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Abstract

In this paper, we define f-Hausdorff operator on the unit polydisk and study the boundedness of
the operator on Lipschitz space. Firstly, we translate the problem of coefficient into integral of
weighted composition operator, then give the sufficient conditions of boundedness, and also ob-
tain an upper bound for the operator norm on Lipschitz space.
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1. Introduction

Let A be the forward difference operator defined on sequences { yn}::() by Aw, =, — u,., - Let operator Fﬂk
be
Fitn = A(Fy 7, ), Fopt, = e k€N, BeN, B 21,

Define the 4 -Hausdorff matrix Hfn as the lower triangular matrix (cfk) with entries

n _
cl :[kjFﬂE‘ i k<.
For B =1, itis the Hausdorff matrix H (s, ), see [1]. )
When g, is the moment sequence of a measure i.e. g, = jot”d,u(t), n e N, the matrix arising from a Borel
measure u is denoted by Hf, a simple calculation then gives
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ch = (Ejﬁtﬁk (1-t)"" du(t), k<n.

Let U" be the unit polydisk in the complex vector space C", H (U”) be the space of all holomorphic
functionson U",and 4,i=1---,n bethe Borel measureson (0,1), g =4, 5.+, pt,), due(t) =17 du; (tj).
In [2], the Lipschitz space Lip, (U " )(0 <a<1) isdefinedon U" by

Lip, (U")={f|f eH(U") and |f], <o}

where | f| :|f (0)|+supzn: 2—:(2) (1—|zi |2)H . It is easy to prove that Lip, (U ”) is a Banach space under
zeUMi=1 i

the norm ||||a .

Let feH(U”),suppose f(z): Z ay,

--,mp =0

2"z, and HY :(cn’fk (,ui)),izl,z,---,n be the S -

emy S1

Hausdorff matrices arising by Borel measures g . The g -Hausdorff operator H,f’ (ﬁ eN, g2 1) is defined as

follows: M/ (f)(z)= > > e llen, (#;)z" -z . For p=1, we obtain the classical
ml,m,mnzoogijgmj,j:l,m,n j=1

Hausdorff operator H,, see [3].

Hausdorff matrix and Hausdorff operator have studied on various space of holomorphic functions, see, e.g.,
[3]-[9]. In [3], the author obtained that the Hausdorff operator 7, is bounded on Hardy space H P (ls p < oo) :
and in [4] we showed that this conclusion cannot be extended to the Bloch space directly. Then we try to study
on the Lipschitz space, found that when the measure is common Lebesgue measure dt, the Hausdorff operator
H, is unbounded on Lipschitz space Lip, (U ”), see the remark. In this paper, we study the operator which is
got by amending the Hausdorff operator and called it A -Hausdorff operator. The results of this paper can be
deemed as a continuation of the results in [3] on Lipschitz space.

2. Main Results

The main results in this paper is the following:
Theorem 1 Let 4 (i=1,---,n) be finite Borel measures on (0,1) and H/ —(cﬁ (14 ))l =1---,n be cor-
responding 3 -Hausdorff matrices, Hf be p -Hausdorff operator. For > 2, Hf is bounded on Lip, (U”)

if
1 ” 1
.[[01]”J 1t o 1'[ 1t 1))1adﬂ(t)<°0,
In this case, the operator norm satisfies
n l n
/f n
"H” " < ”((0’1) )+ CJ.[O‘l] t_ z = du (t)

i e (1-f “))
for some constant C .
In order to prove the main results, we need some auxiliary result.
Lemma1[2] Let f e Lip, (U”) then |f(z)|<|f(0)+]f], Zi”:l(l—|zi |2)a_1,z eU".
tﬁ
Foreach t; e(0,1), we note the functions ¢/ givenby ¢/ (z;)= (tl—)l
-1)z. +

Lemma 2 Let g,i=1---,n be finite Borel measures on (0,1) and Hfi :(ka (yi)) be corresponding
S -Hausdorff matrices. Suppose

f(z)= z a, ,vmnzlml---z;”"eLipa(U”).

-, My >0
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Then,
(a) The power series Hﬁ( ) in (2) represents a holomorphic functionson U";
(b) Hﬁ ( ) can be written in terms of weighted composition operators as follows:

1 n
):I[O'l]an (l+(t 1)2 ) f(gzﬁtf(zl),--.,(;ﬁtf(zn))u(t). Foreach zeU".
j=1 i)
Proof (a) Let A, . = > A ﬁcﬁj,ij (yj). Since Lip, (U”) the sequence of Taylor coeffi-
0<| <mj ,j=L---,n j=1

cients of f isbounded by a constant M < oo, then

|An1,,4.,mn < 3 ,n Hcm] L (1)< MHIZ[ j (1-t )m"_ij i (t;) < Mf[y,— (0,2).

o<ij<mj,j=L--n =1 ij=0 i=t
Hence the coefficients of the series (2) are bounded and consequently Hf ( f) is defined and analytic on
u".
(b) By the Schwarz lemma we have ‘Qf (zj )‘ < |zj| for each t; €(0,1). Hence applying (3) we have

Sup f(ﬂf(zl),...,ﬁf(zn))é sup |f(é’1|...,é’n)|§|f(O)|+"f"ai(l_|2i|2)afll
O<tj<L,i=1,+-,n ¢il<lz]i=1-n =
On the other hand,
1 - 1
[1(0+(y-2)2,) T10-[2)
Hence
e I{m}—f(ﬂf(zl)f"vﬂf(zn))ﬂ(t)

is finite and analyticon U".

Now we proof H/ (f)=G”(z), in order to avoid tedious calculations, we may assume that n=2, For a
fixed z=(z,2,)eU?, we have

G,B(Z):.[[O,lz :

S (4 (2). 4 (2)) ()
] H(1+(tj —1)Zj)

) Hﬁktﬁl ('ﬁ)ﬂz(tz)
J.Ol Zz: (1+(t1 1)zl)k+l(1+(t2—1)zz)I+1
= Ya, 2% Pl p () .
szzo ’ J.0(1+(t1_1)21)k+1Io(1+(t2_1)22)l+1

3 e ) ) S )
Hence,

67 (2) = Fa 223k ()2 Yok ()25 - z(iiak,.c:ikoa)cﬁ,.(yz>jzfz;“.

k,I1=0 m=l m,n>0\ k=01=0

()
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Denote T/ as follows

~ 1
]j(u(tj —1)zj)

where ¢/ (z,)(1<i<n) isdefined in (4).
Now we obtaln estimates for the norms of the weighted composition operator T/ .
Lemma 3 Suppose B=>2,then T/ is bounded on Lip, (U") Further more, there is a constant C >0

such that ||T”||<C Z;Q.Foreach t €(01),i=1---,n.

=1 4 K1, (1 t(ﬂl))

Proof Let Ttﬁ(f)( ):l( )f°¢t ( )’ in which t(z): n : ! ¢tﬂ(Z):(@f(zl)""'@f(zn))'
and the function ¢/ (z)(1<i<n) is defined in (4). Ll (t-1)7)

G(Ttazf f )) (z) (1—|zk|2 )17(1

<O ¢ (4 ) (1) 2 I3

k=1 azk

F(d (2) 4 (2,)),

>

k=1

( @) o¢{ (z)

0z,

(1—|Zk|2 )1—a

<Zn: a.(2) (2||f|| Z”:(l_|¢p(z )Z)O!lj(l_|z |2)17a +| (Z)| Zn: |8¢{IH(Z|)| (1_|Zk|2) la "
< & 6Zk a (d [ k t k.|=1| 6Zk | 1_|¢{|3 (Z| )|2 o
n i n 1 ﬂ l n 1 n ﬂ 2
S[21_1 t; k,zlzlltk (l f ) +11_!t, kZ;t }”f"
and |Ttﬂ (f 0)| =|f (0)| <[ f], - Hence we obtain that

[ (f H<CWHII >

IETY ( | ))1_a '
Now we proof the main results.
The Proof of Theorem 1 Foreach zeU",f e Lip, (U “) , by (5) we can obtain

R I AUV SRy

k=1 k|0
a,u(t).

<o >(1—|zk|2)1*“u<t)sf[o,m

Then by (1) and (6),

C(F)

)

P ), P (1)) g 7 L (f))

UM k=1

(1—|zk|2)lia
tli —dy(t).

i Jkl:ltk( —t; ﬂl))
from which the result follows.
Remark When the Borel measure s (t) is the common Lebesgue measure dt, the Hausdorff operator

arising from measure dt is denoted as H,. H, is bounded on Hardy space H "(U”)(ls p < oo), see [3].

=

< u((0.2)" )], +C] ] I[o,ln
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However, it is unbounded on Lipschitz space. For example, fix k(1<k<n), and let f(z)=In(1-z), itis
easy to see that f e Lip(U”) , then

n

H(f)(z)= [‘i]lnz(l—ZK)H[—%JIn(l—zj)

From this it follows that

o(H, (1)) ||n2(1—r) In(l—r)|
0z,

(2) r(l—r)|

+

[ (F)], 2 sup (1-[2f) "= sup c (-r ) =
zeU"
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