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ABSTRACT

We introduce nil 3-Armendariz rings, which are generalization of 3-Armendariz rings and nil Armendaiz rings and in-
vestigate their properties. We show that a ring R is nil 3-Armendariz ring if and only if foranyn e N, T, (R) is nil

3-Armendariz ring. Also we prove that a right Ore ring R is nil 3-Armendariz if and only if so is Q, where Q is the clas-

sical right quotient ring of R . With the help of this result, we can show that a commutative ring R is nil
3-Armendariz if and only if the total quotient ring of R is nil 3-Armendariz.
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1. Introduction

Throughout this article, R denotes an associative ring,
not necessary with identity. Given a ring R, the poly-
nomial ring over R is denoted by R[x]. The study of
Armendariz ring was initiated by Armendariz [1] and
Rege and Chhawchharia [2]. A ring R is called Armen-
dariz if whenever polynomials
f(x)=a,+aXx+--+a,x",

g(x)=by +bx+---+b x" eR[x] satisfy
f(x)g(x)=0, then ab; =0, for all i, j. (The con-
verse is always true.) Some properties of Armendariz
rings have been studied in Rege and Chhawchharia [2],
Anderson and Camillo [3], Kim and Lee [4], Huh et al.
[5], and Lee and Wong [6]. Suiyi [7] introduced the no-
tion of 3-Armendariz ring. A ring R is called a 3-Ar-
mendariz if whenever polynomials
f(x)=a,+ax+--+a,x",

g(x)=hy +bx+---+b x",

h(x)=c, +cx+--+c X" eR[x] satisfy
f(x)g(x)h(x)=0, then ab,c =0, for all i, jk.
Due to Ramon Antoine [8], a ring R is said to be nil
Armendariz if whenever two polynomials
f(x),g(x)eR[x], satisfy f(x)g(x)enil(R)[x]
then ab e nil(R), forall ae coef (f(x)) and

b e coef (g(x)). There is a nil Armendariz ring but not
Armendaiz by [8, Example 4.11]. A ring R is called
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reduced if it has no nonzero nilpotent elements. Armen-
dariz rings are thus a generalization of reduced rings, and
therefore, nilpotent elements play an important role in
this class of rings. There are many examples of rings
with nilpotent elements which are Armendariz. In fact, in
[3], Anderson and Camillo prove that if n>2, then
R[X] (x” is an Armendariz ring if and only if R is
reduced. In [9], Liu and Zhao introduced weak Armen-
dariz rings as a generalization of Armendariz rings. A
ring is weak Armendariz if whenever the product of two
polynomials is zero then the product of their coefficients
is nilpotent. In [10], Wu Hui-feng introduced the con-
cept of weak 3-Armendariz ring as a generalization of
3-Armendariz rings and weak Armendariz ring and in-
vestigated their properties. A ring is weak 3-Armendariz
if whenever the product of three polynomials is zero then
the product of their coefficients is nilpotent. Motivated
by results in Suiyi [7], Liu and Zhao [9], Antoine [8],
Kim and Lee [4], Rege and Chhawchharia [2], and Wu
Hui-feng [10,11], we investigate a generalization of nil
Armendariz rings and 3-Armemdariz rings which we call
nil 3-Armendariz rings.

2. Nil 3-Armendariz Rings

If R isaring, nil(R) denotes the set of all nilpotent
elements in R, and if f(x)eR[x], coef(f(x))
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denotes the subset of R of the coefficients of f( )-

Condition (P): For all abceR, if (abc) =0,
then abc=0. (See[7])

Lemma 2.1. [11, Proposition 1]. If R is a reduced
ring, then R satisfies the condition (P), but the con-
verse is not true.

Lemma 2.2. [7, Theorem 1]. If a ring R satisfies
condition (P), then R is a 3-Armendariz ring.

Proposition 2.3. Let R be a ring such that
nil(R)<R. If f(x)g(x)h(x)enil(R)[x], then
abc e nil (R) forall aecoef  f(x)),

b e coef (g(x)) and c e coef (h(x)

Proof. Observe that R/nil(R) is reduced. By Lem-
ma 2.1, R/nil R) satisfies condition (P) and by Lem-
ma 22, R/nil(R) is 3-Armendariz. ~Suppose
f(x)g(x)h(x)enil(R)[x]. Then, if we denote by

f(x ,g(x) h( )_ the correspondlng polynomials |n
R/l (R)[x],  f(x)a( xlh( =0. Since R/nil(R
is 3-Armendariz, abt=0 for all aecoef (f(x )

b e coef (g(x)), and € ecoef (h(x)). Hence abc
is nil for all "aecoef (f(x)), becoef(g(x)) and
¢ e coef (h(x)).

Wu Hui-feng gives the following generalization of
3-Armendariz rings.

Definition 2.4. [10, Definition 1]. Aring R is said to
be a weak 3-Armendariz ring if whenever polynomials
f(x),9(x),h(x)eR[x], satisfy f(x)g(x)h(x)=0,
then abc e nil(R) for all
a e coef (f(x)), becoef(g(x)) and cecoef (h(x)).

Clearly, 3-Armendariz rings are weak 3-Armendariz.
We now present here a stronger condition, given by the
property obtained in Proposition 2.3.

Definition 2.5. A ring R is said to be nil 3-Armen-
dariz if whenever polynomials
f(x),9(x),h(x)eR[x], satisfy
f(x)g(x)h(x)enil(R)[x] then abcenil(R) for all
aecoef (f(x)), becoef(g(x)) and
¢ e coef (h(x)

Observe that if nil(R)<tR then by Proposition 2.3,
R is nil 3-Armendariz. More generally we obtain the
following.

Proposition 2.6. Let R be a ring that satisfies the
condition (P), and I<R a nil ideal. Then R is nil
3-Armendariz if and only if R/I is nil 3-Armendariz.

Proof. We denote R=R/I. Since | is nil, then
nil(R)=nil(R). Hence f(x h(x) e nil
if aEan) only(?f) f_l(—ix)g‘(x)ﬁg ;e(nll)(i)fx] A(\nd)[ |]f

aecoef (f(x)), becoef(g(x)) and
c ecoef (h(x)) then abce nll( ) if and only if
abc e nil(R). Therefore R is nil 3-Armendariz if and
only if R is nil 3-Armendariz.

The next results can be proved by using the technique
used in the proof of [8, Lemma 2.5, Lemma 2.6].

Lemma 2.7. Let R be a nil 3-Armendariz ring and
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n>3. f.(x), f,(x),--, f,(x)eR[x] such that
f,(x)f () £, (x)enil(R)[x], thenif
akecoef( (x)) for k=1--,n, we have
a,a,-a, enll( )-
Lemma 28. If R is a 3-Armendariz ring then

nil (R)[x] < nil (R[x]).

Proposition 2.9. If R is a 3-Armendariz ring then
R is nil 3-Armendariz.

Proof. Suppose f(x),g(x),h(x)eR[x] be such

that f(x)g(x)h(x)enil(R)[x]. Since R is 3-Ar-
mendariz, by Lemma 2.8, f(x)g(x)h(x) is nilpotent
and there exists n>1 such that
(f(x)g(x)h(x))" =0. Hence,since R is
3-Armendariz, for all a e coef ( f (x)),
b e coef (g(x)) and cecoef (h(x)) by choosing the
corresponding coefficient in each polynomial, we have
abcabc---abc=0 and thus, abcenil(R). Therefore
R is nil 3-Armendariz.

Proposition 2.10. The class of nil 3-Armendariz rings
is closed under finite direct products.

Proof. Let R= R, be the finite direct product
of R, where ﬂr!lg ~,p}, Ry is nil 3-Armen-
dariz. Suppose f(x)g(x)h(x)=0 for some polyno-
mials f(X)=a,+ax+-+ax",
g(x):b0+blx+--~+bmx”‘,
h(x)=c, +cXx+---+¢.X" € R[x], where
a =(aga,a,), b =(by,b.by),

*Hip )0
C =Cy1sCipr- ckp), are elements of the product ring

R. set f(x)=X1 ax, g,(x)= Z b x’

( ) zko X ER[X] (X)g(X)h(X):O

then D .. &bic,=0 0<I<n+m+r. So

Zi+j+k:|(ailb'1ckl’ "1 %pTp
Yo (3DC6 ) =0, 1< s < p. Thus

f (x)g, (x)h,(x)=0 in R[x], 1<s<p. Since R
is nil 3-Armendariz, then we have agb,.c, enil(R;).
Now, for each i, j,k, there exist positive integers m.

such that (ab, cks) " —0, inthering R,

is™ js

and

Since

a,b;,¢,,) =0, andso

ijks
1<s<p.

If we take my, = max{ ks -

(1<s< p} then it is clear

that (a,sbjscks)mijk =0. Therefore ab,c, enil(R). This
means that R is nil 3-Armendariz.

Lemma 2.11. Let S be a subring of R.
nil 3-Armendariz. Thensois S.

Proof. Let f(x),g(x),h(x)eS[x], be such that
f(x)g(x)h(x)enil(S|x]|). Then

fEx;gEx;hE ;eniIERix . Since R isnil
3-Armendariz, then ab,c, enil(R), i.e,

(absc )™ =0 —ab, ¢ €nil(S). This means that S
is nil 3-Armendariz.

If R is
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We denote by T, (R) the ring consisting of all n-by-n
upper triangular matrices over R. In [10, Theorem 1],
showed that R is a weak 3-Armendariz if and only if
T,(R) is a weak 3-Armendariz ring for all n e N. Here
we have a similar results for nil 3-Armendariz rings.

Proposition 2.12. Let R be a ring. The following
conditions are equivalent:

1) R isnil 3-Armendariz;

2)forany n, T, (R) isnil 3-Armendariz.

ET AL.
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Proof. (2)=(1) We note that any subring of nil
3-Armendariz rings is nil 3- Armendariz by Lemma 2.11.
Thus if T,(R) is nil 3-Armendariz ring, then so is R.
()=(2) Let f(x)= A +Ax+--+AX",
9(x)=B, +Bx+---+B,x%, and
h(x)=Cy+Cx+---+Cyx" be elements of T, (R)[x].
It is easy to see that there exists an isomorphism of rings
T,(R)[x] > T,(R[x]) define by:

. . . . p [ p i i p i i p iyl
a; a, ay a, -0 X i=0 212X i=0 413X i0 X
0 aizz aiz3 aizn 0 ip=oal22xI ip:OaIZBXI ip:OaIZnXI
p i i i i i i
iol 0 0 ag - @ X 0 0 ip:Oa33X ip:oasnx .
0 0 0 ay, 0 0 0 P Al X
Assume that f (x)g(x)h(x)enil (T, (R)[x]). Let
a, e, a oa,) (B bl bl o b ch oo och oooc
O alzz aI?S algn 0 b212 b213 bZJn Cl2<2 C12<3 Clz(n
A=l0 0 aj a, [»B;=| 0 0 aj bj {andC,=| 0 0 ck cs,
0 0 O a 0 0 O b 0 0 0 - ¢
Then
i':':(Ja:Ii.lXi Ziioalizxi ip:oatli.3xi i'):(Ja:Ii.nXi
O ip:oaizzxi Zip:oaiZSXi ip:oaiZnXi
o 0 ipzoaé?:xi ip:()aénxi
0 0 0 "X
?:obljlxj ?:obljzxj (}:obljBXj (}:obljnxj
0 Tobhx! >0 bhx] 1ol X!
X 0 0 (}:Ob?faxj ‘}:Obsinxj
0 0 0 1 obmx!
d d d d
ZkZOCﬁXk Zk:ocfzxk Zk:oclk3xk Zk:oclknxk
d d d
0 Zk:oCIZ(ZXk Zk:oC;3Xk Zk:ocgnxk
d d
x 0 0 > o CagX" > o CanX
dk k
0 0 0 zkzocmx
corresponds a polynomial with coefficients in niI(Tn(R)) under the isomorphism
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;’rqd(R)[x] > T,(R[x]). Because T,(R)[x]=T,(R[x])

nl(Rf R R

0 0 nil (R)
(aliblct )™ *
Mijk 0 (aizz szz C;z )mijk
(A )™ -
0 0

Thus, ((AB]Ck )mijk )n =0 andso

AB,C, enil(T,(R)). This shows that T,(R) is nil
3-Armendariz.

Corollary 2.13. If R is a 3-Armendariz ring, then,
forany n, T, (R) isnil 3-Armendariz ring.

In [10, Corollary 1], it is shown that a ring is a weak
3-Armendariz ring if and only if R[x]/(x”) is a weak
3-Armendariz ring, where (x”) is the ideal of R[x]
generated by x" and n is a positive integer. For nil
3-Armendariz rings, we have the following result.

Proposition 2.14. Let R be aring and n any posi-
tive integer. Then R is nil 3-Armendariz if and only if
R[x]/ﬁx” is nil 3-Armendariz, where (x”) is the
ideal of R[x] generated by x".

Proof. As R[x]/(x”); S where

8 & - 8y

0 a4,

an—z -
S= la, eR,i=01--,n-1

0 0o - aO

is a subring of T (R). If R isnil 3-Armendariz, then,
by Proposition 2.12, we have that T,(R) is nil 3-Ar-
mendariz, and so is S. Thus, R x/(x“ is nil
3-Armendariz.  Conversely, if R[x] &x“ is nil
3-Armen- dariz, then R as a subring of [x /(x”), is
nil 3- Armendariz too.

Corollary 2.15. Aring R is nil 3-Armendariz if and
only if the trivial extension T(R,R) is nil 3-Armen-
dariz.

Proof. It follows from Proposition 2.12.

From Proposition 2.12, one may suspect that if R is
nil 3-Armendariz then every n-by-n full matrix ring
M,(R) over R is nil 3-Armendariz, where n>2.
But the following example erases the possibility.

Example 2.16. Let R bearing and let
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we have

for s=1,2,---,n.

Since R is nil 3-Armendariz, there exists my, € N
such that (alblck)™ =0 forany s and any i, j.k.
Let my = max{smijkl,m.jkz,-~- m Then

i v jkn f

0 * *

* 00 *

" = . E . *

(ai bl ¢ )”‘ijk 00 -0
S=M,(F). Let

003 oo o)
9(X)=((1) 2}"“("):[(1) (1)]{—01 —Oljx

be polynomials in S[x]. Then f(x)g(x)h(x)=0.

R

is not nilpotent. Thus S is not nil 3-Armendariz. Now
we can give the example of nil 3-Armendariz rings which
are not 3-Armendariz.

Example 2.17. Let R be a nil 3-Armendariz ring.
Then the ring

a a, a3 - 4,

0 a a; - a,
R,=40 0 a - a|agceR
06 0 0 - a

is not 3-Armendariz by [7, Example 4], for n>4, but
R, is a nil 3-Armendariz ring by Proposition 2.12, be-
cause R, isasubringof T, (R).

Proposition 2.18. Let R be aring and e an idem-
potent of R. If e is central in R, then the following
statements are equivalent:

1) R s nil 3-Armendariz;

2) eR and (1-e)R are nil 3-Armendariz.

Proof. (2)=(1). Is obvious since eR and (l—e)R
are subrings of R.

(1)=(2). Note that R=eR®(1—e)R as rings. Thus
the result follows from Proposition 2.10.

In [5, Theorem 11], it was shown that if | is a re-
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duced ideal of R such that R/I is Armendariz, then
R is Armendariz. In [10, Proposition 4], it is shown that
if R/1 is a weak 3-Armendariz ring, then so is R,
where | is a nilpotent ideal of R. We show that this
result also holds for nil 3-Armendariz rings in the fol-
lowing.

Proposition 2.19. Let R be aring such that R/l is
a nil 3-Armendariz ring for some proper ideal | of R.
If 1 <nil(R), then R is niI3Armendariz

Proof. Let f(x)=Y ax 9(x)= ZJ hix,
h(x)=>, ,&X €R[x] such that
f(x)g(x)h(x)enil(R)[x]. Then

(2 ax (X5 obyx! )(ZhoBex ) enil (R/1)[x].
Since R/l is nil 3-Armendariz, we have that
ab,C, enil(R/1). Hence ab,c, el. Since

I cnil(R), then ab,c, enil(R). This means that R
is a nil 3-Armendariz ring.

Anderson and Camillo in [3, Theorem 2], prove that a
ring R is Armendariz if and only if the polynomial ring
R[x] is Armendariz. Yang Suiyi [7], prove that a ring
R is 3-Armendariz if and only if the polynomial ring
R[x] is 3-Armendariz. In [11], it is shown that if R is
reduced ring, then R[x] and R[[x]] is 3-Armendariz
ring. For nil 3-Armendariz rings we will give the follow-
ing results.

Proposition 2.20. If R is nil 3-Armendariz, then
niI(R[x])gniI(R)[x]. _ k

Proof. Suppose f(x)e nil(R[x]) and fo) =0.
By Lemma 2.7, we have that a,---a, €nil(R) where
a ecoef (f(x)) for i=1--k In particular, for
every a e coef f), a“ is nilpotent. Therefore
aenil(R) forall aecoef (f(x)) andhence
f(x)enil(R)[x].

Theorem 2.21. If R is a 3-Armendariz ring, then
R[x] is anil 3-Armendariz ring.

Proof. Let R be 3-Armendariz ring. Then by [7,
Theorem 3], R[x] is 3-Armendariz. Thus by Proposi-
tion 2.9, R[x] is nil 3-Armendariz.

Proposition 2.22. Let R be a reduced ring. Then
R[[x] is a nil 3-Armendariz ring.

Proof. It follows from the method in the proof of [11,
Theorem 1].

Corollary 2.23. If R is a reduced ring, then R[x]
is a nil 3-Armendariz ring.

Recall that an element u of aring R is right regu-
lar if ur=0 implies r=0 for reR. Similarly, left
regular elements can be defined. An element is regular if
it is both left and right regular (and hence not a zero di-
visor).

A ring R is called right (resp., left) Ore if given
a,beR with b regular, there exist a,b e R with
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b, regular such that ab, =ba, (resp., ba=ab). Itisa
well-known fact that R is a right (resp., left) Ore ring if
and only if the classical right (resp., left) quotient ring of
R exists.

Lemma 2.24. If f(x)enil(R)[x], then for any
central element 2R, Af(x)enil(R)[x].

Proof. Set f(x)=a,+ax+---+a,x". Then
a enil(R). Thus Aa enil(R). This means that
/1f (x) enil (R)[x].

Theorem 2.25. Let R be a right Ore ring with the
classical right quotient ring Q. If all right regular ele-
ments are central, then R is nil 3-Armendariz if and
onlyifsois Q.

Proof. It suffices to show by Lemma 2.11, that if R
is nil 3-Armendariz rings so is Q. We apply the proof

of [5, Theorem 12]. Consider f (x)=>" &X',

2B h(x) = 7x“ eQ[x], suchthat

9(x)=

f(x)g(x)h(x)enil(Q)[x]. ByI[12, Proposmon
2.1.16], We can assume that ¢, —au
B

bv?, 7 =cw™ with a,b ckeR for all
and a right regular elements u,v,weR. Put

Lk
( ) Zizoaix’¢( ) Z, obJXJ
w(x)=

> oCX“ €R[x]. Thenwe have
f(x)g(x)h(x) e nil (Q)[x]
S A
_Zn+m+r(zw+k Jau 1bv C,W )xp
_zn+m+r(z

= ¢ (x) o (x)y () (uw) ™.

Since ¢(x)(p(x)y/(x)(uvw)71€nil( [x], by
Lemma 2.24, #(x)o(x)w(x)enil(R)[x]. Since R
is nil 3-Armendariz, ab,c, enil(R) for each i,jk
and so
By, =au by ew? =ab.c, (uw) " enil(Q), for
all i, j,k. Therefore Q is nil 3-Armendariz ring.

Corollary 2.26. Let R bearingand A be a multi-
plicative closed subset in R consisting of central regu-
lar elements. Then R is nil 3-Armendariz rings if and
only if A™'R is nil 3-Armendariz rings.

Corollary 2.27. A commutative ring R is nil 3-Ar-
mendariz if and only if so is the total quotient ring of R.

Proof. It suffices to show the necessity by Lemma
2.11. Let A be the multiplicative closed subset of all
regular elements in R . Then AR is the total quotient
ring of R and hence the result holds by Corollary 2.26.

The ring of Laurent polynomials in X, with coeffi-
cientsinaring R, consists of all formal sum

i+ eksp 101G (UVW) )x”
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>, mx  with obvious addition and multiplication,

where m eR and k,n are (possibly negative) inte-
gers and denote itby R| x;x" |.

Corollary 2.28. Let R bé a ring. R[x] is nil 3-
Armendariz if and only if R[x; x‘lﬁ is nil 3-Armen-
dariz.

Proof. It suffices to establish necessity since R[x] is
a subring of R[xx*]. Let A={Lxx*-} then
clearly A is a multiplicatively closed subset in R[x]
consisting of central regular elements. Note that
R x;x‘lj:A‘lR[x]. If R[x] is nil 3-Armendariz, so
is A™R[X] by Corollary 2.26.
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