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ABSTRACT 

This paper presents a brief demonstration of Scholz’s third conjecture [1] for n numbers such that their minimum chain 
addition is star type [2]. The demonstration is based on the proposal of an algorithm that takes as input the star-adding 

chain of a number n, and returns a string in addition to 2 1nx    of length equal to   1l n n  . As for any type addi- 

tion chain star of a number n, this chain is minimal demonstrating the Scholz’s third Conjecture for such numbers. 
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1. Basic Definitions 

Definition 1. Let  denote a finite sequence of 
natural numbers. We will call it an addition chain of a 
natural number e if it satisfies: 

 e iS a

0 11 ra a a e    
,0a a a k j    

 
, with  0 .i j k i i r 
 S a

 
Definition 2. Let e i  denote a finite sequence 

of natural numbers. We will call it a star addition chain 
of a natural number e if it satisfies:  

1)  0 11 ra a a e    
,0 , wa a a k i   2)  1

Definition 3. Let 
ith  0 .i i k i r  
   0 11 , , ,e i rS a a a a e      

denote an addition chain of a number e, the highest index 
of the sequence r is called length of the chain Se, and it is 
represented by .  el S

Definition 4. The minimum length of all addition 
chains of a natural number e is denoted by l(e), that is:  

   min is an addition chain ofe el e l S S e   

2. Basic Properties 

Proposition 1. Let  de- 
note an addition chain of n; then, 

 0 01, 2, ,nS a a a n   
 

k

1.n nl S S   
Proof: 
Clearly 1nS k  , since the terms’ sub-indexes start 

at zero and end at k. Now, by definition, the length of the 
addition chain is the last sub-index, which implies  

   1 1 1.n nl S k k S       

Q.E.D. 
Proposition 2. 

Let    *
0 11n i pS a a a a n        denote a  

star addition chain of n, then: 

   
2 1n ijS


 b  where 

  1

2 1; for 0, 0,

2 2 1 ; 1 ; 0, 1

i

i

a

ij aj
i i

j i p

j a a i p

  
b

 
     





n

  (1) 

It defines a star addition chain at  2 1 .
Proof: 
Let  *

n iS a  denote an addition chain of n of type *,  
of e  length p, then the sequence defined in (1) fulfills th

s 1
following properties: 

1) Its first element i 0 1
0,0 2 1 2 1ab       

2 1 2 1pa nb      2) Its last element is ,0p

For each 0 i p   and 0j   the following is true: 

    , ,0 2i j i ib

That is, b  is of the star type 

12 2 2j jb b b b b     ,0 , 1 , 1i j i j i j  , 1

for , since it is 
eq

,i j

u
 0j 
vious ual to the s m repeated from the pre to it in the 
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sequence. 
Now we will prove that the elements r 

t 
1 , since 

,0ib
alr

 fo
0
proved th

i p   are of the star type, since we have eady 
at it is equal to 1 for the case 0i  . 

By definition, we obtain from (1) tha
1

,0 2 1 2 1i i ka a a      for any 0 ib
 

k i 
ja  is of the star type 

,0  12 2 1 2 2k i ka a a a   1
,01 2i    

For 1,i jb  , j varies between 11 i ij a a    ; as 
1,01 2k ka a

i ib b    kb
 ja  

 r typ
 j a a  ; a  is the maximum 

is

k

va

ion 3. The length of the addition chain of 

e 

Induced by the star addition chain 
le

of sta e, 1 .i i ka a a    
From where a1i i

1, j , which prove
 the

 ijb

k

atlue of j for ib  s th  ,0 1, ,0ki i a kb b b  ; 
where 1, ki ab    maximum value of  
to 1,ib  t is, the former to ,0ib , which completes our 
dem ration: the sequence   is a star addition 
chain of 2 1.n   

Q.E.D.

is  j corresponding

j , tha
st

 

on

Proposit
2 1.n   defined by: 

   wher 2 1n ijS b


2 1;ia

  1

0, 0, ,

2 2 1 ;   1 ; 0, , 1iij aj
i i

j i p
b

j a a i p

   
     




 

         for 

 *
n iS a , it has 

ngth:    
denote a star sequence of n; we will assume 

without l

* * 1.l S l S n   
Proof

2 1n n
 

: 
Let *

nS  
o

,0i

eve

ss of generality that  *
nl S p , then the se- 

quence *

2 1nS


 has 1p   odd va h corresponds 
to the b here  * .S  

The n elemen
1

lues, whic
 w n

*
nS

p
ts

l
 of 

2 
 are given by the differ- 

en



ces of 1i ia a   for eac om zero until p − 1, the 
said sum o  is equal to: 

1p

h i fr
f values

 

      
1

0

1 0 2 1 1 2 1

0 1;

i i
i

p p p p

p

a a

a a a a a a a a

a a n




  



        

   



  

since 0 1a   and .pa n  
The number of elements of 
*

2 1
1 1nS p n p


n      as  * *

2 1 2 1
1n nl S S

 
    

(Proposition 1) 

From where    * *

2 1
1 1n nl S p n l S n


;       since 

 * .nl S p  

Q.E.D. 

3. Scholz’s Third Conjecture: A 
Demonstration for Star Addition Chains 

Theorem. Let    *
0 11n i pS a a a a n        

denote a minimal star addition chain of n, then 
   2 1 1nl l n n .     
Proof: 
As  is a minimal addition chain and is also of the 

star type, Proposition 2 guarantees us the existence of an 
addition chain at 

*
nS

2n 1 , Proposition 3 guarantees us that 
that chain has a length equal to , which pro- 
ves that 

  1l n n 
   l l2 1 1n n .n     

Q.E.D. 
At UACyTI’s website 

www.uacyti.uagro.net/3aconjetura an implementation in 
PHP of this algorithm can be found. It has a star addition 
chain of a natural number n as input, then it verifies that 
it is truly a star addition chain; if it is not, input is re- 
jected, if it is, it generates the star addition chain of 

2 1nx    of length    2 1 1nl l n n .     
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