0)r+sz+Z. (44)

The constant parameter k can be determined from the condition that the expression under square root must
be the square of a polynomial of first degree. So, it has a double zero, therefore possible forms of z(r) are:

1 | -1 1)2
ﬁ(r)z—ai Esnr.kri(L213+Z) . (45)

Since the polynomial z(s)=7(s)+2z(s) has anegative derivative, we have:

1 1
o 1)2 , ~
r(r)=1-2 Egnr,kr+(Lf) +Zj . T =—2E[§nr’k : (46)

According to (22) and (24) these values can be obtained:

1
12,12 1
2%‘”4)} €2 r, (47)

e nr .k

¢(r)=Nr[
1
—[L%Jr%)zerzﬁz r

p=r Prk (48)
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Substituting (48) into (23), y, can be written as:

Ya(s)= Bnrz(%)ze

1 5 1)2 1
w262 v d" "*Z[ij) +2E2 ¢
I e n;

ek 49
ds" (49)

Using w (s)=e(s)y(s), the solution of (37) can be written as the wave function of Dirac equation under the
pseudospin symmetry as follow:

Py k

1 2[L2+Zj 2L +~i
w(r)= Nn!(ﬁéz ] r (=3 2g " L (r). (50)

Finally, considering the notations (38), (39) and Equation (26), the eigenvalues of energy can be obtained:

(AV) _ 6D

. 2 1)2
+2n11¢2(|_p+4)

=Z4C,+ |CZ+4 M?+C M +Aav, -

This energy equation yields the energy levels of spin-1/2 particles with pseudospin symmetry.

6. Conclusion

In this study, the energy equations of relativistic spin-1/2 particles are calculated with the consideration of spin
symmetry and pseudospin symmetry case. The analytical NU method is applied to obtain the energy spectrum
and eigen functions related to these cases of Dirac equation with standard Yukawa interaction.
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