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ABSTRACT

This paper mainly concerns oblique derivative problems for nonlinear nondivergent elliptic equations of second order
with measurable coefficients in a multiply connected domain. Under certain condition, we derive a priori estimates of
solutions. By using these estimates and the fixed-point theorem, we prove the existence of solutions.
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1. Formulation of Oblique Derivative
Problemsfor Nonlinear Elliptic Equations
of Second Order

Let Q be abounded domainin R" with the boundary
dQeC. (0<a<l1). We consider the nonlinear elliptic
equation of second order

F(xu.D,u, Dju)zo in Q,
where U=u(X)=U(X,",Xy) .
Du= (ux‘, ), Dju= (u)qxj ) Under certain conditions, the

above equation can be rewritten in the form
N N
2 .
F (x, u,D,u, Dxu) = .Z}a"luwj‘ +lehux +cu-A=01in Q,
i,j= i=

(1.1)

where
a; = ;Fﬂij (x.u,p,zr)dz, b :L;Frn (x.u,7p,0)dr,
czngru(X,ru,0,0)dz', A=-F(x,0,0,0),
with
p=Du,r=Du,f =u,, .

In this paper, the notations are the same as in References
[1-8]. The main equation to be studied in this paper is

N N
-Zegjuwj +Zl“k%u)q +cu+G(xu,Du)=Ain Q. (1.2)

i,j=1

Open Access

Suppose that (1.2) satisfies the following conditions.
Condition C. For arbitrary functions u' =u'(x),

u* =u*(x)eCy(Q)NWS (Q) (0<B<1), let
u=u'-u’. Then

F(xu,DuDu)=>" au, +> hu, +cu-A
satisfies the following:

F (x,ul, DU, szul)— F(x,uz, DU, Dfuz)

F=D? u2+ru), f)zDX(u2+ru),L]=u2+ru.

Here a]j,f],(: satisfy the conditions

2

n N n
q02|51|2 < 2868, ng'Z|§j , 0<q, <1,
j=1 i,j=1 j=1
(1.3)
N e/ AT IN-1
Sgp|:i§1(aij) }/l%{;a‘} S4<NTN-T
8| <k [B] < ki =1 N Jg] < k.
sup€ < 0,L [A,é)<|< (1.4)
Q >Tp =Ny
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in which q,,0,k),k, p(>N+2) are positive constants.
Moreover, for almost every point xeQ and D]u,
a (x,u, D,u, Diu), b (xu,Du), €(xu) are
continuousin UeR, Due RN.

Moreover if the Equation (1.2) satisfies Condition C
and the function

N
G(xu,Du)=>B |u

=1

X |Gi +B, |ul™

satisfies
|B|<k,,i=0,L--,N, (1.5)

where ky,o;(i=0,1,---,N) are positive constants, then
we say that the Equation (1.2) satisfies Condition C'.

The motivation for the second formula in (1.3) may be
given as follows. It is enough to consider the linear
elliptic Equation of (1.1), namely

I;&,( X) Uy +§Q(X)uﬁ +e(x)u=A(x) in Q. (1.6)

Let (1.6) be divided by A=rinfyY "a,, where
is an undetermined positive constant, and denote

8,=a, /A0 =h/A(i,j=1,N),6=c/A, A= A/A

Then the Equation (1.6) is reduced to the form
N N . )
D4 (¥)u, , +>h (X)u, +E(x)u=A(x), ie
ij=1 =
N
Au:Zazu/aﬁ = Z[au( ) ]uxx,

—izlj:,: (X)u, —¢(x)u+A(x) in Q.

We require that the above coefficients satisfy

which can be derived from the condition in (1.3) with the
constant 7 =(2N —1)/(2N2 -2N —l) . In fact, we

consider
N N +1 :
Sgp.;q’ 2y Z N1 e
N ) N
Sgp.;a‘ 2 N+l Zl
<=+ -N, or ———— < f(7),
N 7 2N-1
T i%f{z":gl} lﬂf Z
i=1 i=l
for f(r)=2r+(1+2N-2N")z* J(2N-1). It is seen

Open Access

that the maximum of f(z) on [0,0) occurs at the
point r:(2N—l)/(2N2—2N—1), and the maximum

of f(r) equals

f((2N-1)/(2N” =2N-1))= (2N -1)/(2N* ~2N -1).
The above inequality with 7 =(2N —1)/(2N2 -2N —l)
is just the second inequality in (1.3), from which (1.7)
with 7=(2N-1)/(2N”~2N-1) holds.

Problem O. The so-called Problem O of an oblique
derivative boundary value problem is to find a con-
tinuously differentiable solution
u=u(x)eB’ = C, (Q) NW;(Q) of the equation that
satisfies the boundary conditions

Iu:%+o-u g(x),xedQ, ie

Iu=2dj §—u+au= g(x), xe Q.
j=1 j

Here d(x)=(d,(x),d,(X),"+,dy(x)) represents the
direction of v, and o(x) and g(x) satisfy the con-
ditions

C.[o(x).0Q]<k,.C, [d.(x),aQ]sko,
C.,[9(x).0Q]<k,,cos(v, 1) 20, >0, ¢>0,xedQ,
(1.9)

(1.8)

where x is the unit outward normal on
0Q,a(0<a<1),ky.k,, q,(0<q,<1) are
non-negative constants. Noting that Problem O with the
condition v=x,0=0 on 0Q is the initial-Neumenn
problem.

Theorem 1.1. If (1.2) satisfies Condition C and
A=0,G=0,g=0, then Problem O for (1.2) has the
trivial solution.

Proof. Let u(x) be one solution of Problem O. It is
easy to see that u(X) satisfies the following boundary
value problem

ZaJ m+2lqu +cu=0,xeQ, (1.10)
i,j=1
M 5(x)u=0, xedQ, (1.11)
ov

where g;,b,c are as stated in (1.2). Multiplying both
sides of (1.1) by u we obtain the following equation on
u’:

_Z"’\J( ) X

I]l

N N
- Zagjuwxj +>buu, +cu*=01in Q.
ij=l il
(1.12)

Noting that Condition C, if the maximum of u’
attains at an inner point By =x,€Q, and
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M, =|u(F{))|2 >0, there exists a small positive number
&, and we can choose a sufficiently small neighborhood
G, of R such that 2Juu[<s /NM,inG, and
(—supQ C)—[N/4q0 +ky /M, +1]g; >0, thus we have

Sau,u, —%Zlu i

i,j=1

N 2 N kO 2,.2
_ > _ JEN IO U
;huu& > q0§|u&| qu + Mo}gou ,

—cu’ 2|:—supC—8§:|U2,
Q

and then

Za” K Uy, 2{—sgpc—[l+£+l}go}u >0in G,.

i,j=1 qO Ile

On the basis of the maximum principle of the solution
u® for Equation (1.12), we see that u> cannot take a
positive maximum in Q. Hence u’(x)=0, namely

u(x)=0 in Q.

2. Estimates of Solutions of Oblique
Derivative Problemsfor Nonlinear Elliptic
Equations of Second Order

We begin with the estimates of the solutions of (1.2)
when G=0.

Theorem 2.1. Suppose that (1.2) with
G(xu,Du)=0 satisfies Condition C. Then any solu-
tion u(x) of ProblemO satisfies the estimates

C%(“né)ﬁ M, =M, (q,p.,5.k,Q), (2.1)
||u”\l\/22(Q) < MZ = Mz (qa p’ﬂ’ k,Q); (22)
where
ﬂ(0<ﬂga)’q:(q0’ql)’k:k(kg,kl,kz),Ml,Mz are

non-negative constants.

Proof. After substituting the solution u(x) into (1.2),
we see that we only need to discuss the linear elliptic
equation in the form

Zau XX +ZQU +eu=Ain Q. 2.3)

i,j=1

Below we will verify the boundedness of the estimate
of the solution u(x):

C'[uQ]<Mm,, (2.4)
where M; =M, (q, p,4,k,Q). Suppose that (2.4) is not

true, then there exist sequences of functions {a,.(j')},

NN PR RN -
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(14) and (1.9), such that {a'}, {n"}, {c"}, {A"}

weakly converge to aﬁ(jo), h(o), C(O), A(O),and {0'(')},

{g(')} uniformly converge to o', g(o) in Q and
0Q respectively, and the boundary value problem
N N

Salul) + 2Hu 4+ =AVinQ,  (25)

ihj=1 i=1

au(')
ov

+olu = g" (x) on 8Q, (2.6)

have solutions u(')(x)(lzl,Z,--‘) with unbounded

h!) = Hu(')“ . There is no harm assuming that h") >1

c'(Q)
and lim_ h"' =+, It is easy to see that
W/ s a
value problem
N N (1)
U O ) L~ A
Yallul) +3H +cy = inQ @7

]

solution of the following boundary

() ()
agv + oy =% on 8Q. 2.8)

Noting that Z. p VU™ in (2.7) are bound-
ed, and by using the method in Theorem 4.2, Chapter I1I,
[4], we can obtain the estimate

clﬂ(u(”,é)sm, u®

<M., 2.9
Lv;(o) > 29
where

B0<p<a),M;=M,(q,p,B.k,QM,)(j=45) are

non-negative constants. Hence from {U (')}, we can

choose a subsequence {U('k)} such that {U('k)},

{U (.Ik)} uniformly converge to U”,U n Q res-

X

pectively, and {Ugi?} weakly converge to quox)j in

Q, and U
value problem

is a solution of the following boundary

N
AUl +3H U+ =00nQ,  (2.10)
i,j=1 i=1
(0)
63 +c U =0 on aQ. (2.11)
14

According to Theorem 1.1, we can get B
U(O)( X)=0,xeQ. However, ~ from (o3 U('),Q]:l ,
there exists a point X €Q, such that

AM
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v () X
that (2.4) is true. Following the same procedure from (2.4)
to (2.9), we can derive the estimates (2.1) and (2.2).

In general we can prove the following theorem.
Theorem 2.2. Suppose that Equation (1.2) satisfies
Condition C'. Then any solution u(x) of Problem O
satisfies the estimates

Cylu.Q]< Mk, Jullz g < M.,
where (0<f<a),M,=M,(q,p,B.k,;,Q)(] :6,7).

arenon- negatlveconstants, & k +k, +k, with k in
(1.5), k, in(1.9),and k3:k0[zi'il|un|ai +|u|‘7°].

Proof. If k.=0, i.e. k =k, =k =0, from Theorem
2.1, it follows that u(z)=0,zeQ.If k. >0, itis easy
to see that U(z)=u(z)/k. satisfies the complex
equation and boundary conditions

U ;0) (X* )‘ > 0. This contradiction proves

(2.12)

N N A-G(x,u,D,u
Za”U)qXJ +ZQU& +cU _(T) Q.(2.13)
i,j=l i=l
oU g(x)
IlU=—"+0U=—"2, xedQ. (2.14)
ov k.
Note that
LP[AK,Q]gl,c;[g(z) Using
a proof similar to that of Theorem 2.1, we have
Cy[uQ] <My, ulz o <M. (2.15)

From the above estimates, it immediately follows that
(2.12) holds.

3. Solvability of Oblique Derivative
Problemsfor Nonlinear Elliptic Equations
of Second Order

Set Q :{X€Q|diSt(X,aQ)Zl/l}, where | isa
positive integer. We first consider another form of (1.2),
namely

Au= f' (x,u, Du,Dzu), f!

(.1)
_Au+Za,] - +Zhu +cuy—A inQ,

i,j=1

where the coefficients

I aii’ (. h, I C, I _ AinQ,
SRR HEE N IS

Theorem 3.1. Under the same conditions as in Theo-
rem2.1, if u(x) isa solution of Problem O for (3.1),
then u(x) can be expressed in the form

Open Access

u(x) =U (%) +V (%) =U (x) + v, (%) + v(x),

V(x)=Hp=[,G(x-¢)p(¢)de, (3.3)
=Y /NE-N)o,, N>2,
- 10g|x—4’|/27t, N =2,

where p(x)=Au, Q,={|{<R} withalargehere R
such that Q,>Q, and @, =2x"?/NT(N/2) is the
volume of the unit ball in R™. In the expression, V(x)
isa solution of Problem D, for (3.1), namely the Equa-
tion (3.1) in Q, with the boundary condition V(x)=0
on 9Q,. And U(x) is a solution of Problem O for
AU =0 in Q with the boundary condition (3.11) be-
low, which satisfies the estimates

o [U.Q]+ W o) Mo Ch [V Q0 [+ IV iz ) < M
(3.4)

where B(0<pg<a),M,=M,(q,p,5.k,Q)(j=10,11)
are non-negative constants with q=(g,,q) and
k=(ky.k.k;).

Proof. It is easy to see that the solution u(X) of
Problem O for Equation (3.1) can be expressed by the
form (3.3). Noting that & =0(i#j), b =0, ¢ =0,
A(x)=0 in R"\Q and V(X) is a solution of
Problem D, for (3.1)in Q,, we can obtain that V( )
in Q2| Q\Q2| satisfies the estimate

C2|: (X)=Q2I :| <M, = M12(qa p.A.k.Q )

On the basis of Theorem 2.1, we can see that U (X)
satisfies the first estimate in (3.4), and then V(X) sa-
tisfies the second estimate in (3.4).

Theorem 3.2. If Equation (1.2) satisfies the same
conditions as in Theorem 2.1, then Problem O for (3.1)
has a solution u(Xx).

Proof. We prove the existence of solutions of Problem
O for the nonlinear Equation (3.1) by using the Leray-
Schauder theorem. Introduce the equation with the para-
meter he[0,1]:

Au=hf'(x,u,Du,D’u) in Q. (3.5)

Denote by B,, a bounded open set in the Banach

space Wy (Q,)=C}(Q,)NW,*(Q,)(0< B <a), the ele-
ments of which are real functions V(x) satisfying the
inequalities

"V"w;(q,) = CL [V’aOJ + "V"sz(Qo)

with the non-negative constant M,, as stated in (3.4).

<M =M, +1, (3.6)

We choose any function V(X)eﬁ and substitute it
into the appropriate positions on the right hand side of
(3.5), and form an integral \7(X) =Hp as follows:

V(X)=Hp, px=AV. 3.7

Let V,(X) be a solution of the boundary value prob-

AM
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lemin Q:

AV, =0 on Q,, (3.8)

¥, (X)=—V(x) on 6Q,,

and denote by V(x)=V(x)+7,(x) the solution of the
corresponding Problem D, . Moreover on the basis of
the result in [4], we can find a solution U (x) of the

corresponding Problem O in Q:

(3.9)

AU =0 on Q, (3.10)
ouU ~ oV .
—+o(X)U =g(X)——+o(X)V on Q. 3.11
ro(U=g(x)-S+o(NondQ (1)
Now consider the equation
AV =hf'(x0,00,D°0 +DV),0<h<l,  (3.12)

where G=U +V . By Condition C and the principle of
contracting mapping, we can find a unique solution
V(x) of Problem D, for Equation (3.12) in Q
satisfying the boundary condition

V(x)=0 on 6Q,.

Denote u(x)=U (x)+V(x), where U is obtained
from V in the same way as getting U from V . De-
note by V :~S(\7, h),u =8 (\7,h) (O <h< l) the map-
pings from V onto V and u respectively. Further-
more, if V(X) is a solution of Problem O in Q, for the

equation

AV = hf' (x,u, Du,D*(U +v)),os h<l,

(3.13)

(3.14)

where u=S(V,h), then from Theorem 3.1, V(Xx)
satisfies the second estimate in (3.4), consequently
V(x)e B, . Set B, =B, x[0,1]. We can verify that the
mapping V :S<V,h) satisfies the three conditions of
Leray-Schauder theorem:

1) For every he[O,l],V:S(V,h) continuously
maps the Banach space B into itself, and is completely
continuous on B, . Besides, for every function
\7(X)e By S<\7,h) is uniformly continuous with re-
spectto he[0,1].

2) For h=0, from (3.6) and (3.12), it is clear that
V=5(V,0)eB,.

3) From Theorems 3.1, we know that
V= S<\7,h (O <h< l) satisfies the second estimate in
(3.4). Moreover by the inequality (3.6), it is not difficult
to see that the functional equation
V= S<\7,h) (0<h<l) does not have any solution
V(x) on the boundary 0B, =B, \ B, .

Hence by the Leray-Schauder theorem, we know that
Problem D, for (3.12) with h=1 has a solution
V(x)e B, , and then Problem O of system (3.5) with
h=1,i.e (3.1) has a solution

Open Access

u(x)=S(V,h)=U(x)+V(x)
=U (X)+V, (x)+Vv(x)eB.

Theorem 3.3. Under the same conditions as in
Theorem 2.1, Problem O for the Equation (1.2) has a
solution.

Proof. By Theorems 2.1 and 3.2, Problem O for (3.1)
possesses a solution U’ (X) , which satisfies the estimates
(2.1) and (2.2), where | =1,2,---. Thus, we can choose a
subsequence {u'k ( X)} , such that
{u'k (X)},{u'x:f (X)} (i=L-,N) in Q uniformly
0
%
Obviously, u’(X) satisfies the boundary condition of
Problem O. On the basis of the principle of compactness
of solutions for (3.1), it is casy to see that u’(x) is a
solution of Problem O for (1.2). Next we provide a
further discussion on the Equation (1.2), namely

F (x, u,D,u, szu) =-G(xu,Du) in Q,

converge to u’(x),uy (X)(i=1--,N) respectively.

N N (3.15)
F (x,u, D,u, Dfu) = 28U, + 2 hu, +cu-A
ij=1 i=1
with the boundary condition
2—u+o-(x)u:g(x) on 0Q. (3.16)
v

Theorem 3.4. Let the complex Equation (3.15) satisfy
Condition C".

1) When 0<o,,0,, 0, <1, Problem O for (3.15)
has a solution u(x)eW, (Q), where p, is a con-
stant as stated before.

2) When min(o,,0,,--,0)>1, Problem O for
(3.15) hasasolution u(x)eW, (Q), provided that

M, =L,[AQ]+C[g.0Q] (3.17)
is sufficiently small.
Proof. 1) Consider
-_— N -_—
My+M)SL I AQ|+ ) L, | B,Q|t”
sy [aQlnmale

+L,[B,,Q]t" +C[9,0Q]} =t,

where M(,M, are positive constants as in (2.12).
Because 0<o,,0,,":-,0y <1, the above equation has a
unique solution t=M,>0. Now we introduce a
bounded, closed and convex subset B of the Banach
space C' (@)ﬂsz(Q) as follows:

8" = (u(x)<C'(Q) W (Q)[C (1.Q] + uhg g <Mis |-
(3.19)

We choose any functions G(x)e B’ and substitute it
into the appropriate positions in two functions
F(%u,D,u,D;u),G(x,u,D,u) in (3.15) and the
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boundary condition (3.16), and obtain the following
F(x0,D,0,D;d,u, D,u,D’u)

(3.20)
+G(x,0,D,0,u,D,u) =0 in Q,
ou
5+a(x)u: g(x) on oQ. (3.21)

where

F(x0,0,0,D30,u,D,u,D%u) = >'a (%000, Ju

ij=l

In accordance with the method in the proof of
Theorem 3.2, we can prove that the boundary value
problem (3.20), (3.21) has a unique solution u(X).
Denote by u(x):T[G(X)J the mapping from [G(X)]
to [u(x)] Noting that

Lp{ihl]& ,aq}ca [ca.T]< Mk, (k +k +K ).
from Thelzolrem 2.2, we have
C'{uQ]+[ulzq
<(Mg+M,){L,[AQ]+C2[9,D]+L,[G.Q]}
<(Mg+ M7){M14 +iLw[B,,Q]C[G&Q}

i

(3.23)
+Lw[BO,Q]C[a,QT°}
g(Me +M7){M14 +koiM1(? +k0M1§0}: M.

This shows that T maps B" onto a compact subset
in B". Next, we verify that T in B’ is a continuous
operator. In fact, we arbitrarily select a sequence
{0,(2z)} in B, such that

c'(d, -,.Q)+[a, - Oyllyz g >0 asn—>co.  (3.24)
By Theorem 2.1, we can derive that

L[ F (%0, D,8,. %4, Dy, Diu,)

~F (%0, D,d,, D0y, Uy, D,y D’y ), Q| > 0 as n o,
(3.25)
in which u, (x)eC'(D)NW;(Q).

Moreover, from u, =T[G,],u, =T[0,], it is clear
that u, —U, is a solution of Problem O for the following

Open Access

equation

n2> =x=n» =x=n?

~ ~ 2~ 2
,U,, D0, D, 0 uO,DXuo,Dxuo)

(3.26)

X, 0., D, 0, Uy, D,u,)

X

(x.dy,D,0,, D}d,, Uy, D,u,, D}y, )

( 0,

(

o(u, —uy)
ov

In accordance with the method in the proof of Theo-
rem 2.2, we can obtain the estimate

C' Uy =y, Q|+ luy = Uyl g
<M, {L,[G(x0,,D,0,,u,D,u, )

+0(x)(u, —u,)=00noQ. (3.27)

~G(x,0,, D,y DY, ), Q | (3.28)

+ Lp[lf (%G, D,d,. D}d,. Uy, D,u,, D}y, )
= F (x.G,, D0, D0t D,y D, ). Q)

in which M =M, (0, p,..k,,Q). From (2.12) and
the above estimate, we obtain

Cl[un_u0,§]+||un—u0||WZZ(Q)—>0 as N—o. On the

basis of the Schauder fixed-point theorem, there exists a
function u(x)eC' ((3) NW,(Q) such that

u(x) =T[u(X)J. It is clear that u(x) is a solution of
Problem O for the Equation (3.15) and the boundary
condition (3.16) with 0< o, --,0 <1.

2) Secondly, we discuss the case:
min(o,,---,0y ) >1. In this case, (3.18) has the solution
t=M,, provided that M, in (3.17) is small enough.
Consider a closed and convex subset B, in the Banach

space CI(Q)HWf(Q), ie
B = {u(x) €' (Q) W& (@[S [1.Q]+[ulyg ) <M.

Applying a method similar to the one in (1), we can
verify that there exists a solution
u(x)eC'(Q)NW,(Q) of Problem O for (3.15) when
min(o,,0,, -0y ) >1.

Note: The opinions expressed herein are those of the
authors and do not necessarily represent those of the
Uniformed Services University of the Health Sciences
and the Department of Defense.
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