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Abstract

The reconstruction of a parameter by the measurement of a random variable depending on the
parameter is one of the main tasks in statistics. In statistical inference, the concept of a confidence
distribution and, correspondingly, confidence density has often been loosely referred to as a dis-
tribution function on the parameter space that can represent confidence intervals of all levels for
a parameter of interest. In this short note, the notion of statistically dual distributions is discussed.
Based on properties of statistically dual distributions, a method for reconstructing the confidence
density of a parameter is proposed.
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1. Introduction

Let n denote the observed number of events in a simple Poisson process. Its distribution can be described by a
gamma random variable, T’ ;,, with the probability density function (pdf) that looks like a Poisson probability:

gﬁ(y):%e'”,,u>0,ﬁ>—1,

where 4 is a variable and A is a parameter (in the case of the Poisson distribution, x is a parameter and

A is a variable). It means, as shown below, that we can estimate the value and error of Poisson distribution pa-
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rameter by the mean of a Poisson random variable and by using the corresponding gamma distribution. This ap-
proach is also correct in the case of the normal distribution, Cauchy distribution, Laplace distribution, the in-
verse gamma distribution.

Let us name such distributions, which allow one to exchange the parameter and the variable, conserving the
same formula for the distribution of probabilities, as statistically dual distributions [1]. In many cases statistical
duality of such type can be used for construction of confidence intervals for parameters.

In the next section, we show that Poisson and gamma distributions are statistically dual distributions and that
the normal and Cauchy distributions are statistically self-dual distributions. An application of statistical duality
for estimation of parameters is discussed in Section 3.

2. Statistically Dual Distributions

Definition: If a function f(x y) can be expressed as a family of pdfs for variable X given parameter

Y, p(x| y) and a family of pdfs for variable y given parameter x, p(y|x), so that

( )=p(x|y)=p(y|x).then p(x|y) and p(y|x) are said to be statistically dual.

ThIS definition is a purely probabilistic (and, in this sense, a frequentist) definition. Nevertheless, statistically
dual distributions considered also belong to conjugate families defined in the Bayesian framework (see, for ex-
ample, [2]).

The statistical duality of Poisson and gamma distributions follows by a simple example. Let us consider the
gamma distribution with pdf

3

Xa—leiﬁ

)

Replacing % a and X bya, n+1 and g, respectively, we obtain the following formula for the pdf

n+l

r'(n+1)

9. (au)= CR

where a is a scale parameter and n + 1> 0 is a shape parameter. If a = 1 then the pdf of T' , is

g, (4)=“—e* u>0n>-1. @
n!

The Poisson distribution is a popular model for counts. For instance, if there are n events of a certain kind
then it is reasonable to say

f(n;y)=’u—e’”,y>0,n20. )
n!

One can see that the parameter and the variable in Equations (1) and (2) are exchanged. In other aspects the
formulae are identical. As a result these distributions (gamma and Poisson) are statistically dual distributions.
These distributions are connected by the identity [3] (this identity arises in other forms in [4]-[6])

Ha

[an ( d#+zf'#z Ig )du - Zf( 1)=0 ®)

m i=n+1 i=n+1

forany g4 20,4, >0 andinteger m>n2>0.
Another example of statistically dual distributions is the normal distribution with mean a and variance o?:

qo(x;a,a): 2no

where x is a real variable, —o<a<o and o >0 are parameters. Here, we can exchange the parameter a
and the variable x without changing the formula for the pdf. It allows one to estimate the parameter a by the
mean value of x. In this case, the new pdf with variable a and parameters —wo <X<o and o >0 is
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(x-a)°

ei 262

a;x,o)=
¢( ) 2no
Hence, the normal distribution can be named as a statistically self-dual distribution. The identity analogous to
(3)is
d d c c
[#(aic,o)da+[p(xd,o)dx+ [¢(a;d,o)da+ [p(x;c,0)dx =0
c d d

c

or, simply
Tqﬁ(a;b,a)da—ij[go(x;b,cr)dx:0 4)

for any real b, c and d.

The Cauchy distribution also has statistical self-duality like the normal distribution. The pdf of the Cauchy
distribution is

_
n[1+(x—a)1’

where X is areal variable, and a is a real parameter. Here, we can exchange the parameter a and the vari-
able x without altering the pdf. In this case,

C(xa)=

_r
n[1+(x—a)2]

Hence, the Cauchy distribution is also a statistically self-dual distribution. The identity analogous to (4) is

C(a;x) =

6 t—a

~(a;b)da—j'C(x;b)dx =0

foranyreal b, candd.
The same property applies to several other distributions, for example, the Laplace distribution.
3. Estimation of Parameters
The identity (3) can be written in form [7]
o) H fi
> f () + [9q (w)dut 2 F (i) =1, )
i=A+1 " i=0

that is,
Hy o Rn-u A ia

0 in—4
z/‘ﬁ_el+-"ﬂe d,u+zﬂ2je -1

i 11, Nt io I

forany z4>0,and u, >0 and non negative integer .
The definition of the confidence interval (z4,4,) for a Poisson parameter, , is [7]

P(;ﬁﬁ,uﬁ,uAﬁ)zP(iSﬁLul)—P(iSﬁ|y2) (6)

where

. i e
P(lsn|u):§ﬂ“

This definition is consistent with the identity (5). It contrasts with other frequentist definitions of confidence
intervals. The right hand side of (6) represents the frequentist definition.
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Let us suppose that g ( y) is the pdf of the Poisson parameter if number of observed events is equal to f .
It is a conditional pdf. It follows from the formulae (1), (5) that g; (,u) is a gamma pdf.

On the other hand: if g, (y) is not equal to this pdf and the pdf of the Poisson parameter is some other func-
tion h(z;A) then

H fi
> £ (i) + [h(mR)du+ Y f (i) =1. )
i=A+1 m i=0

This identity is correct for any 4 >0, and g, = 0. The sum on the left hand side determines the boundary
conditions on the confidence interval.

If we subtract Equation (7) from Equation (5) then we have

T(gﬁ (#)=h(mf))du=0.

H

We can choose 44 and g, arbitrarily. Let us choose them so thatis g;(x) notequal h(z;fA) in the in-
terval (z4,1,). For example, g;(u)>h(u;R) and g, > g . In this case, we have

)

[ (9 (#)-h(s:f))du>0

H

and hence a contradiction (i.e. g (x)="h(x;A)) everywhere except for a finite set of points). As a result we
can mix Bayesian (g, (x)) and frequentist (f (k;x)) probabilities without logical inconsistencies. The iden-
tity (5) leaves no place for any prior except for the uniform prior 7[(,u) = const’. Actually, it shows that the
pdf g;(u) isthe “confidence density” [9]°.

Statistically dual distributions allow one to exchange the parameter and the random variable. It means that one
can construct the confidence interval (nl,nz) for the parameter n of the gamma distribution (Equation (1))
because

Tgm (w)dp+ Z f(i:ﬁ)+fgnz (u)du=1.

i=m+1 0

For the normal distribution the identity (4) can be written as
0 X+d X

Iw(x;i—c,a)dx+ I #(a;%.o)da+ [p(x%+d,0)dx=1 ©)

X

forany ¢>0 and d>0.

This identity (8) also shows that the conditional distribution (if observed value is X)) of the true parameter a
obeys the normal distribution with mean % and variance o (here, in contrast to the previous example, X is
an unbiased estimator of the parameter a). As a result we can construct the distribution of error and confidence

intervals for a*, taking into account systematics and statistical uncertainties in accordance with standard analy-

—C —o0

The definition of conjugate families as stated in [8] is: given a family F of pdf's f (x\@) indexed by a parameter @, a family, IT, of

prior distributions is said to be conjugate for the family F if the posterior distribution of @ is in the family IT forall f eF, all priors
7z eIl and all possible data x.

*Bayesian methods suppose that g, (x)= M
jf (A5 p)- 7w (pe) e

The confidence density is a natural notion in the frequentist concept of confidence distributions [10]-[12]. Confidence distributions are a

way to represent all possible confidence intervals. The area under the confidence distribution between any two points gives the confidence

that the parameter value will lie between those points. In Bayesian notation, the confidence density can be considered as a posteriori pdf

with the assumption that we have a uniform prior.

*In this case, the definition of confidence intervals as

P(a,<a<a,X)=P(x<Xa)-P(x<%a,)

, Where 7[(/.1) is the prior pdf for .

where X is the observed value of x, P(x<%ja)= I p(xa,0)dx and a <a,, coincides with the definition of fiducial intervals intro-

duced by R. A. Fisher [13].
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sis of errors [14].
In case of the Cauchy distribution
o0 K+d X
IC(X;)”(—c)dx+ J' C(a;X)da+ J'C(x;f(+d)dx =1
forany ¢>0 and d >0. This implies that the “confidence density” of the Cauchy distribution parameters is
itself a Cauchy pdf.

4. Conclusions

We have discussed the notion of statistically dual distributions. The relation between the measurement of a ca-
sual variable and estimation of the given distribution parameter is discussed for three pairs of statistically dual
distributions.

The proposed approach allows one to construct the distribution of the estimator of the distribution parameter
by using statistically dual distributions. For example, the confidence density of the Poisson distribution parame-
ter can be built by Monte Carlo by using properties of statistically dual distributions [15]. This notion is used for
the construction of unified approach to measurement error and missing data [16]. The numerical example of the
use of statistical duality for the confidence intervals construction is considered in the paper [17].

In summary, statistical duality gives a clear frequentist interpretation of the “confidence density” of a para-
meter. It allows one to construct confidence intervals easily.
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