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ABSTRACT

We propose a solution method of Time Dependent Schrodinger Equation (TDSE) and the advection equation by quan-
tum walk/quantum cellular automaton with spatially or temporally variable parameters. Using numerical method, we
establish the quantitative relation between the quantum walk with the space dependent parameters and the “Time De-
pendent Schrédinger Equation with a space dependent imaginary diffusion coefficient” or “the advection equation with
space dependent velocity fields”. Using the 4-point-averaging manipulation in the solution of advection equation by
quantum walk, we find that only one component can be extracted out of two components of left-moving and right-mov-
ing solutions. In general it is not so easy to solve an advection equation without numerical diffusion, but this method
provides perfectly diffusion free solution by virtue of its unitarity. Moreover our findings provide a clue to find more
general space dependent formalisms such as solution method of TDSE with space dependent resolution by quantum

walk.

Keywords: Quantum Walk; Quantum Cellular Automaton; Time Dependent Schrodinger Equation; Advection

Equation

1. Introduction

Quantum walk is a mechanical system evolved by a dis-
crete local unitary transformation and is regarded as a
quantum version of the classical random walk [1,2]. In
recent years, relations between the quantum walk and
continuous quantum wave equations were shown [3-9]
and more recently a certain view point was added to the
relation between the quantum walk and the Time De-
pendent Schrédinger Equation (TDSE) [10].

There are some formalisms on the broadly-defined
quantum walk. Here we use the formalism usually called
as quantum cellular automaton (QCA). Namely, we
simply consider it as a mechanical system evolved by a
unitary transformation by a banded matrix.

A quantum walk can be most easily conceived by
comparing it with classical random walk. One-dimen-
sional classical random walk is defined by a transition
probability matrix 13:/ applying a probability distribu-
tion p,.

pi(t+A0)=3Fp, (1) (1.1)
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The conservation of probability requires

ZPU =1 (1.2)

And the requirement that the transition occurs only
between neighboring grid points means that B, should
be a banded matrix.

In quantum walk, where probability amplitude evolves
instead, this transition probability matrix is replaced by
the unitary banded matrix. Namely,

¥ (t+A)=dU,Y,(¢).2U0,0,=0, (13)
J k

y

Incidentally the difference between a random process
and a quantum process is that in the latter case the pro-
bability is given by squaring the amplitude. In order to
conserve total probability, the transformation must be
unitary,

2

U, =1 (1.4)

2

1

and therefore formally the correspondence relation
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}A’U z‘l}ﬁr holds.

While it is apparently easy to make some transition
probability matrix that satisfies the conservation of pro-
bability (Equation (1.2)), it requires some devices to
construct a unitary banded matrix.

However we note that the unitary banded matrix re-
presented on discrete space is quite similar to the two-
scale transformation matrix in an orthogonal wavelet
with compact support [11].

One of the easiest way to construct the unitary banded
matrix is to use the product of trivial unitary banded
matrices as shown in Figure 1. Here we refer to a block
diagonal matrix whose block diagonal components are 2
x 2 unitary matrices as a trivial unitary banded matrix.

By using the product of trivial unitary matrices in the
RHS, we can construct a non-trivial unitary banded
matrix in the LHS of Figure 1. In fact, reversely it is true
that any translationally invariant unitary banded matrix
can be factorized in the form of the RHS (see Appendix
B).

In general we can introduce space dependent para-
meters (9(x),¢(x),b(x)) in the quantum walk (see
Appendix A).

) :[ cosd(x)

isin6(x) &)

isin@(x) e )

e (1.5)
cosf(x)

Here we use U in place of E and F in Figure 1.

In these parameters, b(x) means potential term in
TDSE (see Appendix A).

¢(x) is a local gauge transformation parameter
(namely redefinition of the phase of wave function), but
we don’t discuss space dependent ¢(x) here while it is
an interesting subject.

2. Time Dependent Schrodinger Equation
with Space Dependent Imaginary
Diffusion Coefficient

Here we discuss space dependent parameters
(H(x) ,b(x)) in the TDSE-type quantum walk.

oo cos@(x) isinﬁ(x) o)
U) {isin@(x) cos&(x)) @1

By the relation 1/m =tané (see Appendix A), 0(x)
can be interpreted as a parameter for the space dependent

B ] [E] E
[A] F 0
A|B 0 E 0 -
A|B — E X
0 0 0 F
A|B E
[A] €] ﬂ

Figure 1. Product of trivial unitary banded matrices (E, F
are 2 X 2 unitary matrices).
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imaginary diffusion coefficient (1/ (2m)) .
The Hamiltonian that emerges in the continuum limit
evolution equation
o (x,t

may have the following form and/or their linear com-
binations because H must be Hermitian and

H-= —LD2 for constant A(x).
2m

H, - —%A(x)a DA(x)* DA(x)"
- —%(A(x)z D> +24(x)A(x)_ D 2.3)
rad(x)A(x), +a(1-a)A(x))

where A(x)zl/,/m(x) , A(x)_,A(x)_ are first and

second derivatives with respects to space x and D = ai
X
We show some examples as follows.
H, = —%DA(x)A(x)D,
H, = —%A(x)DDA(x),
2.4

Hé Z—%WDA(.X)DW
=3 (AP

By making H, as a basis for which theoretical solu-
2

tion can be obtained easily, H

a

_%((a—%jA(x)A(x)m —(a—g A(x)jJ =

We must note that additional potential term emerges
when « is changed.

For the case of H as the linear combination of H,, we
have more general form

can be rewritten as

H=H, ~(a'4(x)4(x) +pA(x)})  ©6)

2

Since analytical derivationof «',f is not straight-
forward because of the broken translational invariance,
we determine @', # using a numerical method.

Namely, the solution for

H+ (a' A (x) A(x)xx + pA (x)i ) is calculated using TDSE-

type quantum walk with space dependent &(x) with
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additional potential term ('A4 (x) A (x)n + pA (x)i ) and
compared with the analytical solution for H, .
2
We determine @', f so that the two solutions com-
pletely coincide.
The used 2 x 2 matrix of quantum walk is

U(x) - [ cos@(x) isin e(x)J () @n

isin@(x) cosf(x)
where tan 0 (x) = 4(x)’,
b(x)=0(x)+a' A(x) A(x), +BA(x)]

(Note that for the space dependent&(x), phase com-
pensation term @ (x), the first term in b(x) is crucial
and leads to meaningless results without it).

In our numerical method, we use periodic boundary
condition for the range [0,1], and use two types of 4(x).

(More precisely, in the actual calculation the range
[0,1] was mapped to the range [0,512])

1) sine function type

A ~05,e=
A(x)= I+ < sin(2m0) (4,=05,6=05) (2.8)
2) elliptic function type
_2m 4,
A(X)— 4K(k) dn(4K(k)x,k) (2.9)

(4,=0.5,k*=0.9)

where 4K(k) is the period along the real axis of Jacobi’s
elliptic function
Both type of A(x) satisfies

1
[ e _ 1 (2.10)
0 A(x) 4,
In order to calculate the theoretical solution for
oy (t,
i—l//; %) by (1)
! 2.11)

- AP o)

we can simply reduce it to the solution of the free fields
TDSE v, (t,x).

.al//o(t’x)__l 2
T = Dy (1.x) 2.12)
o (t4; B
t//(falf)—(//(AO )
fl(x) (2.13)
where B(x)EJAI(t’) dx’
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(Note thatas B (x+1)=B(x)+1, the periodicity
v (t,x+1)=y (t,x) is guaranteed).
Concrete function forms for the B(x) are

B(x) :x—%(cos(ZTcx)—l),
1 (2.14)
B(x)= 2—narg(cn(4K(k)x,k) + isn(4K(k)x,k))

for sine function type and elliptic function type respec-
tively.

We use the fact that theoretical solution of the free
field TDSE for the Gaussian wave packet can be written
[12] as

(1)

Oo(t,x): ex C(t)(x—B)2
e
where m = m+ 2it

and we use periodic superposition of this
(\yo (t,x) =D W (t,x— n)] for the periodic boundary

condition.

Here C, B are complex numbers and B is constant in
general (Note that as C, B are complex numbers, the
wave packet center of |‘P(t,x)|2 is not B but changes
with time). ,

We used y,(1=0,x)= exp(—(lO(x—O.S)) ) for the
initial wave packet.

We show the result of the numerical solution in Fig-
ures 2-5.

A(x): sine type (a": changed, = —0.125)

1.4 -+« theory
(o, p) = (0,-0.125)
1.2 — (o, f)=(-0.25,-0.125)
- (o, p)=(-0.5,-0.125)

0 100 200 300 400 500
x (contains 512 grid points)

Figure 2. Parameter fitting for sine function type A(x) (after
50000 walks) dash-dotted red: theoretical solution, dotted
green: (¢, p) = (0, —0.125), solid blue: (a', p) = (—0.25,
—0.125), dashed magenta: (a', f) = (=0.5, —0.125). Here, f =
—0.125 is fixed and a' is varied. At a’ = —0.25, the quantum
walk solution coincides with the theoretical solution. 512
grid points are used. Absolute values of two-point-averaged

y are plotted. (‘I’mz (£.x)=(1/2)(w(t.x)+w(t.x+ Ax))) .
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A(x): sine type (o’ =—0.25, f: changed)

14 --= theory
(@, /)=(-0.25,0)
124 — (o, p)=(-0.25,-0.125)
-- (a, p)=(-0.25,-0.25)

0 100 200 300 400 500
x (contains 512 grid points)

Figure 3. Parameter fitting for sine function type A(x) (after
150000 walks) dash-dotted red: theoretical solution, dotted
green: (o', f) = (—0.25, 0), solid blue: (a', #) = (—0.25, —0.125),
dashed magenta: (o', f) = (—0.25, —0.25). Here, a' = —0.25 is
fixed and g is varied. At f=—0.125, the quantum walk solu-
tion coincides with the theoretical solution. 512 grid points
are used. Absolute values of two-point-averaged y are

plotted. (‘l’avel (£.x)=(1/2)(w(t.x)+y(t.x+ Ax))) .

A(x): elliptic type (a": changed, = —0.125)

1.4+ <= theory
(o', f)=(0,-0.125)
1.2+ — (a, p)=(-0.25,-0.125) |}
-- (a,$)=(-0.5,-0.125)

0.0

0 100 200 300 200 500
x (contains 512 grid points)

Figure 4. Parameter fitting for elliptic function type A(x)
(after 50000 walks) dash-dotted red: theoretical solution,
dotted green: (a', f) = (0, —0.125), solid blue: (a’, §) = (-0.25,
—0.125), dashed magenta:(a', f) = (0.5, —0.125). Here, f =
—0.125 is fixed and a' is varied. At o' = —0.25, the quantum
walk solution coincides with the theoretical solution. 512
grid points are used. Absolute values of two-point-averaged

v are plotted. (\ymz (t.x)=(1/2)(w(t.x)+w(t.x + Ax))) .

To summarize these results, we find that by selecting
only two parameters a'=-1/4, f=-1/8, a theoretical
solution and a quantum walk numerical solution co-
incides completely.

Copyright © 2013 SciRes.

A(x): elliptic type (o' = —0.25, j: changed)

1.4 == theory
(o, B)=(-0.25,0)
1.2 — (a, )= (-0.25,-0.125)
-~ (d,B)=(-0.25,-0.25)

100 200 300 400 500
x (contains 512 grid points)

Figure 5. Parameter fitting for elliptic function type A(x)
(after 100000 walks) dash-dotted red: theoretical solution,
dotted green: (a', f) = (—0.25, 0), solid blue: (a', f) = (—0.25,
—0.125), dashed magenta: (¢’, f) = (—0.25, —0.25). Here, a’' =
—0.25 is fixed and £ is varied. At f = —0.125, the quantum
walk solution coincides with the theoretical solution. 512
grid points are used. Absolute values of two-point-averaged

v are plotted. (wawz (t.x)=(1/2)(w(t.x)+w(t.x+ Ax))) .

o1 1 1 1Y
Because o'=—|a——|, f=—|a—-—| for H_,
2 2 2 2

this result leadsto a=0.
Namely we find that H, =—%DA(x)A(x)D is the

right Hamiltonian for the continuum limit evolution equ-
ation corresponding to the TDSE-type quantum walk
with space dependent 6(x) .

3. Advection Equation with Space
Dependent Velocity Field

We consider space dependentparameters <€(x)) in the
advection-type quantum walk (see Appendix A).

o Seats )

Here we use U (x) in place of E and F in Figure 1

3.1)

and ¢(x)= g, b(x)=0 are chosen in Equation (1.5).

The evolution equation that emerges as the continuum
limit for the advection-type quantum walk with space
dependent velocity field (A(x) =sin H(x)) is in general

aa_‘f = A(x) " DA(x)" ¥

(=(@DA(x)+(1-a) A(x) D) W)

(Where D= i]
ox

(3.2)
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. 1
Especially a =0, 5 and 1 correspond to non-con-

serving-type, unitary-type and conserving-type advection
equations respectively (Note that there is a relation
174 :\/; between unitary-type solution ¥ and con-
serving-type solution p).

However since quantum walk is a unitary transforma-
tion, only the unitary-type advection equation is allowed.

In the following, we investigate using a numerical
method if the unitary-type advection equation indeed
emerges as a solution for continuum limit.

In our numerical method, we use periodic boundary
condition for the range [0,1], and use the following type
of A(x).

(More precisely, in the actual calculation the range
[0,1] was mapped to the range [0,512])

A(x)=—h

—m (AO =0.5e= 05) (33)

and this satisfies

1
[ e 1 (3.4)
! (x) 4,
In order to calculate the theoretical solution for
o (t,x)

— " A(x) " DA(x)" w(t,x)  (3.5)
we can simply reduce it to the solution of the constant
velocity field ( 4(x)=1) advection equation
v, (t,x)=F(t—x) (where F(x) is an arbitrary periodic
function of which period = 1).

oy, (1,x)

. Dy, (t,x) (3.6)

_Ve (tAO,‘B(x))
A(x)"

v (1,x)

3.7

A
where B(x) = dx
(=]
(Note that as B (x+1) = B(x)+1, the periodicity
w(t,x+1)=y (t,x) is guaranteed).

We used y, (t=0,x)= exp(—(lO(x—O.S))2) for the

initial wave packet.

In fact, in the case of advection type quantum walk,
both left moving and right moving components emerge.
However we find that using the 4-point-averaging mani-
pulation, we can extract only the one component (see
Appendix C).

4-point-averaging is an averaging manipulation over
four neighboring grid points in space-time.

Copyright © 2013 SciRes.

!//ave4 (t’x)
Ei(w(t,x)w(t,xw) (33)
+ (t+ A, x)+y (t+AL,x+Ax))

Now, if we assume y (7,x) =~y (t,x+Ax)~1 then
(l//(t+At,x+Ax)]~[cos€ —sinej(lj
w(t+At,x) “lsing  coso \1
cos@—sind
:(cosﬁ+sin9]

1+cos@ , 0
=cos E It means

(3.9)

and therefore v, (¢,x)=

that by 4-point-averaging the wave function scales with a
0

factor of cos’ >

In order to solve advection equations by using quan-
tum walk with 4-point-averaging, we must consider this
factor. It is not straightforward to deduce the right pre-
scription to take into account the factor in a purely theo-
retical way. We here examined three different prescrip-
tions to account the factor using numerical method.

Here we refer to the wave function of quantum walk as
w(t,x), and refer to the solution of the advection
equation to be solved as 17 (¢,x).

Three methods we use are as follows (At initial time
(t=0), w(t=0,x) is loaded to w(r=0,x) with/
without scaling factor, and at any time
(t>0) w,.,(t,x) is copied to v (r,x) with/without
scaling factor for plotting).

w (1 :O,x)::"”(t;(gx),
cos’ 5 (Method 1)
7 (,X) = Y,es (£, %)

7(t=0,x
l//(l :O,X) ::‘//(—9),
cos—
(Method 2)

y7(t,x) = \Vave4 (t’x)

cos—
2

l//(t :0,x) :zl/?(t:O,x),

_ \llave4 ([’ x)

gﬁ(t,x) — (Method 3)

o
cos” —
2
We show the numerical solutions in Figures 6-8 using
the above prescriptions.

To summarize, from the numerical examination we
find that method 2 is the right prescription.
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comparison of three methods for scaling

2.0 --- theory
method 1
— method 2
- - method 3
1.5 — A
=
= 1.0
0.5
0.0 . ‘ ‘
0 100 200 300 400 500

x (contains 512 grid points)

Figure 6. Comparison of three methods for different scal-
ings (after 100 walks) dash-dotted red: theoretical solution,
dotted green: methodl solid blue: method 2, dashed ma-
genta: method 3, solid cyan: velocity A(x). When the wave
packet locates the region where A(x) is small, the solution of
all methods coincide with the theoretical solution with good
accuracy.

comparison of three methods for scaling

2.0 - theory
method 1
— method 2
- - method 3
N AK)

\7e3]

0 100 200 ) 300 400 500
x (contains 512 grid points)

Figure 7. Comparison of three methods for different scal-
ings (after 200 walks) dash-dotted red: theoretical solution,
dotted green: method 1 solid blue: method 2, dashed ma-
genta: method 3, solid cyan: velocity A(x). As the wave
packet comes close to the region where A(x) = 1, the differ-
ences among these methods become non-negligible and only
the solution of method 2 coincides with the theoretical solu-
tion.

In general it is not so easy to solve an advection equ-
ation without numerical diffusion, but this method pro-
vides perfectly diffusion free solution by virtue of its uni-
tarity.

4. Conclusion

The mathematics of quantum walk with variable para-
meters is not well established and difficult to derive
space-time equation for its continuum limit by purely

Copyright © 2013 SciRes.

comparison of three methods for scaling

2.0t -~ theory
method 1
— method 2
15 - method 3
A(x)

0 100 200 300 400 500
x (contains 512 grid points)

Figure 8. Comparison of three methods for different scal-
ings (after 350 walks) dash-dotted red: theoretical solution,
dotted green: method 1 solid blue: method 2, dashed ma-
genta: method 3, solid cyan: velocity A(x). When the wave
packet locates around the region where A(x) = 1, the dif-
ferences among these methods become large and only the
solution of method 2 coincides with the theoretical solution.

mathematical method. And it is indispensable to compare
theories with numerical methods especially in the case of
space dependent parameters or broken translational in-
variance.

In this work, we propose clear-cut numerical methods
to identify the right relation between the quantum walk
with the space dependent parameters and the continuous
space-time evolution equations. Using the method we
establish the right relation between quantum walk and
“TDSE with a space dependent imaginary diffusion coef-
ficient” or “the advection equation with space dependent
velocity fields”.

Using the 4-point-averaging manipulation in the solu-
tion of advection equation by quantum walk, we find that
only one component can be extracted out of two compo-
nents of left-moving and right-moving solutions.

In the present work, we employ QCA formalism where
extended space generated by combining original physical
space and coin space (internal degree of freedom) is
used.

On the extended discrete space, mathematics of quan-
tum walks becomes more clear.

The extension to the multidimensional space is straight-
forward and currently we are applying the methodology
to more realistic inhomogeneous quantum system in or-
der to examine its practicality. Moreover our findings
provide a clue to find more general space dependent
formalisms such as solution method of TDSE with space
dependent resolution by quantum walk/QCA.
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Appendix

Appendix A (Continuum Limit of Quantum
Walk with Constant Parameters)

Here we briefly review the way how an evolution equa-
tion can be derived as a continuum (zero wave number)
limit of a quantum walk with constant parameters. This
derivation technique is also used when 4-point-averaging
is introduced (Appendix C).

In the method described here, the time evolution gen-
erator is expanded with respect to wavenumber k around
k = 0. This treatment is essentially the same described in
other literatures [4,6].

In the latter, the effective mass

. :{dzgjc(zk)

relation cosw(k) = cosfcosk (though their model is diffe-

-1
} =tan @ was given from the dispersion
k=0

. T
rent from ours and their 8 corresponds to our 5 a).

Note that the derivation in this appendix is not mathe-
matically rigorous, we rather provide an outline of the
derivation needed to explain or interpret the background
and results of our numerical experiments.

We regard the wavefunction as a continuous function
¥ (x), when the shape of the wavefunction varies slowly
in space as compared with the grid spacing of the quan-
tum walk. We show the continuous space-time evolution
equation thus introduced.

First we consider the continuum limit of the classical
random walk, classical counterpart of the quantum walk.

It is well known that by central limit theorem, the con-
tinuum limit of the classical random walk is a diffusion
equation (If the left-right balance of the walk is broken, it
leads to an advection-diffusion equation with an advec-
tive term)

2
P _ 4%, p0P
ot Ox ox’

First, we review how this equation can be derived.

We assume that the transition probability matrix P is
translationally invariant. Namely P commutes with one-
grid shift (to the negative direction) operation matrix S.

Below is a simplest example of classical random walk
with probabilities of both left and right walks being the
equivalent value 1/2.

Here we assume cyclic lattice of size N or periodic
boundary condition.

(A.1)

0 12 0 0 - 12
/2 0 1/2 0 - 0
A0 Y2 0 2 0 A2
0 0 12 0 - 0
S T )
/20 0 0 12 0
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0100 0
0010 0

. o0 01 0

S= (A.3)
0000 0
|
1000 0 0
[ﬁ,ﬁ]:o (A.4)

In treating translationally invariant discrete system, it
is usual technique to diagonalize both S and P si-
multaneously using Z-transformation.

where P(s) is the diagonal element of the diagonalized
P corresponding to the eigenvalue s of S.

Next we extend the problem from discrete time to con-
tinuous time and assume this leads to the following con-
tinuous time evolution equation

&) fi(5)ps)

ot

(In this appendix we use H,H for generators

(A.5)

o .0 .
—,i— respectively).
oo Tespectively)

As transition probability matrix for a unit time is

P(s)= Mg (s) can be calculated by
H(s)=logP(s) (A.6)

In order to investigate the continuum limit (or long
range limit) behavior, we use the relation between the
shift operator (.S ) and the differential operator

(D= ai ) S=e® and we have only to expand H(s) in a
X

Taylor series with respect to k of s =¢* around k= 0.
In this example,

H (s)=log P(s)=1log(cosk)

=10g[1—§+0(k4)J=—k—;+0(/€4)

Therefore in the real space representation by replacing

(A.7)

0 . e .
—ik — ™ we obtain a diffusion equation
X

% _12p
ot 2’

In the case of quantum walk, we can use basically the
same technique. the difference is that the quantum walk
has not an 1-grid translational invariance but a 2-grid
translational invariance.

(A.8)
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[U,Sz] = o,[U,ﬁ] £0 (A.9)

We 2 x 2-block-diagonalize both U and S simul-
taneously by Z-transformation.

This time, unlike the case of classical random walk,
we use Z-transformation of 2 x 2 matrix unit.

U (S2 ) = ZUO:I,Zi:2i+1S2i
& ; 0 1
S(sz ) = ZSO:I,Zi:ZiHSZI = [SZ 0]

Here Umzl 2 denotes 2 x 2 submatrix (0 to 1 row
indices and 2i to 2i + 1 column indices) of U.

If we use the factorization form U =S"'ESF of
Figure 1.

Z-transformation of U is obtained by the matrix
multiplication of Z-transformation of each factor.

0(s)=5(°) E()s(6°) ()

- A.ll
I
1 0 s° 0

Now we assume the 2 x 2 matrix form of £, F being

A B
E:F:
e »)

2
Y4 B
U (S2 ) _ 0 s
s 0 )C D
_ Cs™' Ds™ ’
As Bs
Then we regard the square root of U (sz) as 1-walk

evolution matrix.
Cs"' Ds™
U (S2 ) _ S A}
As Bs

The logarithm of U(s) is obtained by decomposing U(s)
into the scalar part and the traceless part as follows.

U(s)za1+iﬂA:WeXp(iwA)
o = arctan [ﬁj — arccos| ——2 (A.15)

(a,p,0eC,A:2x2 matrix with trace (A)=0 and
A =1T)

(A.10)

(A.12)

(A.13)

Ul(s)= (A.14)

H(s)=logU (s)=1log(al+ipA)
=loga’ + f* +iAw

As A has eigenvalues +1 and —1, we can obtain
a,f from

(A.16)
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trace(U(s)) =Cs'+Bs=2a
det(U(s))=—(4D-BC)
=(a+if)(a-ip)=a’+

Now we consider more concrete form for (4, B, C, D).

(A B j:exp(zﬂ(o—x cosg+o, sin¢)—ib)

(A.17)

(A.18)

C D
(A.19)

cos® isinfe )
= _ e
isin Oe" cosé
0 1 0 —i . .
Here, o, = ,O, = are Pauli’s matri-
’ 1 0) - i 0

Ces.

Then using s =e* we have

a= %trace(U(s)) =isinfcos(p—k)e ™ (A.20)

Jao + 7 = \Jdet (U (5)) = (A21)
and therefore
H(s):(g—bjmm,
a):arccos(sinﬁcos(¢—k)) (0<w<m) (A22)
sinw = \/l—sinz Ocos® (p—k)
= \/cosz 0 +sin® sin’ (p—k)
o . _ ik
A .1 s1n951n(ﬂ¢i k) | CO.SHe (A23)
sin @ cosbe sm¢951n(¢—k)

In order to investigate the continuum limit (or long
range limit) behavior, we expand a)(s) in a Taylor
series with respect to k of s=¢” around k = 0 and we
have

o(e)

= arccos (sin @ cos (¢ k) )

= arccos(sin 6 cos ¢)—Mk (A.24)
Ji=sin? Ocos® ¢
+1 sin @ cos’ 6’cos6’3 (k3)

2(l—sin 6 cos’ ¢)

Here we use the Taylor expansion of arccos,

arccos(a +x)

1 2
_az 2(1_61);2);4'0()63)

(0 <arccos < ).

= arccos
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Two cases (¢=0 or ¢:§) are particularly impor-

tant, and from now on we restrict our arguments to these
cases.

w(e”‘ ) = arccos (sin f cos k)

=§—6’+%k2tan9+o(k4) (A.25)
(for ¢ =0)
a)(e”‘ ) = arccos(sin @sin k)
=§—ksin¢9+o(k3) (A.26)
T
for =2
[orgb 2}
—A(k—O)— 0 1 —sinf cosé@
1 0)| cos@  sing
(A27)

[for 9=0, g respectivelyj

Now we consider eigenfunctions of A(k) or (which
is the same) H (e’k)
_A(eik),/,(i) (k) :ia//(i) (k)

The ec(|1§ation of motion for wavenumber represen-

(A.28)

tation ' (t.k) is
Gy/(i) = (%)
=Hwy"
ot v

~ —i((b —Ej + (f —0+1 1% tan HD‘I/(+) (A.29)
2) 2 2
)

=
oy =HyY ~ i(£$zj$sin¢9i p)
ot 2 2 ox (A30)

y (1,x) is

oV )
_H
a 7
2
~ ((b —%)i[g—ﬁ—%tanﬁaa—zjj‘{’m (A31)
X
(or¢=0)

(G
o =H;z/(i)z i 212 $sin6’i p)
ot 2 2 ox (A32)

(forgb:gandb:Oj
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Thus we obtain the TDSE with potential term
(for $=0) and advection equation.

(forqﬁ:gandb:Oj.

Here we drop higher-order terms.
Now we describe the physical meaning of
briefly.

(%)

0 1
For TDSE-type (¢=0), —A(k:O):(1 Oj and its

1
eigenvector are ( j
+1

1
It is plausible that the eigenvector [J corresponds to

the wave function slowly varying in space, namely

w(t,x) =y (t,x+Ax).
On the contrary, for advection-type

(¢=g)’_A(k:0):(—sin9 cos&j and Gj s 1ot

cosd sind

the eigenvector, so the wave function slowly varying in
space must have both ¢ and ¢U) components corre-
sponding to left-moving and right-moving wave packets.

In Figure A1 we plot the dispersion relation for the
TDSE type quantum walk (Equation (A.25)).

Note that if we shift the horizontal axis by —g, we

can regard this graph as the dispersion relation for
advection type quantum walk (Equation (A. 26)).

In the TDSE case, as ¢ comes close to g, the dis-

persion relation around % ~ 0 changesfrom quadratic to
linear and this corresponds to the one-dimensional Dirac
T

~

tan @ 2
This can be seen as follows (shown by the article [6]).

H-= log([g SOI Jexp(iﬁdx )]

= log(exp(—ikaz )o, exp(ibo, ))

~ 1og[iexp[—ikaz —i(g— 9) o, ]‘7j (A.33)
= —i[—E+kUZ +(£—6’jo§j
2 2 |

(if both (g - 9) and k are small]

equation with a small mass m =

Therefore in a real space representation without the

. T .
constant phase rotation factor 5 in Equation (A.33),
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dispersion relation
3.00 - 6=0
F 6=mn/8
25 e — O0=n/4

w(k) = arccos(sin(@)cos(k))

&
n

0.0

-3 -2 -1 0 1

Figure Al. dispersion relation for TDSE (or advection) type
quantum walk.

ia—l//z —iazi+(£—q9jax 17
ot ox \ 2

Finally we comment about unit system. By comparing
the continuum limit evolution equation for the TDSE-
type quantum walk with 6 and b

we have

(A.34)

ial//(‘r)
ot

= HyW (A35)
1 o’

=| ——tanf—+b—-0 |y

( 2 for ]W

and the usual TDSE

Oy 1 o

1— = = ——_+V A~36

o - v EZm > jl/f (A.36)

we can say that the correspondence relation

than& and V ~b—60 hold. It is true if we use the
m

units system of Ar=Ax=1 where At means the time
interval of each step and Ax means the grid interval. If
we use more general units system, we must say that

1 At

m (Ax)’

quantities.

~tan®@ and VAt ~b—6 using dimensionless

Throughout this article we call 2L as imaginary
m

diffusion coefficient.
One more important comment to say is that in a finite
difference (leap-frog) method

Copyright © 2013 SciRes.

w(t+AnLx)-y(t—-At,x)
' 2At
1 y(t,x+Ax)+y(t,x—Ax) -2y (1,x)
m (ax)

(A37)

there is a sharp stability condition (CFL condition) for
nondimensionalized imaginary diffusion coefficient

1 At 1

- < 3 [13], but in quantum walk there is no such

m (Ax)
limitation.

Appendix B (Factorization of Unitary Banded
Matrix)

Here we briefly review the factorization of 2-grid trans-
lationally invariant unitary banded matrix.

Factorization of matrix can be found in articles such as
[14].

We will show

§2 (A0 B8+ C8)=(37D5°)(E8) P )
that corresponds to Figure A2, or equivalently.

(B.2)

(Note that $? commutes with any matrix dealt here).
By the unitarity

(4+B5 +Cs* ) (21 +BS + és”‘) -1 (B3

or equivalently (after Z-transformation)
(A+Bs’ +Cs') (A+Bs*+Cs*)
=(A"A+B"B+C’C)+(A'B+B'C)s’ (B.4)

+(B'A+C'B)s? +A'Cs* +CAs™ =1

we can get

Jol [ /D

faal
(o]

F |

B |

Figure A2. Factorization of unitary banded matrix.
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118 S.HAMADA ET AL.

A"A+B'B+C°C=1

A'B+B*C=B"A+C*'B=0 (B.5)

C'A4=A4C=0
(Here superscript (+) denotes Hermitian conjugate).
Now we define Hermitian matrices
P=AA4*,0=CC".
As PO=QP=0 and P, Q can be diagonalized simul-

taneously by some unitary matrix D", diagonalized P,
O have the forms of

pro=[" *|pop=[? ? B.6
(5 Sreres n) o

Namely

(oo a) ~( 3 o]
(D*C)(D+C)+=[g D

Therefore, D*A and D*C should have the form of

pia=[? *|pe=["°
o o) e d
(laf* +[of = 2 Jel” +|af" = )

the above equations can be illustrated as Figure A3.
(both lower half of 4 and upper half of C are zero).

Namely by applying from the left D" to U, the band
width can be reduced from 3-block-width to 2-block-
width.

(B.7)

(B.8)

This can be expressed by
D*(A+é§2+é§4):§()?+};§2) (B.9)
or
ABSPHCST-DS(X+787)  (®.10)

Next similar procedure can be applied to ()? +ﬁ§2)
and we can say that

X +YS8? = ESF (B.11)
so finally Equation (B.2)

is obtained.

Appendix C (4-Point-Averaging)

4-point-averaging is an averaging manipulation over four
neighboring grid points in space-time.

Copyright © 2013 SciRes.

\Vavc4 (t’x)
Ei(.,,(t,x)w(t,xw) (C.1)
+y (1 + AL, x)+y (1 + AL, x+Ax))

Now we let the 2 x 2 unitary matrix of a constant para-

B
meter quantum walk U = [C D] and let o, p, q, 1, s,

t, u, v, w, x, y, z be the wave function values at grid
points as shown in Figure A4.
Namely

e DM HE o))
e S HEHE 21

and let a, c, d, e be their 4-point-averaged values.
a =(q+r+u+v)/4
c:(s+t+w+x)/4
(C3)
d =(0+p+r+s)/4
e:(v+w+y+z)/4

a, ¢, d, e, can be represented by ¢, 7, s, t as follows.

>
loe)
»]

>
o
—

>
o
™

>
(o)
-

Figure A3. Band-width reduction of unitary banded matrix.

t y 7
u v w X
b
a r S t
( p

X

Figure A4. Illustration of 4-point averaging.
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a 1+4+C 1+B+D 0 0 q
c 0 0 1+4+C 1+B+D r
e| |C(1+4+C) D(1+A4+C) A(1+B+D) B(1+B+D)| s (C4)
d 0 1+(D-C)/s 1+(A-B)/S 0 t
where 6 = AD - BC
By a simple calculation , we can find that this matrix is s Ds!
singular and can have a relation Ul(s)= [ N s ) (C.10)
e—Ca—Bec=36d (C.5) As Bs
If we regard the change (a,d,c)— (a,e,c) as a one- we can find that
step time evolution, overall one-step evolution equation det ( T ( s)) =det (U ( S)) =0,
can be written as follows (We refer to this matrix as F). (C.11)

1
C o B
1
C 6 B
1
* Cc s/l =

¥ O QO 9
* O U9

(C.6)

*
*

Using shift matrix S, two-step evolution matrix can
be written as

T =S"FSF (C.7)
And Z-transformation (by 2 x 2 matrix unit) of this is
obtained as

T(sz)zS(sz)il F(SZ)S(SZ)F(SZ)

[0 s'zj( 1 Oj[o 1}( 1 o]
- , ) , (C.8)
1 0 \NC+Bs o6)\s O)\C+Bs" O

: Cs'+Ds &5 ’
s 0

Now we consider its square root as l-step evolution

matrix.
Os™
C.9
) e

Comparing with the Z-transformation of the original
quantum walk

T(S) =

T(sz) _ [Cs1 + Bs
s

Copyright © 2013 SciRes.

trace (7 (s)) = trace(U(s)) =Cs™' +Bs

and therefore both 7'(s) and U(s) have the same
eigenvalues.
Therefore if we use

o el ng)-it)
= —+ _
c D exp(z o, Ccosp+o, sing)—i
cosf isinfe ™) ,
= , e
isin Ge"

cosd
we can derive TDSE or advection equation for ¢ =0

(C.12)

T . . .
and ¢:5 respectively in the same way shown in

Appendix A.

The only difference between T(s) and U(s) is the
eigenfunctions of A(eik) )

In this case (7(s))

A(k=0)= 1 [isine 1 j(o 1)
e 1 -ising)'{1 0
cosd isin (C.13)

(for ¢= O,g respectively)

Therefore this time, the advection-type quantum walk

) 1
has an eigenvector (1] and we can assume that the

wave function spatially-varying slowly must have only

one component out of two (‘I‘(i)) components.
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