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ABSTRACT

This paper presents a brief demonstration of Scholz’s third conjecture [1] for n numbers such that their minimum chain
addition is star type [2]. The demonstration is based on the proposal of an algorithm that takes as input the star-adding

chain of a number n, and returns a string in addition to x=2"-1 of length equal to 1(n)+n—1. As for any type addi-

tion chain star of a number n, this chain is minimal demonstrating the Scholz’s third Conjecture for such numbers.
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1. Basic Definitions

Definition 1. Let S, ={a,} denote a finite sequence of
natural numbers. We will call it an addition chain of a
natural number e if it satisfies:

l=a,<a <---<a, =¢e

a =2a;+a,0<k<j<iwith O<i<r.

Definition 2. Let S, ={a;} denote a finite sequence
of natural numbers. We will call it a star addition chain
of a natural number e if it satisfies:

1) 1=a,<a <---<a, =€

2) a,=a,+a,0<k<iwith O<i<r.

Definition 3. Let S ={a}={l=a;a,---,a =¢€}
denote an addition chain of a number e, the highest index
of the sequence r is called length of the chain S, and it is
represented by 1(S,).

Definition 4. The minimum length of all addition
chains of a natural number e is denoted by I(e), that is:

I(e)= min{l (S, )[S, is an addition chain of e}

2. Basic Properties

Proposition 1. Let S ={a, =1, a .8, =n} de-
note an addition chain of n; then, = ||S ||—

Proof:

Clearly |[S,|=k+1, since the terms’ sub-indexes start
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at zero and end at k. Now, by definition, the length of the
addition chain is the last sub-index, which implies

1(S,) =k =(k+1)-1=||s,|-1.
QE.D.
Proposition 2.
Let S;={a}={l1=a,<a <--<a,=n} denote a

star addition chain of n, then:
Sz {b;} where

forj=0,i=0,---p

b, 2L 1
Dol (2v-1); 1<j<a,-asi=0,p-1 @

It defines a star addition chain at 2" —1.

Proof:

Let S, ={a;} denote an addition chain of n of type *,
of length p, then the sequence defined in (1) fulfills the
following properties:

1) Its first element is by, = 2% —-1=2' -

2) Its last element is b, , =2% —1=2" —1

Foreach O<i<p and j>O0 the following is true:

b =2'(b,)=2(2"")(b,y)=20

That is, b, ; is of the star type for j >0, since it is
equal to the sum repeated from the previous to it in the

=b ;. +b

AM



2 J.M.S.VALLEJO ET AL.

sequence.

Now we will prove that the elements b, for
O<i<p are of the star type, since we have already
proved that it is equal to 1 for the case i=0.

By definition, we obtain from (1) that
bo=2%-1=2%"%_1 for any 0<k<i-1, since
{a;} isof the star type
by = 2%2%1 —1=2% (231 —1)+2% —1=2%b,, , +h, ,

For b, j varies between 1< j<a -a_; as {aj}
is of star type, a =a,_, +a,.

From where j<a —a_ =a,; a is the maximum
value of j for b, ;, which proves that b, =b_, +b;
where b, is the maximum value of j corresponding
to b, ;, thatis, the formerto b ,, which completes our
demonstration: the sequence {b;} is a star addition
chain of 2" -1.

Q.E.D.

Proposition 3. The length of the addition chain of
2" —1. defined by:

S(anl) ={b;} where

2% 1.

o forj=0,i=0,---,p
v 2“(2ai —1); 1<j<a

i+l_ai;i =01”'7 p_l

Induced by the star addition chain S, ={a}, it has
length: 1(S;, )=1(S;)+n-1.

Proof:

Let S, denote a star sequence of n; we will assume
without loss of generality that 1(S, )= p, then the se-
guence S;_l has p+1 odd values, which corresponds
tothe b, where p=I(S).

The even elements of S, , are given by the differ-
ences of a,_,—a, for each i from zero until p — 1, the

i+1

said sum of values is equal to:

n
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since a,=1 and a, =n.
The number of elements of
“S;fl“z p+l+n-1=p+n as I(S;il)z

*

"1

S

-2
(Proposition 1)
From where I(S, )=p+n-1=1(S;)+n-1 since

a
I(S,)=p.
QE.D.

3. Scholz’s Third Conjecture: A
Demonstration for Star Addition Chains

Theorem. Let S ={a}={l=23,<a <--<a, =n|
denote a minimal star addition chain of n, then
1(2" 1) <1(n)+n-1.

Proof:

As S, is a minimal addition chain and is also of the
star type, Proposition 2 guarantees us the existence of an
addition chain at 2" —1, Proposition 3 guarantees us that
that chain has a length equal to 1(n)+n-1, which pro-
ves that (2" -1)<I(n)+n-1.

Q.E.D.

At UACyYTI’s website
Www.uacyti.uagro.net/3aconjetura an implementation in
PHP of this algorithm can be found. It has a star addition
chain of a natural number n as input, then it verifies that
it is truly a star addition chain; if it is not, input is re-
jected, if it is, it generates the star addition chain of
x=2"-1 of length 1(2"-1)<I(n)+n-1.
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