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Abstract

For C’-algebras A and B, the constant involved in the canonical embedding of A™ ® B” into
- 1
(A®7 B) is shown to be 2" We also consider the corresponding operator space version of this

embedding. Ideal structure of A®B is obtained in case A or B has only finitely many closed
ideals.
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1. Introduction

The systematic study of various tensor norms on the tensor product of Banach spaces was begun with the work
of Schatten [1], which was later studied by Grothendieck in the context of locally convex topological space. One
of the most natural and useful tensor norm is the Banach space projective tensor norm. For a pair of arbitrary
Banach spaces X and Y and u an element in the algebraic tensor product X ®Y , the Banach space
projective tensor norm is defined to be

ol =t S lvl:u-3x 09

X ®,Y will denote the completion of X ®Y with respect to this norm. For operator spaces X and Y,
the operator space projective tensor product of X and Y is denoted by X ®Y and is defined to be the
completion of X ®Y with respect to the norm:

Jul, = inf el II1A1}

the infimum taken over p,qeN and all the ways to writt U=a(x®y)pS, where aeM
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xeM_ (X) and yeM,(Y),and X®y:(xij®ykl)(i,k),(j,l)

Kumar and Sinclair defined an embedding x from A™ ®, B™ into (A®y B H, and using the non-com-
mutative version of Grothendieck’s theorem to the setting of bounded bilinear forms on C”-algebras, it was

eM,, (X ®Y).

shown that this embedding satisfies %"u"y <l ()] < Jul, ([2], Theorem 5.1). Recently, analogue of Grothen-

dieck’s theorem for jointly completely bounded (jcb) bilinear forms was obtained by Haagerup and Musat [3].
Using this form for jcb, the canonical embedding for the operator space projective tensor product have been

studied by Jain and Kumar [4], and they showed that the embedding x from A" ®B™ into (A® B)**

satisfies %||u||A <Jae(u)] <], -

In Section 2, an alternate approach for the bi-continuity of the canonical embedding of A™ ®, B™ into
(A®7 B) has been presented with an improved constant. Our proof essentially uses the fact that the dual of
the Banach space projective tensor norm is the Banach space injective tensor norm. We also consider the
corresponding operator space version of this embedding and discuss its isomorphism. As a consequence, one can
obtain the equivalence between the Haagerup tensor norm and the Banach space projective tensor norm (resp.
operator space projective tensor norm).

In the next section, it is shown that if the number of all closed ideals in one of the C’ -algebras is finite then
every closed ideal of A®B is a finite sum of product ideals. One can obtain all the closed ideals of
B(H)®B(H) as B(H)®K(H), K(H)®B(H) and B(H)®K(H)+K(H)®B(H), and the closed
ideals of B(H)®C,(X) as Y A®I(E,), where A=B(H) or K(H),

i=1
| (E;)={f eCy(X): f(x)=0 forall xeE} foreach i, foran infinite dimensional separable Hilbert space
H and locally compact Hausdorff topological space X . Similarly, the closed ideal structure of
(M (A)/A)@B, where B is any C"-algebra and M(A) is the multiplier algebra of A, A being a
nonunital, non-element- ary, separable, simple AF C”-algebra, can be obtained. We may point that such result
fails for A®,,, B, the minimal tensor product of C’-algebras A and B.
Section 4 is devoted to the inner automorphisms of A®B and A®, B for C"-algebras as well as for

operator algebras. Recall that the Haagerup norm on the algebraic tensor product of two operator spaces X
and Y isdefined, for ue X ®Y , by
Jull, = inf {1 1y[}

where infimum is taken over all the ways to write
U:X@y:zxn ® VY
k=1

where xeM,,(X),yeM, (Y),reN. The Haagerup tensor product X ®,Y is defined to be the comple-
tionof X®Y inthenorm | [5].

2. Isomorphism of Embeddings
For Banach spaces X and Y and ¢ €X', y, €Y', define a linear map J:X*®Y*—>B(X xY,C) as

J (Z@ ®y/ij(x, y)=>.4.(X)w;(y), for xe X and yeY . Using ([6], Proposition 1.2), it is easy to see that
i=1 i=1

J is well defined. Also, clearly this map is linear and contractive with respect to ||||/ and in fact |J|=1, and
hence can be extended to X" ® Y™ with [J|=1. A bilinear form T in B(XxY,C) is called nuclear if

Tel (x* ®, Y*), and the nuclear norm of T is defined to be [T, =inf {§"¢n""l//n":1— = Zqﬁn ®z//n}. The

Banach space of nuclear bilinear forms is denoted by B, (X xY,C). For C"-algebras A and B, consider
the canonical map ¢ from A® B into (A* ®, B*) , the dual of the Banach space injective tensor product of

()
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A" and B", defined by
O=i'0Joi

where i is the natural isometry of A® B into AT ®, B , J s as above with X =A" and Y =B", i
is the natural inclusion of B (A x B (C) into B, (A xB" (C) the space of integral bilinear forms.

Lemma 2.1 For C’-algebras A and B, the canonicalmap ¢0:A®, B —>(A'®, B*)*(z J(A",B7), the

space of integral operators from A" to B™) satisfies %||u||y £||.9(u)||£||u||y for all ue A®, B. In par-

ticular, @ is bi-continuous.
Proof: The inequality of the right hand side follows directly from the definition of 6. Let 0#ue A® B
and €>0. By the Hahn Banach Theorem, there exists T e (A®, B) with |[T]<1 such that |T |>||u|| —€.

Since (A®, B)*:B(A,B*),so T(a®b)=T(a)(b), for some 'I:eB(AB) forall acA and beB

with “f“ = |T|| <1. By ([7], Proposition 2.1(2)), there is a net (T;) of finite rank operators from A to B

< 2||T|| and Jim,|T.

(x)—f(x)||:0 forany xeA.
Now, for each o, corresponding to f; we can associate T, e(A@y B)*. For ue A®, B, there is «,

such that [T (u)-T, (u)|<e forall a>a,. Thus [T

a

(u)| > ||u||y —2¢ . Since favo is a finite rank operator, so

let dim(Range(f:O))zm<oo. Choose an Auerbach basis {¢,4,, .4, } for Range('l':;) with associated

coordinate functionals F,F,,--,F, in B™. Thus, for any xeA, T:(x):Zciﬂ, ¢, eC for i=12,---m

m

By using Fi(¢j)=6ij, it follows that f;(x)zzi"lly/i(x)(/ﬁ,, v, =F of;eA* for i=12,---,m. Therefore,
forany xe A and yeB,

T, 000 = 2 (04 (1) =5 Zvi 04 ) (011

i=1

where S is the canonical isometric map from A" ®, B" to B(A, B*). Thus

T :HZy/i®¢,H and so
i=1 2

o

H%il//i ®¢| <1.Moreover, for u=3a, ®b, , we have
i=1 A n=1
18 13—~ 1 1
||€(U)|| = g(u)(igwl ®¢|j‘ = 2 n:lTaO (an)(bn> :‘ET% (U) >E”u"y —¢

Since €>0 is arbitrary, so [0(u ||2£||u|| . O

Next, we consider the map ¢: A” ®, B™ —>(A ®, B) defined by ¢=i'0J. X
Proposmon 2.2 For C’-algebras A and B, the natural map ¢:A”™ ®, B™ —>(A ®, B) is bi-conti-

nuous and E||u||7 <[g(u)|<u], forail ue A" ®, B™.

Proof: By the above lemma, we haveamap 6:A” ® B™ —J (AM BM) with %"u"y <|e(u)|< uf, forall

ue A" ® B”.Also, ([6], Pro§osmon 3.21) shows that the natural inclusion map

i J(A”B** —>J(A B (T T ) is isometric. We will show that j'e¢g=6.For FeA™, GeB”,

FeA™ and GeB™
j'=¢(F ®G)(F)(G)= J(¢(F@G))(ﬁ)(é)=[¢(p@G)]“(ﬁ)(é)=ﬁ([¢(p®e)]*(é))=ﬁ(p)é(e),

since [¢(F®G)] (G)(f)=G(4(F®G)(f))=G(G)F(f) for feA" Thus
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j'°¢(F ®G)(F)(G)=0(F ®G)(G)(F). Therefore, by linearity and continuity, j'>¢=6, and hence the

map ¢ satisfies %||u||y£||¢(u)||s||u||y forall ue A"®, B”. O

Haagerup proved that every bounded bilinear form on AxB can be extended uniquely to a separately
normal norm preserving bounded bilinear form on A™xB™ ([7], Corollary 2.4), so we have a continuous iso-

metric map z:(A®, B)* —>(A"®, B*")*. Set
p=ziA"® B” »(A®, B)
where i is the natural embedding of A™ ®, B™ into (A"* ®, B**)H. Kumar and Sinclair proved that this

embedding is a bi-continuous map with lower bound % ([2], Theorem 5.1). We re-establish its bi-continuity

. . 1
with an alternate proof and an improved lower bound 3

Theorem 2.3 For C"-algebras A and B, the natural embedding u satisfies —||u|| <[ue(u ||s||u||y for
all ue A” ®, B™
Proof: We know that the natural embedding j: A"®, B" — B(AxB,C) =(A®y B) is isometric. Thus, by

the Hahn Banach theorem, j:(A®, B)** —>(A'®, B*)* is a quotient map. We will show that

jou=¢

where ¢ is as in Proposition 2.2. Since j ou and ¢ are linear and continuous, it suffices to show that
jou and 4 agreeon AT ®B”.Notethat,for Fe A", GeB™, feA and geB’,

fu4F®GXf®g%4%1%E§E»UCW 7 (Fo6)(i(f®q))
- 2(i(f®g))(F®G)= ( )FXG

where ;gp/(fx@bg/) is the bilinear form corresponding to ;( f®g (A ®BJ
Since FeA™ and GEB S0, by Goldstine’s Lemma, there are nets X, €A and y, eB such that x
convergesto F in G(A ,A) and y, convergesto G in O'(B B) The separate w"-continuity of the

bilinear form Z(m) and the equality Z(J/(—f@—g)/))(xl y)le(f)yﬂ( ) shows that
i ou(FOG)(f®g)=¢g(F®G)(f®g).Thus, j ou=g¢.Hence, by Proposition 2.2, we deduce that

d

1
Ll <l <,

Remark 2.4 (i) Note that, for a C"-algebra A having Completely positive approximation property, the
canonical embedding of A”® ;. B” into (A®, B) is isometric by ([8], Theorem 3.6) and ([9], Theorem
3.6). However, for the largest Banach space tensor norm, the embedding u is isometic if one of the C”
-algebra has the metric approximation property, which follows directly by using ([6], Theorem 4.14) in the
above theorem.

(i) For a locally compact Hausdorff topological group G, let C*(G) and C;(G) be the group C’-

algebra and the reduced group C"-algebra of G, respectively. Then, for any C"-algebra A and a discrete
amenable group G, the natural embedding of C:(G)** ®, A™ into (C:(G)®7 A)** is isometric by ([8],

Theorem 4.2); and for any amenable group G, the natural embedding of C” (G)M ®, A” into (C*(G)®y A)H

is isometric by ([8], Proposition 4.1).

(iii) The natural embedding # is isomorphism if A" has the approximation property, A™ has the Radon
Nikodym property and every bilinear form on AxB is nuclear. This follows directly by observing that if A™
has the Radon Nikodym property then ([6], Theorem 5.32) gives us
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N(B",A")=PJ(B",A")=J(B",A")

where PJ(B*,A**? and N(B*,A**) denote the Pietsch integral and nuclear operators from B” to A™,
respectively [6]. Clearly, bijectivity follows if we show that j is an onto map. For this, let T e B(Ax B,(C)
so it is nuclear. Since A™ has the approximation property, so there exists an element u e A" ®, B such that

J(u)=T

where J is an isometric |somorph|sm from A ®, B" to B(AxB (C) ([6], Corollary 4.8). Consider the
canonical map i: A" ®, B> A"®,B". Of course joi=J on A"®B", and hence by linearity and con-
tinuity joi=J.

We now discuss the operator space version of the above embedding, which is already discussed in [4]. Note
that in this case the embedding is positive, and becomes an isomorphism under the conditions weaker than that
required in case of the Banach space projective tensor product. For operator spaces X and Y, an operator
from X into Y is called completely nuclear if it lies in the image of the map J: X~ ®Y > X Y [10].
The space of completely nuclear operators will be denoted by CN (X Y) This space has the natural operator
X" ®Y
ke r( )

For C"-algebras A and B, consider the map ¢ from A®B into the dual of operator space injective
tensor product (A" ®B") given by

space structure determined by the identification CN(X,Y)=

0 =SoJoi
where i:A®B— A" ®B™ is the natural completely isometric map, J:A” ®B~ —CN (A* B**) and
S:CN (A*, B”) — (A* ®B ) [10]. Making use of the fact that the dual of the operator space projective tensor
norm is the operator space injective ([10], Proposition 8.1.2) and an application of Grothendieck’s theorem for
jcb ([11], Proposition 1) and the techniques of Lemma 2.1, we obtain the following:

Lemma 2.5 For C"-algebras A and B, the canonicalmap 6: A®B — (A* ®B" ) satisfies

%"u"A <[o(u)|<]ul, forall ueA®B.Inparticular, ¢ is bi-continuous.

Proposition 2.6 For C’-algebras A and B, the natural map ¢:A" ®B” — (A" ® B*)*, defined by
¢ =SoJ , is bi-continuous satisfying %||u||A <[g(u)|<|u], forall ueA”"®B".

Proof. By ([10], Theorem 15.3.1) we have A" is locally reflexive operator space. Therefore, ([10], Theorem

14.3.1) implies that (A*&)B*)* can be identified with I(A*,B**), where I(A*,B**) denotes the space of

completely integral operators from A" to B™. Now, the result follows by using the techniques of Proposition
2.2 and ([10], Proposition 15.4.4). . A .
By ([4], Proposition 2.5), we have a continuous completely isometric map y: (A® B) - (A** ® B**) . Let

p=z it A"&B" - (A&B)
where i is the natural embedding of A” ®B™ into (A™ ®B™ ) Then clearly |u]<1.
For a matrix ordered space A and its dual space A", we define "-operation on A" by f"(x)= f(gx*),
xeA and M (A) ={p<CB(AM,):¢ is completely positive} . Note that, for C"-algebras A and B,

A®B |saBanach “-algebra ([12], Proposition 3).
Theorem 2.7 For C"-algebras A and B, the natural embedding x is -preserving positive bounded

map which satisfies %"u"A <[ (u)| <uf, forall ue A" &B™.
v BeM,, meM,(A"), neM,(A") and fe(A&B),
y(a(m@n)ﬂ)*(f)=,u(a(m®n)ﬁ)(f*)z;((V)(a(m@n)ﬂ):;((f*)*(ﬁ*(m*(@n*)a*)

On the other hand, y(ﬂ*(m*(@n*)a*)(f):;((f)(ﬁ*(m*(@n*)a*). So in order to prove that u is *-

Proof: Given o e M
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preserving, we have to show that z(f) = ;((f) .

Note that, for ac A and beB, ;((f)*(é@)ﬁ):;((f)(é*@t;*): f(a®b’)= f*(a®b)=g(f*)(é®6),

and hence the result follows from the separate w’ -continuity of the bilinear forms corresponding to ;(( f*)
and z(f)
Now given an algebraic element a(m@n)a* eC,, where C, is defined as in [13]. For the positivity of

4, we have to show that y(a(m@n)a*)(f)zo for f e((A® B)*)+. By ([13], Theorem 1.9), it suffices to
show that if f <CP(AB") then

z(f)eCcP(A”,B™)
where f(a)(b)=f(a®b) forall acA, beB and 2(F)(m)(n)= z(f)(m®n) forall me A, neB”.
since M, (A)" is w'-dense in M, (A")", so given [Fi]eM,(A”) we obtain a net [a] [eM, (A)"
which is w’-convergent to [F] Now note that ;( [F,} " —lim. n[ ﬂ Hence the result follows.

The bi-continuity of the map x follows as in Theorem 2.3. O

Remark 2.8 By ([14], Theorem 2.2), the natural embedding u is completely isometric if one of the C”
-algebras has the W™ MAP.

We now discuss the isomorphism of this embedding. For xe A, the map f®g—> )?( f )g x)g for
feA and geB’, has a unique continuous extension to a map R;:A ®B" —B", with |Ry|<|x|. The
next proposition does not have counterpart in the Banach space context. R

Proposition 2.9 For C”-algebras A and B, the family {R;:xe A} istotalon A"®B".

Proof: Suppose that ue A"®B" such that Ry(u)=0 for all xeA. Let T e(A*é)B*)* with |T]<1.
Since (A*CQ)B*)* :CB(B*,A**), so T(f®g)=T(g)(f) for some 'I:eCB(B*,A"), for all feA and
g e B, with ||T~||Cb =|T|,, <1.1f A™ is taken in the universal representation of A then T satisfies the W"AP

by ([10], Theorem 15.1) and ] § 1.4.10). So there exists a net T of finite rank w"-continuous mapplng
from B" to A™ such that ||T|| ,and T,(g)—>T(9) for all geB". Thus for ue A"®B" and

€>0, there exists «, such that T (u ) T,(u)|<e for all a>a,. Since TaeCB(B A7 ) we have

T, e(A ®B ) such that T, (f®g)=T,(g)(f). Since T, is a finite rank operator so, as in Lemma 2.1,

T, (9 )=Z ((g)¥; for @, eB” and ¥, eA”. Thus, for

u :Zak(fk ®gk);3k
k=1
where o €My, 0 LM o1 feeM, (A) and g, €M, ( ) a norm convergent representation

in A'®B" [10], T,(u)=Y ¥ aT, (k)

k=1m,n,p,q

0

fm) o= Z‘P [z z al,mncDj(grl:q)fn:(pﬁsq,lj'Given

i Z & X[ F ) 0B =0 for all xe A. Therefore, i > &l G (k) Ble: =0 forany GeB”

k=1m, k=1m,n,p,q
Thus Ta(u):O,givingthat [T (u)] <[T (u)-T, (u)|+[T, (u)| <€ forall &=a,, andhence u=0. O

In particular, themap J:A ®B" — CN (A, B ) defined above is 1-1. Thus A" ®B" =CN (A, B*).

Now, as in Remark 2.4(iii), we have the following:

Corollary 2.10 Let A and B be C’-algebras such that every completely bounded operator from A to
B" is completely nuclear and the map ¢ defined in the Proposition 2.6 is onto. Then the natural embedding
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4 A" ®B” - (A®B) isan isomorphism map.
Remark 2.11 The embedding in the case of the Haagerup tensor product turns out to be completely isometric,
which can be seen as below. For operator spaces X, Y, using the factthat T, =M, and ([5], § 1.6.7), the

map z:(X®,Y) - (x " ®, Y**)* is completely isometric. Set
T= g oi
where i: X" ®,Y" —>(X** ®, Y**)H. Then, clearly ||z[, <1. By the self-duality of the Haagerup norm, the

map ¢: X" ®, Y - (X* ®, Y*)* is completely isometric. As in Theorem 2.3,

jor=9¢,

where j is the completely isometric map from X ®,Y" to (X ®, Y)*, which further gives j, oz, =4, for
any neN.Thus r iscompletely isometric.

3. Closed Ideals in A® B

It was shown in ([4], Theorem 3.8) that if A or B is asimple C’ -algebra then every closed ideal of A®B
is the product ideal, i.e. of the form A®J or 1®B for closed ideal 1 of A and J of B. In the
following, we generalize this result to the C”-algebra which has only a finite number of closed ideals. More
precisely, it is shown that if one of the C"-algebras A and B has only finitely many closed ideals, then

every closed ideal in A®B is precisely of the form le ®Jj , for some neN and closed ideals 1; in
j=1

A, J, in B, j=12--,n. Thus obtaining the complete lattice of closed ideals of B(H)® B(H),

B(H)®C,(X), (M(A)/A)@B, where H is an infinite dimensional separable Hilbert space, X is a

locally compact Hausdorff space, B isany C’-algebra and M(A) is the multiplier algebra of A, A being

a nonunital, non-elementary, separable, simple AF  C” -algebra ([15], Theorem 2). We would like to remark that

in [4] the lattice of closed ideals of B(H )® B(H) has already been explored.

Proposition 3.1Let A and B be C -algebrasand | aclosed idealin A®B.If a®bel,,the closure
of i(l) in ||,.then a®bel ,where i isthe natural map from A®B into A®, B.

Proof: Since a®bel, so there exists a sequence i, el such that ||a®b—i(in) ,—0 as n tends to
infinity. Consider the identity map ¢: A®, B —> A®,;,, B and i":AQB — A®,_,, B.Of course, i'=¢oi on
A®B, and hence by continuity i'=¢ci.Thus a®bel ,, andso a®bel by ([12], Theorem 6). O

The following lemma can be proved as a routine modification to the arguments of ([16], Lemma 1.1).

Lemma 3.2 For closed ideals M of A and N of B, AQN+M®B=(A®, N+M®, B)ﬂ(Aé)B).

In order to prove our main result. We first investigate the inverse image of product ideals of AZCQDB2 for C
-algebras A, and B,, which is largely based on the ideas of ([10], Proposition 7.1.7)

Proposition 3.3 For C’ -algebras A,A,,B,, and B, and the complete quotient maps ¢:A — A, ,
w:B —B,.Let I, and J, beclosedidealsin A, and B,, respectively. Then

(6&y) (1,83,)=4(0)®B, +47(1,) 8y (3,)+ A&y (0).
Proof: By ([4], Proposition 3.2) and the Bipolar theorem, it suffices to show that
(6&y) (1,83,) =[#1(0)&A+47(1,) By (3,)+ A&y (0)] .
Let Fe[g(0)&A+47(1,)®p " (3,)+A®y(0)] then Fe(A®B,) and

F(4(0)® A +¢7(1,)®p " (3,)+ A &y (0))=0. Since JCB(AixBl,(C)z(AiC;DBl)*,so
F(v®w)=F(v,w) for some F eJCB(AxB,,C), for all veA and weB,. Define a bilinear map
F,:AxB,>C as
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F (v, W ) =F (v, w)
where ¢(v)=v, and y(w)=w,. Clearly, F, is well defined. Note that, for peN, [V”]e M, (A) and
[we]eM, (B,), wehave (F,) (¢,[v].w,[Wa])=(F),([v][w]) Forany e>0, thereare
[vﬂe M, (A,) and [Wﬂe M, (B,) with “[vﬂ”sl “[wt, ]“sl such that
H(Fz)pu—e < ”(Fz)p ([vﬂ[wﬁl ])” .We can find r,seR such that “[vﬁ }H <r<i, “[wﬁ, ]“ <s<1. By defini-
tion, we may write

0 W
¢p[v"}=¥ and l//p[Wk,]=¥

where [vij]eMp(Ai), [w,]eM_(B,) bothhave norm < 1.Thus
Vi || Wy
(Fz)p[[::ll[ 5 ]J

This shows that F,:A,xB, — C is jcb bilinear form. Thus it will determine a F, e(A2 ®B, ) We have

“(Fl)p“ > “( R, ([Vij ] [w ])” = ”(Fz ) (¢p [V Jowo [ ])” =

, and so ”(Fl)pHZ“(FZ)p“.

F(vew)=F (v,w)=F,(¢(v).w (W) =F,(s(v)®w(w))=F, o(¢®y/)(v®w) for all ve A and weB,.
This implies that F = F, «(¢®y) on A ®B,, and so by continuity F =F, (¢®y ). Now let

ZE(¢®W)_1(|2®J2). We may assume that [z| <1. Then ¢®y(z)el,®J, and ||¢®'/’(Z)”A <1. S0

0

¢®y/(z):;ak(ik®jk)ﬂkzz Y o (it ® Sy ) Blgr With i €1, i €J, and

k=1m,n,p,q

k
mp

it <1, <1

g
[10]. Since ¢ and y are complete quotient maps and
F (¢’1(0)® Bi+¢7(1,)®p(3,)+A ®yfl(0)) =0, so it follows that F(z)=0. Hence

(410 A +47(1,) 00 (3,)+ ABY(0)] <(s&w) (1,83,) .

Since the annihilator is reverse ordering, so converse is trivial. [

Now we are ready to prove the main result.

Theorem 3.4 If A and B are C" -algebras such that number of closed ideals in A is finite. Then every
closed ideal in A®B is a finite sum of product ideals.

Proof. Proof is by induction on n(A), the number of closed ideals in A counting both {0} and A. If
n(A) =2 then the result follows directly by ([4], Theorem 3.8). Suppose that the result is true for all C”-
algebras with n(A)<n-1.Let A bea C’-algebrawith n(A)=n.

Since there are only finitely many closed ideals in A so there exists a minimal non-zero closed ideal, say |,

which is simple by definition. Let K be a closed ideal in A®B then K ﬂ(l ® B) is a closed ideal in | ®B.
Soitisequalto 1®J for some closed ideal J in B by ([4], Theorem 3.8). Consider the closed ideal K, ,
the closure of i(K) in [ , where i:A®B— A®, B is an injective map ([11], Theorem 1). Then
K,N(1®,B)=1®,J forsome closed ideal J in B by ([17], Proposition 5.2). We first show that J =1J .
Since the map i:A®B — A®, B is injective so K, ﬂ(Aé) B); K. Thus 1®, jﬂ(Aé) B); KN(I1®,B),

which by using ([18], Corollary 4.6), ([19], Proposition 4), and Lemma 3.2, gives that | ®Jo1®J and so
J>J. To see the equality, let jeJ.Takeany O=iel then i®je K, so it belongsto K by Proposi-
tion3.1. Thus i® je I ®J.Hence jeJ. i X

As in ([17], Theorem 5.3), K, cA® J+M®, B for M=ann(l). Thus Kc A®J+M®B by
Lemma 3.2. Since M cannot contain 1,s0 n(M)<n(A)-1=n-1.Thus K ﬂ(M ® B), which is a closed
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ideal in M ®B, BaﬁmmsmnMpmmthwbbymmmmmhwmmwsiﬁtT=KD(N5U then clearly

T _contains 1®J. Corresponding to the complete quotient map z:A— A/l', we have a quotient map
Z®id:A®J > A/l ®J with kernel 1®J and 7 ®id(T) is a closed ideal of A/1®J ([19], Lemma 2)
Also n(A/1)<n(A)-1=n-1 and so by the induction hypothesis

~ t ~
Z®id(T)=Y1, 83,

where 1, and J, are closed idealsin A/l and J,for r=1,---,t, respectively. Thus, by ([19], Lemma 2)
and Theorem 33, T=Y" 7z7(1,)®J, +1®J . So Kﬂ(A®3)+Kﬂ(M ®B) is a finite sum of product

ideal and hence closed by ([4], Proposition 3.2).
We now claim that KN(A®J+M ®B)=KN(A&J)+KN(M&B).

Let zeK D(A&)J +M® B) . Since the closed ideal A®J+M ®B has a bounded approximate identity

S0 there exist X,yeA®J+M ®B such that z=xy and Yy belongs to the least closed ideal of A®J+M®B
containing z ([20], § 11, Corollary 11). This implies that yeK so ZeKﬂ(A&)J)JrKﬂ(M ®B).

Hence K ﬂ(AéJ +M® B)z K ﬂ(AéJ)-‘r Kﬂ(M ® B) . Therefore K is a finite sum of product ideals.

4. Inner Automorphisms of A®B

For unital C -algebras A and B, isometric automorphism of A®B is either of the form ¢®y1 or
v®por, where ¢:A—>A, y:B—>B, viB—>A and p:A—B are isometric isomorphisms ([11],
Theorem 4). In the following, we characterize the isometric inner ~-automorphisms of A®B completely.

Proposition 4.1 For unital C"-algebras A and B, the map ¢®y (#®,y) is inner automorphism of
A®B (resp. A®, B)ifandonlyif ¢ isinner automorphismof A and w is inner automorphismof B.

Proof: Suppose that ¢®y is implemented by ue A® B. We will show that ¢®,; v is implemented by
i(u), where i is “-homomorphism from A®B into A®, B [11]. Itiseasytoseethat icp®y =¢® . woi.
So, for xe A®B, ¢®, y(i(x))=i(wxu™)=i(u)i(x)i(u")=i(u)i(x)i(u)". As i(A&)B) is .. -
dense in A®,;, B, s0 ¢® v isimplemented by i(u). Hence the result follows from ([21], Theorem 1).
Converse is trivial. O A

We now characterize the isometric inner automorphism of A®B for C"-algebras A and B other than
M, .

Theorem 4.2 For unital C™-algebras A and B other than M for some neN, the isometric inner “-
automorphism of A®B is of the form ¢®y , where ¢ and w are inner “-automorphisms of A and B,

respectively. .
Proof: Suppose that @ is the isometric inner “-automorphism of A®B. So

0=¢p®y
where ¢ and y are “-automorphisms of A and B, respectively or
0=v® potT

where v:B—> A and p:A— B are “-isomorphisms, 7: 'A®B—>B®A is a flip map [11]. In view of
Proposition 4.1, it suffices to show that the second case will never arise for C”-algebras A and B other than
M, . Let J ;t{O} be a proper closed ideal in B and |, = A®J , which is a closed ideal in A®B by ([12],
Theorem 5). Since d=v® por is inner so it preserves A®J Thus, for any xeJ, 6’(1®x)e|

Therefore v(x)®(1+J)=0 [19], which further gives that x=0. Hence J ={0} and so B is simple.
Similarly, one can show that A is simple. By hypothesis there exists d e A® B which implements 6 so

that v(b)® p(a)=d(a®b)d™ for all ac A and beB. Choose z,we A®B such that |z—d| <%||d’1 '
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S

7| <|d|| +1,and |jlw—d* u. ®v. , we have
A A = J J

< %("d”A +1)'1_Thus, for z :gxi ®y, and w= j

<= allo] . hence

[v(b)® p(a)-z(a®b)w| <[d(a®b)d"~z(a®b)d™|+|z(a®b)d ™ ~z(a®b)w| >

H1®p(a)_ r’f Xau; ® Y,V

i=1,j=1

1
< lal-
p(a)- > f(xau)yy,

i=1,j=1

Now choose feA" such that f(1)=|f|=1. Therefore, s%"a” for all

aeA. Take any be B, p being an isomorphism, there exists a unique ae A such that b=p(a). Thus

b— rﬁ f (xip‘l(b)uj)yivj

i=1,j=1

< l||b|| forany b e B. Now define a finite dimensional subspace D of B by

2

D =span{yy; :i=12-1, =125},
The above inequality implies that D B{b,@} #, where B{b,@} is the closed ball center at b and

. b . . L .
radius @ If D is proper then Riesz Lemma implies that for r>% there exists x, € B such that |x,|=1

and dist(x,,D)>r . Since DﬂB{b,@}t@ forany be B, sowe can choose d eD such that ||d—xr||s%,

and, because r >%, a contradiction arises. Therefore, D =B . Thus, by the classical Wedderburn-Artin

Theorem, B=M_, forsome neN. Similarly, A=M_, forsome neN. O

However, by ([11], Theorem 5), for unital C"-algebras A and B with at least one being non-commutative,
isometric inner automorphism of A®, B is of the form ¢®, v, where ¢ and  are inner automorphisms
of A andof B, respec- tively.

Corollary 4.3 For an infinite_dimensional separable Hilbert space H , every inner automorphism of
B(H)®B(H) isoftheform ¢®y ,where 4 and y are inner automorphisms of B(H).

We now give an equivalent form of Proposition 4.1 in case of operator algebras. For operator algebras V
and W, we do not know if ¢®y (or ¢®, ) isinnerthen ¢ and  are inner or not. However, if one of
the automorphism is an identity map then we have an affirmative answer for the Haagerup tensor product. In
order to prove this, we need the following results.

Proposition 4.4 For operator spaces V and W, the family {R¢ :¢eV*} ({Lw :wew*}) is total on
VoW,

Proof: For ueV ®, W, assume that R,(u)=0 for all ¢V . We can assume that |u|, <1. Therefore,

for u=) a ®b a norm convergent representation in V® W, where {a}"
i=1

and {b}" are strongly

1/2 1/2

<1 and <1.Thenwe have Y ¢(a;)b, =0 forall ¢V’ . From the
i=1

b,

i=1

D.aa;

i=1

independent with

strongly independence of {ai}il,choose linear functionals ¢, eV" such that
() 61 (@), ) ey <
where {ej} are the standard basis for |, by the equivalent form of ([17], Lemma 2.2). Thus

Hbj _g¢j (a)b

<e and so ||bj || <e.Because ¢ was arbitrary, we conclude that b, =0 for each j, hence
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u=0. O

Corollary 4.5 For operator algebras V and W, if ¢ and w are completely contractive automorphisms
of V. and W, respectively. Then ¢®, v isa completely contractive automorphism of V ® W .

Proof: By the functoriality of the Haagerup tensor product, the map ¢®, v :V ® W -V ® W is comple-

tely contractive. One can see that ¢®, w is an algebra homomorphism. Let u= Zai ®b, be a norm con-
i=1
vergent representation in V ®, W . Since ¢ and y are bijective maps, so there exist unique & €V and
b eW , foreach i, such that u :Zgzﬁ(éi)@l//(ﬁi). By [22], there isanew normon V and W with respect
i=1

to that V. and W become a new operator algebras, say V and W, and the natural maps 6, from V to
V, 6, from W to W and their inverses are completely bounded, and the maps 6 o¢ and 6,oy are
completely isometric. Therefore, (6,°4)®, (6,°y) is completely isometric, so for all positive integers k <I

Saeh| -[S@-a@e@v)i)  <lallol[Sea)ev ()

This shows that the partial sums of Zéi ®5i form a Cauchy sequence in V ®, W, and so we may define
i=1

V @ W

an element z :Zai ®5i eV ®, W . Then, clearly ¢®, l//(Z)=U . Thus the map ¢®, w is onto. To prove

i=1

the injectivity of the map ¢®, v, let ¢®, y/(u) =0 for ueV®, W . Then, for u= Zai ®b, anorm con-

i=1

vergent representation in V ®, W , we have iqﬁ(ai)@y/(b,):o . Thus, forany @ eV, i@(;fﬁ(ai))y/(bi):o.

i=1 i=1

But y is one-to-one, so > ®(4(a))b =0. Now Proposition 4.4 yields that > ¢(a)®b =0. Again by
i=1 i=1
applying the same technique we obtain u=0. O

By the above corollary, for operator algebras V and W and automorphisms ¢ of V and y of W, itis
clear thatif ¢ and y areinnerthen ¢®, v is.

In the following, by a “-reduced operator algebra we mean an operator algebra having isometric involution
with respect to which it is "-reduced, and for any “-reduced operator algebra V having approximate identity,
we denote by P (V) the set of all pure states of V .

Corollary 4.6 For “-reduced operator algebra V having approximate identity and any operator algebra
W, the family {R,:¢eP(V )} is total on V ®, W .

Proof: Using ([23], Proposition 2.5.5), we have V —co({O}UP(V)), where V is the set of continuous
positive forms on V of norm less than equal to 1. Therefore, if R,(u)=0 for all gcP(V) then R, (u)=0

for all ¢eV . Thus Zqﬁ(ai)y/(bi):o for any ¢eV and y eW". Since the algebra V is "-reduced, so

*

it admits a faithful -representatlon say ,, on some Hilbert space, say H,. For a fix ¢ in the closed unit
ball of H,, define geV™ as ¢(a )—<7r1( )<, §> for aeV . One can eaS|Iy verify that ¢eV . As 7z, is

faithful so ¢ is one-to-one. Therefore, > ay (b)=0 for any y eW" and hence the result follows from
i=1

Proposition 4.4. O

Corollary 4.7 For any operator algebra V and “-reduced operator algebra W having approximate
identity, the family {Lu, yeP(W )} is total on V ®, W .

The following can be proved on the similar lines as those in ([21], Lemma 2) by using ([23], Proposition
2.5.4), so we skip the proof.

Lemma 4.8 For unital Banach “-algebra V and any Banach algebra W and a pure state ¢ of V, we
have R, (cxd)=R,(c)R,(x)R,(d) for xeV® W and c,deZ(V)®, W (Similarly, for any Banach algebra
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V and unital Banach “-algebra W, L, (cxd)=L, (c)L,(x)L,(d) for xeV® W and c,deV® Z(W),
weP(W)).
Theorem 4.9 Let V and W be unital operator algebras. Suppose that W is “-reduced and V has a
completely contractive outer automorphism. Then V ®, W has a completely contractive outer automorphism.
Proof: Let ® be a completely contractive outer automorphism. Define a map x from V ® W into

t t
VW as ,u(z a ®b j =Y ®(a)®b . By Corollary 4.5, u isacompletely contractive automorphism of
i=1 i=1

V ®, W . Assume that 4 is a inner automorphism implemented by u. Then u(x)= uxu™.As u=0 sowe
can find the pure state y on W such that L, (u) #0 by Corollary 40.7. Let u, =L, (u) Note that for any
bew we have u(1®b)=(1®b)u. This implies that ue(Cl®, W), the relative commutant of Cl®, W
in V®, W ,whichis V®,Z(W) by ([18], Corollary 4.7). For aeV,
ua=L,(u(a®1))=L,((®(a)®1)u)=d(a)u, by the module property of the slice map. Since
ueV®,Z(W) isinvertible, so u, isinvertible by Lemma 4.8. Therefore, ®(a)=u,au,’ andhence @ is
inner, a contradiction. Thus g is an outer automorphism. O
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