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Abstract 
In this paper, we define β-Hausdorff operator on the unit polydisk and study the boundedness of 
the operator on Lipschitz space. Firstly, we translate the problem of coefficient into integral of 
weighted composition operator, then give the sufficient conditions of boundedness, and also ob-
tain an upper bound for the operator norm on Lipschitz space. 
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1. Introduction 
Let ∆  be the forward difference operator defined on sequences { } 0n n

µ ∞

=
 by 1n n nµ µ µ +∆ = − . Let operator kFβ  

be  

( )1 0, , , , 1.k k
n n n nF F F kβ β β βµ µ µ µ β β−= ∆ = ∈ ∈ ≥   

Define the β -Hausdorff matrix 
n

H β
µ  as the lower triangular matrix ( ),n kcβ  with entries  

, , .n k
n k k

n
c F k n

k
β

β µ− 
= ≤ 
 

 

For 1β = , it is the Hausdorff matrix ( )nH µ , see [1]. 
When nµ  is the moment sequence of a measure i.e. ( )1

0
d ,n

n t t nµ µ= ∈∫  , the matrix arising from a Borel 
measure µ  is denoted by H β

µ , a simple calculation then gives  
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( ) ( )1
, 0

1 d , .n kk
n k

n
c t t t k n

k
β β µ− 

= − ≤ 
 

∫  

Let nU  be the unit polydisk in the complex vector space n
 , ( )nH U  be the space of all holomorphic  

functions on nU , and , 1, ,i i nµ =   be the Borel measures on ( )0,1 , ( )1 2, , , nµ µ µ= μ , ( ) ( )1d dn
j j jt tµ µ== Π . 

In [2], the Lipschitz space ( )( )0 1nLip Uα α≤ <  is defined on nU  by  

( ) ( ){ }  and  <n nLip U f f H U fα α
= ∈ ∞  

where ( ) ( ) ( )12

1
0 1sup

n

n

i
iz U i

ff f z z
z

α

α

−

=∈

∂
= + −

∂∑ . It is easy to prove that ( )nLip Uα  is a Banach space under 

the norm .
α . 

Let ( )nf H U∈ , suppose ( ) 1
11

1

, ,
, , 0

n
nn

n

mm
m m

m m
f z a z z

≥

= ∑




 , and ( )( ), , 1, 2, ,n k ii
H c i nβ β

µ µ= =   be the β - 

Hausdorff matrices arising by Borel measures iµ . The β -Hausdorff operator ( ), 1β β β∈ ≥μ   is defined as 

follows: ( )( ) ( ) 1
1

1

, , , 1
, , 00 , 1, , 1

n
n j j

n j j

n
mm

i i m i j n
m m i m j n j

f z a c z zβ β µ
≥ ≤ ≤ = =

= ∑ ∑ ∏μ 

 

 . For 1β = , we obtain the classical 

Hausdorff operator μ , see [3]. 
Hausdorff matrix and Hausdorff operator have studied on various space of holomorphic functions, see, e.g., 

[3]-[9]. In [3], the author obtained that the Hausdorff operator μ  is bounded on Hardy space ( )1 <pH p≤ ∞ , 
and in [4] we showed that this conclusion cannot be extended to the Bloch space directly. Then we try to study 
on the Lipschitz space, found that when the measure is common Lebesgue measure dt , the Hausdorff operator 

t  is unbounded on Lipschitz space ( )nLip Uα , see the remark. In this paper, we study the operator which is 
got by amending the Hausdorff operator and called it β -Hausdorff operator. The results of this paper can be 
deemed as a continuation of the results in [3] on Lipschitz space. 

2. Main Results 
The main results in this paper is the following: 

Theorem 1 Let ( )1, ,i i nµ =   be finite Borel measures on (0,1) and ( )( ), , 1, ,
i n k iH c i nβ β

µ µ= =   be cor-  

responding β -Hausdorff matrices, β
μ  be β -Hausdorff operator. For 2β ≥ , β

μ  is bounded on ( )nLip Uα  
if  

,<)(d
)(1

11
11)2(

1=,1=
[0,1]

∞
− −−∑∏∫ t

ttt lk

n

lkj

n

j
n µαβ

 

In this case, the operator norm satisfies  

( )( ) [ ] ( )( )
( )10,1 2 1, 11

1 10,1 d .
1

n

n nn

k lj j
k l

C t
t t t

β
αβ

µ µ−−==

≤ +
−

∑∏∫μ  

for some constant C . 
In order to prove the main results, we need some auxiliary result. 

Lemma 1 [2] Let ( )nf Lip Uα∈ ,then ( ) ( ) ( ) 12
10 1 ,n n

iif z f f z z U
α

α

−

=
≤ + − ∈∑ . 

For each ( )0,1jt ∈ , we note the functions 
jt
βφ  given by ( ) ( )1 1j

j j
t j

j j

t z
z

t z

β
βφ =

− +
, 

Lemma 2 Let , 1, ,i i nµ =   be finite Borel measures on ( )0,1  and ( )( ),i n k iH cβ β
µ µ=  be corresponding 

β -Hausdorff matrices. Suppose  

( ) ( )1
1

1

, , 1
, , 0

.n
n

n

mm n
m m n

m m
f z a z z Lip Uα

≥

= ∈∑




  
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Then, 
(a) The power series ( )fβ

μ  in (2) represents a holomorphic functions on nU ; 
(b) ( )fβ

μ  can be written in terms of weighted composition operators as follows: 

( )( ) [ ] ( )( ) ( ) ( )( ) ( )
1 10,1

1

1 , ,
1 1

n nt t nn
j jj

f z f z z t
t z

β β βφ φ µ
=

=
+ −

∫ ∏
μ  . For each nz U∈ . 

Proof (a) Let ( )1 1, , , , ,
0 , 1, , 1

n n j j
j j

n

m m i i m i j
i m j n j

A a cβ µ
≤ ≤ = =

= ∑ ∏
 



. Since ( )nLip Uα  the sequence of Taylor coeffi-  

cients of f  is bounded by a constant <M ∞ , then  

( ) ( ) ( ) ( )
1 1

1
, , , , , 0

0 , 1, , 01 1 1
1 0,1 .j jj

n n j j
j j j

m jn n nm iij
m m i i m i j j j j j j

i m j n ij j jj

m
A a c M t t t M

i
ββ µ µ µ

−

≤ ≤ = == = =

 
≤ ≤ − ≤ 

 
∑ ∑∏ ∏ ∏∫ 



 

Hence the coefficients of the series (2) are bounded and consequently ( )fβ
μ  is defined and analytic on 

nU . 
(b) By the Schwarz lemma we have ( )jt j jz zβφ ≤  for each ( )0,1jt ∈ . Hence applying (3) we have  

( ) ( )( ) ( ) ( ) ( )1

12
1 1

0 1, 1, , , 1, , 1
, , , , 0 1 ,sup sup

n
i i i

n

t t n n i
t i n z i n i

f z z f f f z
α

β β
α

ζ
φ φ ζ ζ

−

< < = ≤ = =

≤ ≤ + −∑
 

   

On the other hand, 

( )( ) ( )
11

1 1 ,
11 1

nn

jj j
jj

zt z
==

≤
−+ − ∏∏

 

Hence  

( ) [ ] ( )( )
( ) ( )( ) ( )

1 10,1

1

1 , ,
1 1

n nt t nn

j j
j

G z f z z t
t z

β β βφ φ µ

=

=
+ −

∫
∏

  

is finite and analytic on nU . 
Now we proof ( ) ( )f G zβ β=μ , in order to avoid tedious calculations, we may assume that 2n = , For a 

fixed ( ) 2
1 2, ,z z z U= ∈  we have  

( ) [ ] ( )( )
( ) ( )( ) ( )

[ ]
( ) ( )

( )( ) ( )( )
( )

( )( )
( )

( )( )

2 1 2

2

1 220,1

1

1 2 1 1 2 2
, 1 2 1 10,1

, 0 1 1 2 2

1 11 1 1 2 2 2
, 1 2 1 10 0

, 0 1 1 2 2

1 ,
1 1

1 1 1 1

.
1 1 1 1

t t

j j
j

k l
k l

k l k l
k l

k l
k l

k l k l
k l

G z f z z t
t z

t t t t
a z z

t z t z

t t t t
a z z

t z t z

β β β

β β

β β

φ φ µ

µ µ

µ µ

=

+ +
≥

+ +
≥

=
+ −

=
+ − + −

=
+ − + −

∫
∏

∑∫

∑ ∫ ∫

 

It easy to see that  

( )
( )( )

( ) ( ) ( )1 1
,10 0

1 ,
1 1

k
n kj j j k n k n k

j j j j j n k j jk
n k n k

j j

t t n
t t z t c z

kt z

β
β β

µ
µ µ

∞ ∞− − −
+

= =

 
= − = 

 + −
∑ ∑∫ ∫  

Hence,  

( ) ( ) ( ) ( ) ( ), 1 2 , 1 1 , 2 2 , , 1 , 2 1 2
, 0 , 0 0 0

.
n m

k l n k m l n m
k l n k m l k l n k m l

k l n k m l m n k l
G z a z z c z c z a c c z zβ β β β βµ µ µ µ

∞ ∞
− −

≥ = = ≥ = =

 = =  
 

∑ ∑ ∑ ∑ ∑∑  
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Denote tT β  as follows  

( )( )
( )( )

( ) ( )( )1 1

1

1 , , ,
1 1

nt t t nn

j j
j

T f z f z z
t z

β β βφ φ

=

=
+ −∏

  

where ( )( )1
it iz i nβφ ≤ ≤  is defined in (4). 

Now we obtain estimates for the norms of the weighted composition operator tT β  . 
Lemma 3 Suppose 2β ≥ , then tT β  is bounded on ( )nLip Uα . Further more, there is a constant > 0C   

such that 
( )( )12 1, 11

1 1

1

n n

t
k lj j

k l

T C
t t t

β
αβ −−==

≤
−

∑∏ . For each ( )0,1 , 1, ,it i n∈ =  . 

Proof Let ( )( ) ( ) ( )t t tT f z z f zβ βφ=  , in which ( )
( )( )1

1
1 1

t n
j jj

z
t z

=

=
+ −∏

, ( ) ( ) ( )( )1 1 , ,
nt t t nz z zβ β βφ φ φ= 

, 
and the function ( )( )1

it iz i nβφ ≤ ≤  is defined in (4).  

( )( )
( ) ( )

( ) ( )( ) ( ) ( ) ( )( ) ( ) ( )

( ) ( )( ) ( ) ( )
( ) ( )

( )

12

1

1 12 2

1 , 1

12
1 12 2

2
1 1 , 1

, 11

1

1 1

1
2 1 1

1

1 12 1

l

l
l

l

j

n t
k

k k

n n
t lt

t k t t k
k k lk l k

n n n kt lt
t l k t

k l k lk k t l

n n

k lj k

T f
z z

z

zz ff z z z z z
z z

zzz
f z z z f

z z z

t t

β
α

βα α
β β

α
βα α

β
α αβ

ϕ
φ φ

ω

φ
φ

φ

−

=

− −

= =

−

− −

= = =

==

∂
−

∂

∂∂ ∂
≤ − + −

∂ ∂ ∂

 −∂∂    ≤ − − +   ∂ ∂   − 

≤

∑

∑ ∑

∑ ∑ ∑

∑∏ ( )( ) 12 1 2

11

1 .
j

n n

l k
kj

t t f
t

αβ β
α

−− −

==

 
− + 

  
∑∏

 

and ( )( ) ( )0 0tT f f fβ
α

= ≤ . Hence we obtain that  

( )
( )( )12 1, 11

1 1 .
1

n n

t
k lj j

k l

T f C f
t t t

β
ααα β −−==

≤
−

∑∏  

Now we proof the main results. 
The Proof of Theorem 1 For each ( ),n nz U f Lip Uα∈ ∈ , by (5) we can obtain  

( )( )
( ) ( ) [ ] ( )( ) ( ) ( )

[ ] ( )( )( ) ( ) ( ) [ ] ( ) ( )

1 12 2

0,1
1 1

12

0,1 0,1
1

1 1

1 .

n

n n

n n

k t k
k kk k

n

t k t
k k

f
z z T f z t z

z z

T f z z t T f t
z

β
α α

β

α
β β

α

µ

µ µ

− −

= =

−

=

∂ ∂
− = −

∂ ∂

∂
≤ − ≤

∂

∑ ∑ ∫

∑∫ ∫

μ

 

Then by (1) and (6),  

( ) ( )( )
( )( )

( ) ( )

( )( ) [ ] ( )( )
( )

12

1

10,1 2 1, 11

0 1sup

1 10,1 d .
1

n

n

n

k
kz U k

n nn

k lj j
k l

f
f f z z

z

f C f t
t t t

β
α

β β

α

αα α β
µ µ

−

=∈

−−==

∂
= + −

∂

≤ +
−

∑

∑∏∫

μ
μ μ


 

 

from which the result follows. 
Remark When the Borel measure ( )tµ  is the common Lebesgue measure dt , the Hausdorff operator  

arising from measure dt  is denoted as t . t  is bounded on Hardy space ( )( )1 <p nH U p≤ ∞ , see [3].  
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However, it is unbounded on Lipschitz space. For example, fix ( )1k k n≤ ≤ , and let ( ) ( )ln 1 kf z z= − , it is 
easy to see that ( )nf Lip U∈ , then  

( )( ) ( ) ( )2

1

1 11 ln 1ln2

n

k j
jk j
j k

f z z z
z z=

≠

  
= − − − −       

∏t  

From this it follows that  

( )
( )( ) ( ) ( )

( )

( ) ( )
( ) ( )

21 12 2
2

0,1

1 ln 1ln1 1 .sup sup
12n k

k
z rz U k

f r r
f z z C r

z r rr

α α

α

− −

= ∈∈

∂ − −
≥ − ≥ + − = ∞

∂ −
t

t


  
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