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ABSTRACT

The quaternion Fourier transform plays a vital role in the representation of two-dimensional signals. This paper charac-
terizes spectrum of quaternion-valued signals on the quaternion Fourier transform domain by the partial derivative.
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1. Introduction

The quaternion Fourier transform (QFT) is a nontrivial
generalization of the real and complex Fourier transform
to quaternion cases. The four QFT components separate
four cases of symmetry in real signals instead of only
two in the complex FT. The QFT plays a vital role in the
representation of signals and transforms a quaternion 2D
signal into a quaternion-valued frequency domain signal.
Many efforts had been devoted to some important prop-
erties and applications of the QFT [1-7].

In the last few years, there has been a great interest to
the study of the spectrum of signals, i.e. the support of
the transform of these signals relatively to certain
integral transforms [8-15].

Motivated by the treatment of the QFT in quaternion
algebra, in this paper we will characterize the quater-
nion-valued signals whose QFT has compact support.
The main difficulty lies in the fact that the quaternion
algebra is non-commutative, so one cannot directly ex-
tend the results for the Fourier transform to those for the
QFT.

This paper is organized as follows: Section 2 is de-
voted to reviewing some necessary results about the qua-
ternion algebra. In Section 3, based on the definition and
some properties of the QFT, we get a result to describe
the spectrum for the QFT.

2. Preliminaries

The quaternion algebra H is an extension of the alge-
bra of complex numbers to a four dimensional real alge-
bra. It is given by
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H:{q|qo+iq1+ 19, +Kkd;,05,9,0,,09; ER}i

where the elements i, j,k obey Hamilton’s multiplica-
tion rules

ij = —ji =k, jk=—kj =i ki = -ik = j
= k2 =ijk =-1.

i2 — j2

The conjugate of a quaternion q is obtained by
changing the sign of the pure quaternion part, i.e.,
q=0,—q=0,—i¢, — j0, —Kd;. The modulus |g| of a

quaternion q _is defined b
|a| = \/E =4q% +¢’ +q +q.Using the conjugate and

the modulus of a quaternion, we can define the inverse of

qeH\{0} by q‘1=|i2 which shows that H is a
q
normed division algebra. Moreover, for

a,beH the following identity holds
|ab| =|a||b]. (2.1)
We introduce the space LZ(]R2 ;H) as the left mod-

ule of all quaternion-valued functions f :R*— H with
finite norm

arbitrary

If]= (IR [f0[* dZX)E 2.2)

where d®x=dxadx, represents the usual Lebesgue
measure in R?. Moreover, denote the space Ll(]R2 JH
the left module of all quaternion-valued functions
f R’ H satisfying [ ,|f([d*x<eo.

3. Main Results

Note that L*(R*;H )N L* (R*;H)is dense in
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L2 (RZ ;]HI). Hence, standard density arguments allow us
to extend the definition of the QFT of f e Ll(lR2 ‘H
in a unique way to the whole of LZ(IR2 ;]H[). We give
the following definition of the QFT as an operator from
1 (R*;H) into L*(R*;H) [3].

Definition 1

The two-sided QFT of f e L*(R?;H) is the function
F,f defined by
F,f(o)=

q

1 . )
,e e f (x)e Pe2d?x (3.1)
(271_)2 R ( )
with arbitrary frequency o= (@, @,) .
The QFT can be inverted by

WJRZ e ey Fq f (C())e JXZ“’Zdza)
with d’w=dedwo, .

In what follows, we review some properties of the
QFT, such as the Parseval theorem and the partial deriva-
tive. For more details, we refer to [3].

Lemma 2

For fe LZ(]RZ;]HI) we have

||f||=]/27z||qu||,

where the norm || is defined by Equation (2.2).
Lemma 3

8m+n
axma f(x)e *(R*;H),mneN, and
feLZ(RZ, ).Then we have
am+n N n
Fq{mf(x)}(a))_l C()l F f( )0)2] s

where the QFT F, f is defined by Equation (3.1).
Given a multi-index a =(a,a,)eZ’, we write as
on ap

OX* OXy2

usual |a|=c; +a,, D” = for the partial de-
rivative.

Moreover, we denote by suppF,f the support of
F,f describing the smallest close set in R? outside
which F, f vanishes almost everywhere. The following
theorem describes the spectrum of signals for the QFT,
i.e. the compactness of the support of F f by means of
the norm of its partial derivative on RZ

Theorem 4

Let fel’(R°;H). Then the QFT F,f(w) is
compactly supported in l o, a] if and only if partial
derivatives D*f e L*(R ;]H[),

o0 F,f e *(R*;H)
for all anz and
Vel

lim |D” f ,

o]

where o =sup {jy] .k =12:F, f (@) #0,0eR?}.
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PROOF. Firstly, we prove the necessity. Suppose that
suppF, f (w) = [-o,0] . The compactness of the

supportof F,f and feLZ(RZ;H) imply that
oo F, T belongs to L'(R*;H)NL*(R*;H), thus
partial derivatives D¢“f exist and belong to
LZ(RZ;]HI) for all « eZ?. Moreover, by Lemma 3 we
have

F, {D“f}(0) =i“0*F, o .

q
Applying Lemma 2, it follows

[t !

2
| :(2”)2 R ™ dza),
that is,

i“0™F, f(0)w;?

a

|Df

based on Equation (2.1) and
obtain

|D“f2

- - 20 209
| - 2 I[—o‘ o‘]2 @ 0
27 '

o0l |F (@) d*0  (3.2)

| (27)? I[w]

i=|j*|=1. Thus, we

2
F, f (a))| d’w

<1 2

(27)
which leads to JD"fvw <c¥ls with the constant
C=|f| independentof |«|. Then, we have

f |J/\a\ <

R A =,

Iimsup‘

(Z‘*)GO

c¥l =1 forall 0<C <. On the other

hand, using Equation (3.2) again, for &e(0,0/2), it
holds

dueto lim,,

|D“f |2 > (271[)2 J‘[Gizm 7 o @y |F, f (a))rdza)
> (0-—25)2“1‘ (271[)2 a))|2d2a),
which leads to
liminf |0t 2 o -2¢.
The arbitrariness of ¢ implies
liminf,,_[Def [ >
Therefore, we can conclude that
tim,,.,, o[ =

Secondly, we prove the sufficiency. Suppose that par-

tial derivatives
D“f(x)e’(R*H), af*o?F,fel’(R*H)

forall «ez? and
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Df[" =d <.  (33)

lim,, .|
We need to prove that

o=sup{lo|.k=12:F,f (o) =0},

Otherwise, F, f(w)=0 holds for almost everywhere
o eR? and thus, associated with Equation (3.2) we ob-
tain that for arbitrary M it holds

Joeeff =

W F,f (a))r d’w

20n 20
2@ D

1
22—
(27)
where E={weR’:|m|>M, k=12 and C is some
positive constant independent of |«|, that is to say,
”Daf"i'/\a\ > M \/EJ/M.

The above inequality (3.4) implies
Vil _ w

_[E @’ 0 |Fq f (a))|2 d2w>CM 2,

(3.4)

lim |D“f

ler} o0 |
which contradicts the assumption (3.3). Thus, we have
o=sup{e|.k =1,2:F, f () # 0} < o0,

which means F, f(») is compactly supported in
[—0',0']2. Finally, the same technique as the part of the
proof for the necessity yields that d =o . Thus, the
proof is complete.
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