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ABSTRACT

In this paper, we consider a countable family of set-valued mappings satisfying some quasi-contractive condi-
tions. We also construct a sequence by the quasi-contractive conditions of mappings and the boundary condition
of a closed subset of a metrically convex space, and then prove that the unique limit of the sequence is the unique
common fixed point of the mappings. Finally, we give more generalized common fixed point theorems for a
countable family of single-valued mappings. The main results generalize and improve many common fixed point
theorems for a finite or countable family of single valued or set-valued mappings with quasi-contractive condi-
tions.
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1. Introduction

There have appeared many fixed point theorems for a single-valued self map of a closed subset of a Banach
space. However, in many applications, the mapping under considerations is not a self-mapping on a closed sub-
set. In 1976, Assad [1] gave sufficient condition for such single valued mapping to obtain a fixed point by prov-
ing a fixed point theorem for Kannan mappings on a Banach space and putting certain boundary conditions on
the mapping. Similar results for multi-valued mappings were respectively given by Assad [2] and Assad and
Kirk [3]. On the other hand, many authors discussed common fixed point problems [4-7] for finite single or
multi-valued mappings on a complete 2-metric convex space or a complete cone metric space respectively. And
some authors also discussed common fixed point problems [8-13] for a countable family of self-single-valued
mappings with contractive or quasi-contractive conditions on a metric space or a metrically convex space re-
spectively. These results improved and generalized many previous works.

In this paper, we will discuss the existent problems of common fixed points for a countable family of surjec-
tive set-valued mappings, which satisfy certain quasi-contractive condition, defined on a complete metrically
convex space and obtain some important theorems. The main results in this paper further generalize and improve
many common fixed point theorems for single valued or multi-valued mappings with quasi-contractive type
conditions.

Through this paper, (X,d) (or X)) is a metric space. Let bC(X) denote the families of all bounded
closed subset of X .

Let d(X,A)=infad (X Y), the distance between x and Aebc(X).

“Corresponding author.

OPEN ACCESS APM


http://www.scirp.org/journal/apm
http://dx.doi.org/10.4236/apm.2014.41003
mailto:yuexi1004@163.com
mailto:aljin@ybu.edu.cn
mailto:pyj6216@hotmail.com

18 Y. X JIN ET AL

Definition 1.1. ([8-10]) A metric space (X,d) is said to be metrically convex, if any x,ye X with
x#y, thereexists ze X suchthat z#x, z=y and d(xz)+d(z,y)=d(xy).

Lemma 1.1. ([3,8]) If K is a nonempty closed subset of a complete metrically convex space (X,d) , then
forany xeK and yeK,thereexists zeoK which satisfies d(x,z)+d(z,y)=d(xy).

Lemma 1.2. ([13]) If X is a complete metric space and Aebc(X), then d(- A) is continuous on X .
Moreover, we have :

1) A={xeX:d(x,A)=0};

2) AcB ifandonlyif xe X, d(xB)

3)forany x,ye X, d(x, A)<d(x y) +d

<d(x.A);
(V. A).

2. Main Results

Theorem 2.1. Let K be a nonempty closed subset of a complete metrically convex space (X,d) with
intk =, {T X > bc(X)} @ countable family of surjective set-valued mappings with nonempty values
such that forany i, jeN with i < j,any x,yeX,

d(xy)<Au;(xy), 1)
d(x,T,x)+d(y, T;y) d(x,T;y)+d(yTx _
where Ui,j(X,Y)E{ ( )2 (y ]y), ( ’y)z by )} and /Le[O,erT\/ﬁJ is a constant number.

Furthermore, if T,(K®)NoK =@ for all ieN, and for each ieN and peK and any zeTp, there
exists jeN suchthat peTz,then {T.}  hasa unique common fixed pointin K.

Proof Take X, K. We will construct two sequences {x,} and {x.} in the following manner. Since T,
is on-to, there exists x; € X suchthat x, eT,x/. If x{ e K, thenput x =x;if x &K, then by Lemma 1.1
there exits X €K such that d(X,,% )+d(x,x)=d(X,%). For x, since T, is on-to, there exists
X, € X suchthat x eT,x;.If x; €K, thenput x,=x;;if X, &K, then by Lemma 1.1 there exists x, € oK
such that d (x,,X,)+d(X,,%;)=d(x,x;). Continuing this way, we obtain {x,} and {x}:

1) X, €T .X;

2)if x; K, thenput x, =X ;

3)if X, ¢ K, then by Lemma 1.1 there exists x, € 0K suchthat d (X, X,)+d (X, X )=d (X, X,);

4) x,eK forall n=0,1,2,---.

Let P={x e{x,}:%=x} and Q={x e{x,}:x =x}. If there exists neN such that x,€Q, then
X, 1 X,y € P. In fact, By 3) and the definition of Q, we have that x, #x', x,€0K, x, ¢K.If x,_,€Q,
then X, , €K . On the other hand, since T,(K®)NoK =@ and x,, eT,x cT,(K®), hence x, ¢ oK,
which is a contradiction. If x_, eQ, then X, oK and X, K, hence x eT..X'., cT,.(KS), so
X, € 0K , which is another contradiction.

By the definitions and properties of P and Q we can estimate d (X, X,,;) into three cases:

Casel. X,,X,, €P.Inthiscase, X, =X, X3 =X, X €T,X and X, €T, X ., .Andwe have
d (X, X1) = d(x X1 ) < AUy 0 (XX ),

n+l*

n! n+l n? “n+l
where
d (%, Tox0 ) +d (X ToaXen ) (X0 T X, ) +d (X, T
unml(xn,xml) { ( ) 2( 1 1 1), ( 1 1)2 ( 1 )}
d(x,T.x)+d(x,,,T, X,
|f un,n+l(xnixn+1) ( — ”)+ 2( ni 1), then

A :
d(xnlxml) d(xnixnﬂ) 2Iid(Xn'.l-nxn’)_’_d( n+l’Tn+an+l):|
[d(xn’xn 1)+d( n+11 n)]

d(xn'xn—l)+ d( n+1?’ n)

<

<

(NP N P
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hence
d (X, Xy ) =d (X, X,

n+1
T X'
If Unnst (Xr: Xr,1+1) = d (Xn n+1xn+1)2+ d(x ( N+l n n)

)< Ad (%40 %, );

, then

d (Xn'xn+1) n+1 [d r’1 Tn+1Xr,1+1)+d( n+11 Tnxn ):I
A
Xn+1'Xn—l)]SEI:d(Xn—l’Xn)+d(Xn’Xn+1)]
A
Sg[d(xnfl,xn)+d(xn,xml)],

SE':d(Xn’Xn)+d(

hence
d (X, %y, ) =d (X, X,

n?! n+l

)< Ad (X4, %, )-
Therefore, in any situation, we have
d(x,,

)< Ad(%,4,%,) forall neN.

2 ’ 2

n+l n-1'"n
Case Il. x,eP and X,,,€Q. Inthiscase, x =X, X, =X, and x,_, €T x and x, T, ,X.,. And
we have
d (X Xn+1) d (X Xn+1) ﬂ’un,ml(x Xn+1)
where
’ ’ d (Xn Tan )+d( n+1? Tn+lxn+1) d (Xn Tn+lxn+l)+d( n+1? Tnxn)
un,n+l(xn Xn+1) €

d (Xr; Tn Xr,1 ) + d (Xr,1+l’Tn+1Xr'1+1) then

If un,n+l(xr,1 Xn+1)_
A
d(Xn Xn+1) d(X Xn+1) 2':d(xn Tan)+d( n+11 n+1Xn+l):|
A
gz[d(xn,x D)+ (X %)

é%d(xn,xn )+ d( v Xa ),
hence

d (X, X, ) =d (X, X,

n+1
' d(X/ T+1Xn+1)+d( n+1’ )
n+l) 2

)< Ad (%, 40 %, );

If U, .0 (XX , then

d(X,, X, )=d(X, X, )<= [d (X TouaXin ) +d (X ToX0) |

n+1! 'n"*n
2 , A
sz[d(xn,xn)+d(XM,XH)JSE[d a %)+ (% X ) |
s’;d(x x_1)+1d( X1 %o )

hence

d (Xn ’ Xn+1) d (Xn ! Xn+1) /Id (Xn—l’ Xn )
Therefore, in any situation, we have
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d (X, %) < Ad (%4, %,) forall neN.

But d (X, Xy )+d (X1, X1 ) = d (X, X}, ) , hence we obtain
d (X Xy, ) <d (X, X0, ) < Ad (X, 4, %, ) forall neN.

Case Ill. x,€Q and x,,€P. In this case, x,, P by the property of P and Q, and X, #X/,,
Xovg = Xrg s nleTx and X, € T,,1%",1 - And we have

n+1 n+1"n+1"

d(xn'Xn+1):d(X Xn+1) ﬂ’un,n+1(x Xn+1)

where

un n+1(X Xn+1) {d(xn Tan)+d2( n+1’ Tn+1xn+1)’d(xn Tn+1Xn+1)2+d( n+1? Tnxn)}.
Here, we give two basic properties:
1)since x, €Q, so d(X, ;. %, )+d(x,,x)=d(x,_,,x ), andhence d(X,;,%,)<d(X, ;X );
2) since
d (X Xy ) < (X0, X0 )+ 0 (X0, X000 ) < d (X, X, )+ d (X0, X ) +d (X0, X ) =d (X X0 ) +d (X, X040 ) s
hence d (x,,%,.1) =0 (X, %) <d (X, %,..).

d(x,T d(x
If un!nJrl(X'f"Xr'Hl) (Xn nxn)+ 2( n+l? n+1Xn+1)

, then
, A
d (Xn Xn+l) d (X Xn+1) 2 [d (Xn Tn Xn )+ d ( n+1? Tn+1xn+l ):|

A
<2[a065)+ 0 (x00%,)],

hence by 2),

d (X, Xouy ) =0 (X3, X)) <

So by Case 11, we obtain

d (X, Xy ) < ;J_r—jd(x " xn)</1(22_+j)d(xn 2 X,y) forall neN,n>2
T T
If un,ml(xr: erHl)_d(Xn n+1Xn+l)2+d( n+1? nxn) then
, A
d(xn Xn+1) d(X Xn+1) E[d( Tn+1Xn+1)+d( n+1? Tan):|

_—[d (X% )+ 0 (Xpgs Xy ) | < —[d (X0 X, )+ 0 (% g % ) +d (X0 %) ]

gg[d (X0 X0 )+ (X0, X1 ) ]

hence by 2),
d(xn,xm)—d(xnfl,xr")g%[d(x;,xn71)+d(xm,xn)]
So by Case Il again, we obtain
A2+ 4
d (%, %) < %d(xn_l,xg)s (2_+/1)d(xn_2,xn_l) forall neN,n>2.

Hence in any situation, we have
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A2+ A4
d(35,) < 222

Therefore, from Case |, Case Il and Case |11, we obtain

d(X, 5 %) forall neN,n>2.

A2+ 4

d (X, X ) < (2 +/1 )max{d(xnfl,xn)d(xnfz,xnfl)} forall neN,n>2.

A(2+4) 317
2-1 2

,then 0<h<1 since Ae ( J hence we have

d (X, %, ) < hmax{d (%, 1,%,)d (X, ,.X,;)} forall neN,n>2,

SO

d(xn,xml)shflmax{d(xz,xl)d(xl,xo)} forall neN,n>2.
Let 5=h"max{d(x,,%).d(X,%)} thenfor m>n=N=>2,

d (% %, ) S0 d (%, %) <D d(%,%,) <Y h?6 >0 as N —>oo. Hence {x,} . is a Cauchy

sequence. Since X is complete, {x,} has a limit x". But K is closed and x, €K forall neN, hence
X eK.

By the property of P and Q, we can see that there exists an infinite subsequence {Xnk+l} of {xn} such
that x, ., €P, hence X, = x;wl and X, €T, X, .1

Next, we will prove that x™ is a common fixed point of {T,} . .Fixany ieN, for each fixed zeTX,
there exists jeN suchthat X €T;z. Take an enough large k e N suchthat n, +1>i and n, +1> j.By
Lemma 1.2 3) and (1), we have

d (Tix*,x*) <d (Tix*,xnk+1)+d (xnkﬂ, x*) <d (z, Xnk+l)+d (xnwl,x*),
and
d (z,xnkﬂ) < ﬂuj'nkﬂ(z,xnwl),
where

d(Z T Z)+d( ny +1 nk+lxnk+1) d(Z Tﬂk+l nk+1)+d(xnk+l’TjZ>
2 ! 2 '

uj,nk+l(z’xnk+l) <

If uj,nk+1(z’xnk+1):d<Z’TjZ)+d(;nWl,Tnkﬂxnkﬂ), then

d(Tix*,x*) g[d(z T, z)+d( st T s2%n +1)}+d(xnwl,x*)gg[d(z,x*ﬁd( st X, )J+d( o +1,x*).

Let k — oo, then d(Tix*,x*)sgd(z,x*) since x, — X", hence

d(Tix*,x*)gginfmix*d(z,x*):gd(Tix*,x*). So d(T,x',x")=0 since A<1, therefore X eTx" by

Lemma 1.2 1).
If uj,nk+1(zlxnk+1)=d(Z’Tn“lxn”l);d( ne ‘Z),then
(1) 5 (2T )+ (5, 0 Ti2) ] )
gg[d(z,xnk)+d(xnk+1,x*)}+d(xw,x*).
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Let k — oo, then d(Tix*,x*)égd(z,x*) since x, — X, hence similarly, x eT.x".

So in any situation, X" T,x" forall ieN,so X" isacommon fixed pointof {T;} . .
If x" and y" are all common fixed points of {T;} _ ,thenwe will have

d (x*, y*) <Au, (x*, y*),
where

) [ SE TV T) 80T )-8 )

It u,(x,y")= (X Tx)+d (v o) ,then d(x",y")=0, hence X" =y;
2

» o (T )Hd(y T R ¥ R -
If ul’z(x,y): ( 2 )2 ( 1 ), then d(x,y)SE[d(x Ty )+d(y,T1X )]:ﬂd(x,y),
hence d(x* y*)—O since 2<1,50 X =y

Hence in any situation, X =y .So X" is the unique common fixed points of { }I .

If the mappings in Theorem 2.1 are all single-valued, then Theorem 2.1 becomes the next form.

Theorem 2.2. Let K be a nonempty closed subset of a complete metrically convex space (X,d) with
intK = , {Ti : X —>X}ieN a countable family of surjective single-valued mappings such that for any
i,jeN with i<j,any x,ye X,

d(xy)<Au (% y), 2
d(x,T,x)+d(y,T;y) d(x,T;y)+d(yTx _
where ui,j(x,y)e{ ( )2 v ]y), ( ’y)2 b )} and ie(o,?”T*/ﬁJ is a constant number.

Furthermore, if T, Kc‘gﬂaK = forall ieN, and for each ieN and peK, there exists jeN such
that p=TT,p,then {T,} . hasaunique common fixed pointin K.

From Theorem 2.2, we can obtain the following more generalized common fixed point theorem.

Theorem 2.3. Let K be a nonempty closed subset of a complete metrically convex space (X,d) with

iNtK =g, {T;: X > X a family of subjective single-valued mappings, {mi,j}, -, a family of positive
integral numbers such that féF any i,i,.jeN, xyeX , he
d(xy)<Au ;. ;(xY), 3)
d(x T, 00x)+d(y, T2 y) d(xT%y)+d(y,T," _
where u,; (xy)e ( ek )2 ( ) ( ok )2 ( v ) and le[O,3+—\/ﬁJ is a

constant number. Furthermore, if 1) T'"'J (Kc)ﬂaK @ forall ieN, 2) for each i,jeN and pe X,
there exists i, e N such that p= Tm'le wip, 3) for each i, iy, u,veN with g=v, T, T =T T

[ I, 1 g,V b, v h,u

Then {Ti ~_ hasaunique common flxéd pointin K. o o
Proof Fix’ j eN,and let § ;= ,m," , then {SI J} satisfies all of the conditions of Theorem 2.2, hence
S,  hasan unique common flxed pomt p; in K. Now, we will prove that p; is also unigue common

fixed | point of T }.EN I fact, for any fixed ieN,
Siyl.(Ti'j(pj)):Tiyn}'vj (Tiyj(pj)):Ti,j(Tiv"}"’(pj)):Ti,j(Si,j(pj)):Ti'j(p) This means that T, (p;) is a

fixed point of S, . Forany keN with k=i, there exists k'e N such that s, ;S (T,;(p,))=T,;(p))
by 2), and by (3) we have that

d (Ti,j (P;) Sk (Ti,j (P, ))) < Al (Ti,j (p;):Ss (Ti,j (p; )))

where
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Uk kg (Ti,i (Ps):Se; (Ti,j (py )))
d (Ti,j (p;).Ss (Ti,j (p; ))+ d (Sk.j (Ti,j (p; ))) Sw.j (Sk,i (Ti.j (P, ))))

S ’

If ukvk,j(Ti‘j(pj), i )) 0, then d( i(p;), SkJ(T,J(p ))) 0, hence T, (p;)= Sk,j(Ti'j(pj));
IT Uy (Ti,j(pj) ) ( kJ(T'J(p ))) then
d(Ti,j(pi)’Sk,J(Ti,j(pi)))g/ld(Ti,i(pj)'sk,j(TnJ(p ))) hence T, ;(p;) =S, (T, (p;))-

Hence in any situation, we have that T..(pj) is a fixed point of S, for each k with k=i. So
, i(p;) is acommon fixed point of {S ,J} - By uniqueness of common fixed points of {s: j}_ , we have
T.;(pj)=p; foreach ieN.Hence p; is7a common fixed point of {T

If u; and v, areall common fixed points of { 'J}. , then they are also common fixed points of {si } ,
hence by the unlqueness of common fixed points of fg, ]} oo we obtain u; = p; =v; . This means that for
each jEN,{T”}i has a unigue common fixed point p .

Now, we prove p,=p, for each xveN. In fact, for any i,i,,u,veN with g=v, since
Tw(p#): p, and T, ,(p,)=p,,50 T,, (Tiz,v(pv))='ril'”(pv), hence
T, (Til,,,(pv))=Ti1,y (Tiz,v(pv)):Til,,u(pv) by 3). Therefore, T, ,(p,) isafixed point of T, , for each i,,

[%

ie, T,,(p,) isacommon fixed point of {T, V}Ize - But {T, }izeN has a unique common fixe point p,,
hence Tw(pv): p, for each i, and therefore p, is a common fixed point of {Til”u}ilel\!. But {TW}ileN

has a unique common fixed point p,, hence p,=p,. Let p = p;, then p~ is the common fixed point of

T j}_ . The uniqueness of common fixed points of {Ti J.}_ s obvious.
10, jeN 1), jeN

Funding
This work was supported by the National Natural Science Foundation of China (No. 11361064).

REFERENCES
[1] N. A. Assad, “On Fixed Point Theorem of Kannan in Banach Spaces,” Tamkang Journal of Mathematics, Vol. 7, 1976, pp.
91-94.

[2] N. A. Assad, “Fixed point Theorems for Set-Valued Transformations on Compact Sets,” Bolletino della Unione Matematica
Italiana, Vol. 7, No. 4, 1973, pp. 1-7.

[3] N. A. Assad and W. A. Kirk, “Fixed Point Theorems for Set-Valued Mappings of Contractive Type,” Pacific Journal of Ma-
thematics, Vol. 43, No. 3, 1972, pp. 553-562. http://dx.doi.org/10.2140/pjm.1972.43.553

[4] X. Zhang, “Common Fixed Point Theorem of Lipschitz Type Mappings on Convex Cone Metric Spaces,” Acta Mathematica
Sinica (Chinese Series), VVol. 53, No. 6, 2010, pp. 1139-1148.

[5] M. Abbas, B. E. Rhoades, et al., “Common Fixed Points of Generalized Contractive Multivalued Mappings in Cone Metric
Spaces,” Mathematical Communications, Vol. 14, No. 2, 2009, pp. 365-378.

[6] S.L.Singhand B. Ram, “Common Fixed Points of Commuting Mappings in 2-Metric Spaces,” Mathematical Semester Notes,
Vol. 10, 1982, pp. 197-207.

OPEN ACCESS APM


http://dx.doi.org/10.2140/pjm.1972.43.553

24 Y. X JIN ET AL

[71 Y.J.Piaoand Y. F. Jin, “New Unique Common Fixed Point Results for Four Mappings with ® -Contractive Type Theorems
in 2-Metric Spaces,” Applied Mathematics, Vol. 3, No. 7, 2012, pp. 734-737.
http://dx.doi.org/10.4236/am.2012.37108

[8] M.S. Khan, H. K. Pathak and M. D. Khan, “Some Fixed Point Theorems in Metrically Convex Spaces,” Georgian Mathemat-
ical Journal, Vol. 7, No. 3, 2000, pp. 523-530.

[9] S. K. Chatterjea, “Fixed Point Theorems,” Comptes rendus de I'Académie des Sciences, Vol. 25, 1972, pp. 727-730.

[10] O. Hadzic, “Common Fixed Point Theorem for a Family of Mappings in Convex Metric Spaces,” Univ. U. Novom Sadu, Zb.
Rad. Prirod. Mat. Fak. Ser. Mat., Vol. 20, No. 1, 1990, pp. 89-95.

[11] Y. J. Piao, “Unique Common Fixed Point Theorems for a Family of Non-Self Maps in Metrically Convex Spaces,” Applied
Mathematics, Vol. 22, No. 4, 2009, pp. 852-857.

[12] Y. J. piao, “Unique Common Fixed Point Theorems for a Family of Quasi-Contractive Type Maps in Metrically Convex Spac-
es,” Acta Mathematica Scientia, Vol. 30A, No. 2, 2010, pp. 487-493.

[13] J. R. Wu and H. Y. Liu, “Common Fixed Point Theorems for Sequences of @ -Type Contraction Set-Valued Mappings,”
Chinese Quarterly Journal of Mathematics, VVol. 24, No. 4, 2009, pp. 504-510.

OPEN ACCESS APM


http://dx.doi.org/10.4236/am.2012.37108

