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ABSTRACT

We have considered several integral operators from literature and we have made a generalization of them. It can be eas-
ily seen that their properties are also preserved. Therefore, we use known results concerning the starlike functions (see
[1,2]) and we unify some known integral operators (see [3]) into one single integral operator, called I'(z), in Section 3 of
this paper.
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1. Introduction @ ,

Dfid—> 4Dl f(z)=z- Y [1+(j-1)2] a2 (3)

Let H(U) be the set of functions which are regular in the j=n+l

unit disc U, Definition 2.1. [2] Let §, & € R, f = 0, A = 0 and
A={feH(U):f(0)=r"(0)-1=0}

f(z) =z+ z ajzj . We denote by Df the linear operator
=2

and
defined by

DY f(2)= 1 (2D /()= DF (2) = 7"(2),

S={feA: fisunivalentin U}.
Prof. G. S. Salagean has introduced the subfamily 7" of

S consisting of functions f of the form D'f (z) _ D( D! f(z)) 4)
fz)=z- Z;ajz", a;20,j=23,,zeU (1) Professor Breaz ([3]) has introduced the following in-
o tegral operators on univalent function spaces:

in 1999. 1

Thus, we have the subfamily S-7 consisting of func- - ; , 7
tions f of the form J(z):{ﬂj[ﬁ’(ﬂ')] [fp’ (t”)] 1 dt} , (%

0
f(z):z-i-Zajzj,aj20,jz2,3,~--,zeU 2) .
=2 . :
_ p-1 i no ' 7p

The purpose of this paper is to give a generalization H (Z ) - {ﬂ I|). ! [fl (t )] [f p (t) dt} - (0

with respect to several integral operators that exist in

literature. In order to do so, we have firstly considered .
the univalent function f and the family S of analytic and F( z) :.[
univalent functions, notions that we use further. 0

2. Preliminary Results . n w6
Remark 2.1. In [1], we have introduced the following (2)= ﬂ.[ . ®

operator concerning the functions of Form (1):
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£ ()= ﬂitﬂl(ﬁ(ajn__.[fp(r)ydt o

t t

and

o (Z):{[”(y‘””]igf (0)gl (’)df}w,

(10)
where
]/i,}/,ﬁE(c, VZ:G:F EN_{O},”[ EN—{O,I}.
Let D" be the Salagean differential operator,
D": A — A,neN, defined as:
D'f(z)=f(2),D'f(2)=Df () ="(2),
(11)
D"f(z)=D(D""f(z))
and D*,D": A — A,keNU{0} of form:
D'f(z)=1(z),
(12)

Dkf(z) = D(Dk’lf(z)) =z+ inkanz”.

The following integral operator is studied in [4], where
,i=1,---,n,neN, are considered to be of Form (2):
Definition 2.2. [4] We define the general integral

operator ]k,n,l,u :An - A by
Liwiu(fiss fy)=F, (13)
z D/i H D/i Hp
DkF(Z)=I( ‘J;‘(Z)J ( "J;"(t)J dr
0

where
fieAieN-{0},A=(4,,4,)eNg,

H :(,ula”'alun)eNnan eN

and keN,.

Lemma 2.1. [5] (Schwarz Lemma) Let the function f(z)
be regular in U, with {0) = 0. If |f(z)| <1(zeU), then
|f(z)| <|z| forallz e#U, where the equality holds only
if f(z)=Kz|K|=1.

Some integral operators and the related properties of
them are also studied in [6,7].

The neighborhoods of the class of functions defined
using the operator (3) is studied in [8].

Remark 2.2. In [9], we have introduced and studied the

following operator of the functions [ € #S,
S={feA:fisunivalentinU}:
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Dy, f(2)=(hey = £)(2)
AT e
&2 [1-4, (k_l)]ﬂ k+c

(”l + 1)k*l
(1)k—1
symbol; k>2,c >0 and Re{c} >0;z e#U.

In [10], Prof. G. S. Séldgean has introduced the sub-
family 7 of S consisting of functions f of the Form (1);
see Section 1.

Remark 2.3. If we denote by (x)k the Pochammer
symbol, we define it as follows:

(%),
)1 fork=0,xeC\{O}
_{x(x+l)(x+2)---(x+k—l) forkeN—{O} and x € C.

. (14)

C(n.k)-a, -z

where C(n,k)z ; (n)k is the Pochammer

Following, we introduce a new general integral opera-
tor in Theorem 3.1, [I' (z) , giving also several examples
which prove its relevance. We derive it as well in order
to show its applicability.

Considering the univalent functions with negative co-
efficients (see [11]), we develop, I’ (z) from Corollary
3.1

3. Main Results

Theorem 3.1. Let «, y,,7,, f€C,Rea=a>0 and
D" fi(z2)e A4, A, k20,0 €R, j =1,p,
pE N§D;{,’;2fj (z”)

of Form (14). If —(Dz‘ﬁzf" (Zn ))

(D55,

N
X
~—~—
~—

(P5s,7,(="))
(015.4,(=))

Sl,VzeU,jzl,p, (15)
n

S[[o!]-(27 ~11-[ol) #6227 -1 Jo)

= <1 (16)

(2 -1)-(27, ‘1)'[!.&!5’1' '5‘?]

and

P
oor-1)Cr-1) 11
=1
L (17
n+2a (n+2a]n+za
< . ,

T2 n
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Then, for
Vo, 511., 5f eC,j=1--,p, Re(,b’) >a, Re(ﬂ5) >a, the
function
\27-1 5}
()]
I'(z)=1 g1 -
0 Jj=1 t
(18)
1
n,K n 2771 512 E
_ (l)djqf}(t )) ds
tU
is univalent for all ne N— {0}
Proof.
Let
h(z)
S|
(D"”( f (tn)rJZ}/ll j . 612
- e Dn,l( f tn
gt T
0 Jj=1

-I[)] [)]

J=1

from where we obtain the following derivatives:

W) =TT[H ()] {5 (=)]

J=1

a,be {1,2},a #b.
Furthermore, we have that

(=)
T =)

} ,a€{1,2}, which means

’

iz ()

h" (
Zh/ (Z)=i & (2-1)———-0
S D3, 1,(1%)
Dn,x ) tn !
+62- (2;/2—1)~%/(n)—0'
Dﬁl’lzf/’(t )
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a €{1,2} . We consider

_ ! w0
Pe)- ")

(27, -1)(27, —1)‘(1,.?5; '5’1

and we obtain

1 h"(z)

a~(2y1—1)~(272‘1)'@5;'5’?} h

[p(=) =

$ o (2r -1-lel) {727l
o(ar=1)Cr 1) 11

Using (16) from hypothesis, we see that |P(z)| <1.
By applying Schwarz Lemma, we have that

! LU
U'(271—1)‘(272—1)-[]i5}~5jJ #(:)]

~.

S|z|.

H
|
[N

If we multiply the last inequality with [

obtain:

4]

(19)

1-—x

Let 0:[0,1]] >R,0(x)=
a
casily see that Q(0)=0(1)=0, O(x)>0,Vvxe[0,1],

1
>0, where ( " Jza is the point
n+2a

and Q[(n jZajza

of maximum for the function Q.
Thus,

n i 2 n 2%
Q(X)SQHn+2a} J_n+2a.(n+2aj ’ (20)

Vx e [O,l].

~x”,x=|z|. We can

By taking into account the inequalities (17), (19) and
(20), we obtain the following:
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<1, which means that the function

l—|zza zh
a

#(z)
I'(z) of Form (18) is univalent for all neN—{0}.

Remark 3.1. The mapping properties with respect to
integral operator I' (z) of Form (18) are studied in [7].

If we consider the operator D*(z) of Form (3) we
obtain the following Corollary. It can be proved in a
similar way as the Theorem 3.1 is.

Corollary 3.1. Let a,y,,7,, f€C,Rea=a>0 and
fojze.A,ﬂZO,/lzo,aeR, fo(z) of Form (3).
If

(221,(=)) and( )
(Nf ) (B ()]

b [Ia}l-w —1|—|o|)+|5?|-(|2y2 -]
0.(2;/] —1).(27/2 _1).[ﬁ5} 512}

<1

and

o (27, -1)-(27, _1)'[ﬁ5} '53J

1

Sn+2a(n+2ajn+2a’
2

n
then for all

5,6,,6;€C,j=1-,p,Re(y)2a,Re(y5)>a
the function

st

) (ij; (tn ), jz,vl—l J

(z)- ijl _
Jj=1 t
1
e
. (Dﬂﬂff(t"))zyz l_ dt
to’

is univalent for all ne N— {0} .

Remark 3.2. The Corollary is true also for D* (z) of
Form (3), Vjel,p, peN.

Next we give few examples of particular cases which
can be found in literature.

Let f=0in D*(z) of Form (3) or (4). So we have

Open Access

that D] f(z)=f(z),VA>0. We will use this form of
the integral operator, where the function f'is of Form (2)
with respect to the operator (21). For further simplifica-
tion, we consider that y, =y, =1 and 6 = 1 (except of
Example 3.5).

For the first four examples we consider

§'=0j=Lp,peZ-{0},n=1.

Example 3.1. If 6 = 1, x = 1 and we use the notation
52 VisJ —1 p,peN- {0} we obtain the operator F(z)
ofForm (7).

Example 3.2. If o = 1 we obtain the operator G(z) of
Form (8) for &; =1/7;.J i=1,p,peN- {0}.

Example 33_1f o = 1 and we use the notation
5? = 1/}/j ,j=Lp,pe N—{O} we obtain the operator
F,, (z) of Form (9).

Example 3.4. If o = 0 we obtain the operator G ( )

¥.p

of Form (10) for ;(:[p()/—l)+1] and
5; :y—l,é':l.
X

For the next two examples we consider
é? :0,j:1,p,peN—{0} and 6 =0.

Example 3.5.a) If y = 1,0 = 1, we obtain a particular
case of the function J(z) of Form (5), in which
,B=1,VneN—{0} .

1
b) If §=—,6' =y,
X

the operator J(z) of Form (5).

Example 3.6. If n = l ‘we obtain the operator H(z) of
Form (6) for 5 =VsJ lp,peN { }

Remark 3. 3 It can be easily proved that the examples
above are also true for f(z) of Form (1).

,j=Lp,peN-{0} we obtain

4. Conclusions

The integral operator which is introduced and studied in
Theorem 3.1 of this paper, called I'(z), is a generalization
of several integral operators that are taken from literature
(for e.g., see [3]). Looking to the examples from above,
we can easily see that our integral operator can be used
further without any concern, because it preserves the ini-
tial state of the already known integral operators. There-
fore, the integral operator I'(z) covers the integral opera-
tors from [3] without loss of generality.

Open Problem 3.1. It would be interesting to prove
that the integral operator (18) or (21) covers also the
integral operator from [5].
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