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ABSTRACT

The paper investigates the variation of the spectrum of operators in infinite dimensional Banach spaces. Consider the
space of bounded operators on a separable Banach space when equipped with the strong operator topology, and the Pol-
ish space of compact subsets of the closed unit disc of the complex plane when equipped with the Hausdorff topology.
Then, it is shown that the unit spectrum function is Borel from the space of bounded operators into the Polish space of

compact subsets of the closed unit disc. Alternative results are given when other topologies are used.
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1. Introduction

Let X be an infinite dimensional Banach space. We
denote by T an arbitrary bounded operator on X and
by | the identity operatoron X .Let D be the closed
unit disc of the complex plane C. The restriction on I
of the spectrum of an operator T, denoted by o(T), is
the unit spectrum defined as follows:

o(T)= {/1 e ;(T - Al) s not invertible}.

Essential spectra of some matrix operators on Banach
spaces (see [1]) and spectra of some block operator ma-
trices (see [2]) were investigated, with applications to
differential and transport operators. This paper investi-
gates the variations of the unit spectrum a(T) as T
varies over the space L(X) of all bounded operator on
the Banach space X . First, we introduce the sets and the
topologies required for this study.

Definition 1
e K(D) the set of all compact subsets of the closed

unitdisc D of the complex plane C;

e o the spectrum function defined from L(X) into
K (D) that maps an operator T to its unit spectrum
O'(T) .

The set K(D) is endowed with the Hausdorff topol-
ogy generated by the families of all subsets in one of the
following forms

{Fek(D);FNV =@}

and
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{Fek(D);FcV},
for V. an open subset of . Therefore, (D) is a
Polish space, i.e., a separable metrizable complete space,
since D is Polish (see [3-5]). It is shown below that we
can reduce the families that generate the above Hausdorff
topology.

Proposition 1 Let K(D) be the set of compact
subsets of the closed unit disc D . Then IC(HD)
equipped with the Hausdorff topology is a Polish space;
where the Borel structure is generated by one of the
following two families

{{K e K(D): KNV =@};V openin ]ID}
and
{{KeK(D):K cV};V openin D}.

Proof 1 Let V be an open subset of D . There exists
a decreasing sequence of open subsets (O,) for

example

neN '’

0, I{XEDZdiSt(X,VC)S

S|

such that
ve=o0,.
We have
{KeK(D):KnV 22} ={Kek(D):K cV*}
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On the other hand,
{Kek(D):KcV}
={KeK(D):KNV® =2}
={Kek(D):KNO, =T, VneN]|
=N{Kek(D):KNO, =2}

neN
Indeed, if for all neN, there exists x, e KNO,,
then there exists a subsequence (x, ) of (x,) that

. k /
convergesto x e K, andsince (O, ) Is decreasing, we
have

xe(O,.

2. Norm Operator Topology and the
Spectrum Function

We equip L(X) with the canonical norm of operators
defined by

T]|= sup T ()| where B, is the unit ball of X.
xeBy

Note that the map o :T + o (T) is not continuous
when L(X) is endowed with its canonical norm.

Indeed, the operators T, =(1+%jl converge to the

identity | while o(T,)= and o(1)={1}.
ever, we have the following result.

Proposition 2 Let X be a Banach space, (L(X),|])
the space of bounded operators equipped with the norm
of operators, and IC(JD)) the set of compact subsets of
the unit disc D equipped with the Hausdorff topology.
Then the spectrum map

o1 (LX)l > k(D)

How-

T |—>O'(T)

is upper-semi continuous.
Proof 2 Let V be an open subset of D. By pro-
position 1, it is only needed to show that the set

Q, (T eL(X)io(T) 2V}
is |[-open in L(X). Let T, be fixed in Q,. Since
o(T,)NDcV , thenforall AeD\V,

e Theoperator (T,—Al) isinvertible;
e Andthe map 2eD\V —(T,-21)" is continuous
(see [6]).

It follows that

sup
AeD\V

(T=21) " <o

since D\V is compact. Put
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= inf
2eD\V

- 0
(T,—-21)"

Let Tel(X) suchthat |[T-T,|<&.
Forany A1eD\V we have

1
(Ty—Al)"

Thus, (T —A1) isinvertible and hence A ¢ o (T). In
other terms, o (T)cV forall TeL(X) with [T -T,

<& . Therefore O, isan open subsetof (L(X),|]).

T =20) (T, = 1) =[T =T <

3. Strong Operator Topology and the
Spectrum Function

Consider now L(X) equipped with the strong operator
topology S,, (see [6]). In general, L(X) equipped
with the strong operator topology is not a polish space
(since it is not a Baire space). However, if X is
separable, then (L(x),S,,) is a standard Borel space.
Indeed, it is Borel-isomorph to a Borel subset of the
Polish space X" equipped with the norm product

topology via the map
p:(L(X).S)—> (X", P)

T (Tz,)

neN’

where {z,,neN} isadense Q -vectorspacein X.
The next result shows how this topology on L(x)
affects the spectrum function.
Theorem 1 For any separable infinite dimensional
Banach X, the map

o L(X) - K(D)
T |—>0'(T),

which maps a bounded operator to its unit spectrum, is
Borel when L(X) is endowed with the strong operator
topology S,, and K (D) with the Hausddorf topology.
Proof 3 As k(D) is equipped with the Hausdorff
topology, it follows from the proposition 1, that it is
enough to show that for any open subset V of the disc
D, the following subset E, isBorelin (L(X),S,,)

1 ~op
E, ={TeL(X):a(T)NV =2}.
Let V be afixed open subset of . We have
E, = PL(X)(Q)’

where PR, stands for the canonical projection of
L(X)xD onto L(X),and

Q={(T.A)eL(X)xV:ieo(T)}

By a descriptive set theory result from ([7]), to show
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that E, is a Borel set it suffices to show that Q is a
Borel set with K_ vertical sections.

For TeL(X), the vertical section of the set
Qc L(X)xD along the direction T is given by

Q(T)={1eD:(T,2)eQ}
={1eD:2eVNo(T)}
=0'(T)ﬂV.

Thus, itisindeeda K_ of D.
Now, we need to prove that Q is a Borel set. Put

A={(T,2)eL(X)xD:Aec(T)}.
Therefore
Q=AN L(X)XV,

Hence, to finish the proof, it is enough to prove the
following claim.

Claim: A isaBorelsetof L(X)xD.

First, note that A=AUB with

A={(T,2)eL(X)xD:T -4l
is not isomorph to its range},

B

{(T.2) e L(X)xD:(T-21)(X)
is not dense in X }.

Indeed, if (T —Al) isan isomorphism onto its range,
then (T—A1)(X) is a closed subspace that will be
strict if 2eo(T), and thus not dense in X . On the
other hand, since X is separable, there exists a count-
able and dense subset ) in the sphere S, of X, and
there exists a dense sequence {x,} . in X.

Now, we will show that A and B are Borel sets.
Let (T,2)eL(X)xD. From the definition of A, We
have (T,4)e A ifand only if

3(2,), € S HliM|(T = 21) [ =0.

In other terms, this is equivalent to
3(z,),.,, <Y, Vk21 3N, eN

vnN, :[(T-41)z, <%.

By choosing the subsequence (z,, )k instead of
(2,),.. » the previous statement is equivalént to

El(zn)nEN c), vk>1
N, e N:|(T-21)z, ||<%
or again,

vk>13xe y:||Tx—/1x||<%.

Therefore,
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A-(UR

k>1xe)
with

A :{(T,l)e L(X)xD:||Tx—Zx||<%}.

Since L(X) is equipped with the the strong operator
convergence S, , it follows that the sets A’ are open.
Hence, A isa Borel set.

On the other hand, “(T —A1)(X) isnotdensein X~
is equivalent to

Jy e S, and 3k >1 such that

1
VX e X :||y—(T—/1I)x||2E,

or again,
Jy e Y and 3k >1 such that
1
vneN:|ly—(T -1l pp
neN:|y-(T-21)x|>+
Therefore
B=UUNB,
yeYkeNneN
with

B, ={(T,/1)e L(X)xDy;ly—(T -41)x, z%}
Similarly to A, it is not difficult to see that the sets

B/, are Borel sets. Hence B is also a Borel set. This

proves the claim and ends the proof of the theorem 1.

4. Conclusions

The variation of the unit spectrum of operators in infinite
dimensional Banach spaces is investigated. The unit
spectrum of an operator T, denoted by o(T), is de-
fined as the restriction on the closed unit disc D of the
complex plane C of the spectrum of T given by
{4:(T - A1) is not invertible} .

First, the paper presents a simplified characterization
of the Borel structure making the set /C (HD) of compact
subsets of the closed unit disc D a Polish space. It is
also shown that for a Banach space X , the map
o:Tel(X) that for an operator associates its unit
spectrum o (T)e (D) is upper-semi continuous when
L(X) is endowed with the norm of operators. On the
other hand, when L(X) is endowed with the strong
operator topology, it is shown that first X needed to be
a separable infinite dimensional Banach to guarantee a
standard Borel structure on L(X ), then it is shown that
the that the map o:T eL(X) is Borel in this case.
Therefore, this topology is making the spectrum function
more rigourous, and as a consequence the variations of
the spectrum following changes in an operator or a se-
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guence of operators.
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