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ABSTRACT

In this paper, we propose several new line search rules for solving unconstrained minimization problems. These new
line search rules can extend the accepted scope of step sizes to a wider extent than the corresponding original ones and
give an adequate initial step size at each iteration. It is proved that the resulting line search algorithms have global con-
vergence under some mild conditions. It is also proved that the search direction plays an important role in line search
methods and that the step size approaches mainly guarantee global convergence in general cases. The convergence rate
of these methods is also investigated. Some numerical results show that these new line search algorithms are effective in

practical computation.
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1. Introduction
Consider an unconstrained minimization problem
min f (x), xeR", (@)

where R" is an n-dimensional Euclidean space,
f:R"—>R' a continuously differentiable function.
Throughout this paper, we use g(x)=Vf(x) as the
gradient function of f(x). Given an initial point X,
line search methods for solving (1) take the form

X1 =X tady, k=012, 2

where x, is the current iterate, d, a search direction,
and «, a step size. Let x* be a minimizer of (1) and
thus be a stationary point that satisfies g(x*):o. We

denote f(x,) by f, f(x*) by f°, and Vf(x)

by g, respectively.

In line search methods, there are two things to do at
each iteration. One thing is to find a search direction d, ,
and the other is to choose the step size ¢, along the
search direction d, .

On the one hand, the search direction d, is generally
required to satisfy the descent condition

ggdk <01 (3)

which guarantees that d, is a descent direction of
f(x) at x. In order to ensure the global convergence
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of line search methods, we often require that the follow-
ing condition holds,

-
—%ZC, (4)

ol |
where ce(0,1] is a constant. The condition (4) is
sometimes called the angle property (e.g., [1,2]). The
choice of search direction d, plays an important role in
designing line search methods (e.g., [3]). There are many
techniques for choosing the search direction d, at the
kth iteration (e.g., [2,4,5]).

On the other hand, we should choose ¢, to satisfy
some line search rules. Line search rules can be classified
into two types, exact line search rules and inexact line
search rules. This paper is devoted to the case of inexact
line search rules. There are three well-known inexact line
search rules [6-9].

Armijo rule. Set scalars S« ~ O,ﬁe(o,l) ,and
o€(0,1/2). Choose ¢, to be the largest « in

{sk,skﬁ,skﬂz,m,} such that

f, — f (X +ad,)>-cag.d,. (5)

Remark. The original Armijo line search rule is to set
s, =S with s being a constant [8].

Goldstein rule. A fixed scalar & e (0%} is selected,
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and o, is chosen to satisfy
< f (% +ad)— f,

- akg:dk

<l-o. (6)

It is possible to show that if f is bounded below,
then there exists an interval of step sizes ¢, for which
the relationships above are satisfied, and there are fairly
simple algorithms for finding such a step size through a
finite number of arithmetic operations.

Wolfe Rule. Choose «, to satisfy

fo — f (X + )2 -0, ged, (7
and

T
9 (% +ady) d, >79d,, ®)
where o and y are some scalars with ae(o,%j

and ye (0',1) .
Lemma 1.1 ([1]) For the Wolfe rule, we assume that
there isascalar M suchthat f(x)>M forall

xeR".Let oce [0%) and y €(o,1), and assume that

ged, <0. Then there exists an interval [b,b,] with
0<b <b,, such that every « e[b,,b,] satisfies (7) and
(8).

The above three line search rules can guarantee the
existence of ¢, under some mild conditions. However,
how to find ¢, is still a question. Especially, how to
choose the initial step size s, in the Armijo rule is also
very important in practical computation. In fact, how to
solve the inequalities (6), (7), (8) is also a problem in
computation. Some implementable modified Armijo ru-
les were proposed [10-13]. Moreover, some nonmono-
tonic line search methods were also investigated [14-17].
However, can we find an approach to solve (6), (7), and
(8) easily and economically? Sometimes, we first set an
initial step size s, and substitute the test step size
a =s, into the inequalities (6), (7), or (8); if this «
satisfies the inequalities, then we stop and find a step size
a, = a ; otherwise, we need to use back-tracking or for-
ward-tracking to adjust the test step size until we find an
accepted step size ¢, .

In order to find ¢, easily and economically, we need
to solve three problems. One problem is how to estimate
the initial step size s,. The second problem is how to
adjust the test step size when the test step size doesn’t
satisfy the inequalities. The third problem is whether we
can extend the accepted scope of step sizes to a wider
extent. Our research is focused on the second and third
questions.

In this paper, we propose several line search rules for
solving unconstrained minimization problems. The modi-
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fied line search rules used in the methods can extend the
range of acceptable step sizes and give a suitable initial
step size at each iteration. It is proved that the resulting
line search methods have global convergence under some
mild conditions. It is also proved that the search direction
plays an important role in line search methods and that
the step size rule mainly guarantees the global conver-
gence in general cases. Numerical results show that the
resulting algorithms are effective in practical computa-
tion.

The remainder of the paper is organized as follows. In
Section 2, we describe the modified line search rules and
its properties. In Section 3, we analyze the global con-
vergence of resulting line search methods, and in Section
4, we study further the convergence rate of the new line
search methods. Numerical results are reported in Sec-
tion 5.

2. Modified Line Search Rules

We first assume that
(H1). The function f hasa lower bound on

LO:{XGR” f(x)< f(xo)},where X, € R" is given.

(H2). The gradient g(x)=Vf (x) is uniformly con-
tinuous in an open convex set B that contains L.

Sometimes, we further assume that

(H3). The gradient g is Lipschitz continuous in an
open convex set B that contains L;, i.e., there exists
L>0 such that

lo()-g(y)<Lix=y]. ¥xy<B. ©

It is apparent that (H3) implies (H2).
In the following three modified line search rules, we
define

)1 gldk}

W, (a)=min{=«|d,|[,- : (10)
)= min{ 2o |- 5

where o €(0,+00) isa variable.

Modified Armijo Rule. Set scalars L, >0, ¢e(0,1)
T

and ae[o,l), and set sk:—gk—dkz.

2 Ll

the largest « in {sk,/}sk,ﬁzsk,-~~,} such that

Let o, be

fo— f (% +ad)=oad|w (). (11)

Modified Goldstein Rule. A fixed scalar ae(o,%j

is selected, and ¢, is chosen to satisfy
-(1-0)a9¢d, = f - f (% +ady )= oa ||d,[|w (e ).
(12)
Modified Wolfe Rule. The step size «, is chosen to
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satisfy

fo = f (% +ad)>og, "dk"Wk () (13)

and

9(x +ad,) d,>rgld,, (14)

where o and y are some scalars with ae(o,%j

and ye (0',1) .

Apparently, if «, satisfies (5), or (6), or (7) and (8),
then ¢, also satisfies (11), or (12), or (13) and (14). We
may obtain the conclusion from the fact that

2 "dk"Wk (CAESAN

Therefore, if (H1) holds, then the three modified line
searches are feasible. As a result, the modified line
searches can extend the range of acceptable step sizes
Q.
For the above three modified line search rules, we de-
note the three corresponding algorithms by Algorithm
(NA), Algorithm (NG), and Algorithm (NW), respec-
tively.

3. Global Convergence

In this section, we will prove that if (H1) and (H2) hold,
d, satisfies (3), «, is chosen so that (11), or (12), or
(13) and (14) hold. The related algorithms generate an
infinite sequence {x,}, then

(15)

Theorem 3.1 Assume that (H1), (H2), and (3) hold,
{L} satisfies 0<m,<L <M, with m; and M,
being positive numbers. Algorithm (NA) with modified
Armijo rule generates an infinite sequence {xk}. Then
(15) holds.

Proof. For Algorithm (NA), by setting

K, ={Kle, =5}, K, ={k|a, <5, },
and by (11), we have

f = fa = s.0)|d [ W (s, ), Vk e Ky, (16)

fo— a2 ao|d W (o), vk e K,. 17)

Since ¢, is the largest one to satisfy the modified
Armijo rule, we will have ¢, <o, /B <s,, Vk e K,, and
then a=¢,/f makes the inequality sign of (11)
change, i.e.,

fo— T (% +a /Bd) <eo|d|w (e /B)/B. Yk eK,.

By the mean value theorem on the left-hand side of the
above inequality, we can find 6, €[0,1] such that
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_akg(xk+ak9kdk/ﬂ)T d./B
=f - f(x +a/pd)
<ako-||dk||wk(ak/ﬂ)/ﬂ
<-oa, 0, d./B, VkeK,.
Therefore,
9(x +0.a.d./B) d,>ogrd,, keK,. (18)

By (H1), (3), and (11), it follows that {f,} isa non-
increasing number sequence and bounded from below,
and it has a limit. Furthermore, we get from (11) that

2t ||di i (er ) < +oo, (19)
k=0

and thus,
Y sclldefwi (s0) + 2 e o ]| wi (@) < 4.
keKy keKy,

In order to prove (15), we use contrary proof to ab-
surdity. Assume that there exists an ¢>0 and an infi-
nite subset K, < {0,1,---} such that

(20)

- gldk >e, Vke K
] ’

Since K, UK, ={0,1,---}, it is obvious that at least

oneof K NK,; or K,NK, isan infinite subset.
If K, NK, isan infinite subset then by (21) and (20)
we have

€ . €
—min| ——,
kegﬂlKaMo [ZMO GJ
< > sld]w (se)
keKiNK3

< 2 5[ w (si)
keKy

< 2oseldefwi (s0)+ 2 e[y wi ()
keKy keKy

< 400,

(1)

The contradiction shows that K; (K, is not an infi-
nite subset and K, N K, must be an infinite subset.
By (21) and (20), we have

. (1
> adfmin| S, .|

keKpNKg

< Y ad]wi ()

keK,NK3

< > afdi]wi (e)
keKy,

< 2 sefldif wi (s )+ kZ o |di || w (e )
Ky

keKy

< 400,

Therefore,
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a, |d | 0(k e K,NK,). (22)
By the Cauchy-Schwartz inequality and (18), we ob-

tain
"g(xk +a, 6 dk/ﬂ)_gk"
_ ||g(xk + o6, dk/ﬂ)_ gk”'"dk"

[
>(g(karakadk/ﬂ)—gk)Tdk
) ]
> (1-0) %% kK, NK,

IIOI B

By (H2), (22), and the above inequality, we have

T

||OI ||

which also contradicts (21). The contradiction shows that
(15) holds.

Theorem 3.2 Assume that (H1), (H2), and (3) hold.
Algorithm (NG) with the modified Goldstein line search
generates an infinite sequence {x, } . Then (15) holds.

Proof. By using the mean value theorem on the left-
hand side inequality of (12), there exists ¢, €[0,1] such
that

0 ke K ﬂK3,k—>+oo)

_akg(xk+ak9kdk)Tdk=fk fra=- (1 O-)akgk K

and thus,
9(x +bd) d >(1-0)gld, (23)

By the right-hand side of (12) and (H1), it follows that
{f.} is a monotone decreasing sequence and bounded

below, and thus it has a limit. This shows that
D ||dk || W, (e ) <+ (24)
k=0

Using the contrary proof, if (15) doesn’t hold, then

there exists an infinite subset K <{0,1,---} and an
e >0 such that
;
9% vkek (25)
I

By (25) and (24), we obtain
. (1
S i 5 ]
keK
< ;(“k i ()
< gak ||dk || W, (ak ) < +o0,

and thus,
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a, |d >0 (keK,k—+w). (26)

By the Cauchy-Schwartz inequality and (23), we have

lo (% +e6,d,) -,
B "g (Xk +ak0kdk)_ gk”'"dk”
B [k
(9(x, +ak9kdk)—gk)T d,
]
o4y
el

By (26) and (H2), and noting that
les 69| < e | >0 (ke K,k >o0) and the above
inequality, we have

T
“0 0 (keK k- 4o),
]
which contradicts (25). The contradiction shows that (15)
holds.

Theorem 3.3 Assume that (H1), (H2), and (3) hold.
Algorithm (NW) with modified Wolfe rule generates an
infinite sequence {x, } . Then (15) holds.

Proof. Using contrary proof, if (15) doesn’t hold, then
there exists an infinite subset K <{0,1,---} and an
e€>0 such that (25) holds. By (H1) and (13), it follows
that (24) holds, and thus (26) holds.

By the Cauchy-Schwartz inequality and (14), we have

||gk+1_gk||
"gk+1 gk" ”d " gk+1_gk )T dk > _g-krdk .

[l ]

By (H2), (26), and the above inequality, we have

T

||OI I~

which is a contradiction to (25). The contradiction shows
that (15) holds.

Theorem 3.4 Assume that (H1), (H3), and (3) hold,
Algorithm (NA) with 0<m, <L, <M,, or Algorithm
(NG), or Algorithm (NW) generates an infinite sequence
{X} . Then there exists k, €{0,1,---} and 7, >0 such

that
2
fo—fy ( J vk >Kk,.
ol

Proof. Since (H3) implies (H2), the conclusions in
Theorems 3.1, 3.2, and 3.3 are also true. We will use
these conclusions and notations in the proofs of these
theorems to our proof.

For Algorithm (NA), by (H3), the Cauchy-Schwartz

keK k—)oo)

(@7)
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inequality, and (18), we have
akL"dknz/ﬂZ"g (% +a0d,/B)- gk"'”dk"
2(g(xk +ak9dk/ﬁ)_9k)T d,
-(1-0)g.d,, kekK,,

where K, and 6, are defined in the proof of Theorem
3.1. Thus,

o
i T

|| f

By (17), (28), and the proof of Theorem 3.1, we ob-

tain
Lopl=0) L (B0-0) |\ (<0ld,)
L 2L [[d [

fk - fk-¢-1 =
where k e K,,k>k;. By (16) and the proof of Theorem
3.1, we have

1 gk
b fa Mo”"“( ][ la.]

where K,
o

=o-min{ﬂ_’gamin(ﬂ_ﬂa,lj,imin(i,l]},
L 2L M, | 2M,

it follows that (27) holds.
For Algorithm (NG), by (H3), the Cauchy-Schwartz
inequality, and (23), we have

o >-p(l-o K, (28)

2
J ke K k>k,

(30)
is defined in the proof of Theorem 3.1. Set

akL||dk||2 > ||g (X + Gy ) - gk||-||dk||
>(g(%, +ak€kdk)—gk)T d,
> -0y dy,
and thus,
o G0

o 2- . (31)
L[

By (12), (31), and Theorem 3.4, we have

o’ o -g,d, i
fo—f,>2— 3 mln(ZL 1J(—"dk" K>k

By setting
2
o o
=—min 1
o= (ZL )

it follows that (27) holds.
For Algorithm (NW), by (H3), the Cauchy-Schwartz
inequality, and (14), we can prove that
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a, __(1_13) 9 dy _
L Jdff

By (13), (32), and Theorem 3.1, we have

dl_ﬂ)min( 2|_ﬁ 1)( ] JZ k>k.(33)

L
noza(l_ﬂ)min(l p j
L 2L

it follows that (27) holds.

Theorem 3.5 Assume that (H1), (H2), and (4) hold,
Algorithm (NA) with 0<m, <L, <M,, or Algorithm
(NG), or Algorithm (NW) generates an infinite sequence
{X} - Then

(32)

fk - fk+1 2

By setting

lim{lg,||=0. (34
Proof. By Theorems 3.1, 3.2, and 3.3, we obtain that
(15) holds. By (4), when k — oo, we have
gy 0y

2
c? ’ < _[=9¢d 0.
o] {nd I ||gk||J o ( J

]

Therefore, (15) holds.

Corollary 3.1 Assume that (H1), (H3), and (4) hold,
Algorithm (NA) with 0<m, <L, <M,, or Algorithm
(NG), or Algorithm (NW) generates an infinite sequence
{X} - Then (34) holds.

Proof. By Theorem 3.5 and (4), we have

_gTd 2
fo = fea=mo [WJ
k

Td 2
[nd To. U lo 2ol

By (H1) and the above inequality, we obtain that (34)
holds.

Remark: Because (H3) implies (H2), it is obvious that
the conditions of Corollary 3.1 imply the conditions of
Theorem 3.5. Thus, Corollary 3.1 holds.

4. Convergence Rate

In order to analyze the convergence rate, we restrict our
discussion to the case of uniformly convex objective
functions. We further assume that

(H4): f s twice continuously differentiable and uni-
formly convexon R".

Lemma 4.1 Assume that (H4) holds. Then (H1) and

(H3) hold, f(x) has a unigque minimizer x", and there
exists 0<m<M such that

m||y||2 <YV (x)ysM ||y||2 ,Vx,yeR"  (35)
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%m"x—x*"2 <f(x)-f (x*)S%M ||x—x*||2 ,VxeR":
(36)
(0)-9(y)) (x=y)zm|x=y[°, 37)

and thus

M ey = o
where Vx,yeR";
M ||x—x*||2 > g(x)T (x—x*) > m"x—x*"2 ,VxeR".(38)

By (37) and (38), we can also obtain from the Cauchy-
Schwartz inequality that

Mix=ylzlo()-g(y)|zmx-y|  (9)

and

M "x—x*”z”g(x)" > m"x—x*", vxeR". (40)

Its proof can be seen from (e.g., [18,19], etc.). In this
case, the Lipschitz constant L of the gradient function
VE(x) is M.

Theorem 4.1 Suppose that (H4) and (4) hold, any of

the three algorithms generates an infinite sequence {xk} .

Then {x} convergesto X atleast R -linearly.

Proof. By Corollary 3.1 and Lemma 4.1, it follows that
{x} converges to X . By Theorem 3.5, (4) and (40),
we have

2
= ( |i3k || J
[ AL ||] lo.I

277002"gk" 2 17,C m2||xk _X*"2

m’ (f—f(x))

22
By the above inequality and setting p:\/Zi %

we can prove that p<1. In fact, by Theorem 3.5 and
(39), and noting that L =M , we can obtain

2
ZZ%C
M

o O
<Z=_, 4
<=1 (41)
and thus,
2,n2 2,2
2 ZCTM 20CT _poc g,
M M

By setting d=+/1-p° , we have
fo= £ (X)<(1-p°)(fia= (X))
=0y = £ (X)) << 0™ (£ = £ (X)),

From the above first inequality, we can say that { f, }
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converges to f"
inequality, we get that {f } converges to f”

R -linearly [18].
2(fo-f (<))
m

at least Q -linearly. From the last
at least

By setting o= , it follows that

*Zsz(f -f(x))< —Z(f"_n:(x*))e“:wze“,

[
and thus

||xk - x*" <wb",
at least

which shows that {x/} converges to X
R -linearly [18].

5. Numerical Results

In the above sections, we investigated the theoretical pro-
perties and analyzed the global convergence and conver-
gence rate of related line search methods under some
mild conditions. In this section, we will study the nume-
rical performance of algorithms with the new line search
approaches.

First, we choose some numerical examples to test the
Algorithms (NA), (NG), and (NW) and make some com-
parisons to the algorithms with the original line searches.
The original line search methods are denoted by OA, OG,
and OW, respectively.

The numerical examples are from [12]. We use the
same symbols to denote the problems. For example, (P5)
denotes Problem (P5) in [12]. For each problem, the li-
miting number of functional evaluations is set to 10,000,
and the stopping condition is

|9 | <10%. (42)

We choose a portable computer with a Pentium 1.2
MHz CPU and Matlab 6.1 to test our algorithms. The
parameters are set to ¢=0.38, =0.87, y=0.618,
L, =1, and

‘(Xk - Xk—l)T (9c—9ia)

L = 5
|Xk - Xk—l|

, (43)

for k>1.

Algorithm (NA): Step 0. Given parameters ¢ =0.38,
£ =0.87,and set k: =0;

Step 1. If | g, |<10°° then stop else taking
d =0y

Step 2. Find step size «, by using the modified Ar-
mijo rule;

Step 3. Set x,,, =X, +«d, and set k:=k+1, go to
Step 1.

For the Goldstein and the modified Goldstein rules, we
use the following procedure to find the step size.
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Algorithm (NG): Step 0. Given parameters p, =2
and p=0.5,setk:=0;

Step 1. If |g, |<10™° then stop else taking
d =0y

Step 2. Find step size ¢, by using the following pro-
cedure:

ged
Procedure 5.1. Set =5, =——**~
L d|
is defined by (43). Set two indices dec=0 and
inc=0.

Step 21. If incxdec=1, then p=y[p, p, =+,
a, =5, ,andset inc=0, dec=0;

Step 22. If (12) holds then «, = and stop;

Step 23. If the right-hand inequality of (12) holds and
the left doesn’t hold, then «=p,a and set inc=1,
and go to Step 21;

Step 24. If the left-hand inequality of (12) holds and
the right doesn’t hold, then «:=pa and set dec=1,
and go to Step 21;

Step 3. Set x,,, =X +ad, and set k:=k+1, go to
Step 1.

For Wolfe and modified Wolfe rules, we use the fol-
lowing procedure to find the step size.

Algorithm (NW): Step 0. Given parameters p, =2
and p=0.5,setk:=0;

Step 1. If |g, |<10°° then stop else taking
d ==9,;

in which L,

ET AL. 427

Step 2. Find step size «, by using the following
procedure:

9¢dy
Ll
is defined by (43). Set two indices dec=0 and
inc=0.

Step 21. If incxdec=1, then p=\[p, p, =+,
a, =S,,andset inc=0, dec=0;

Step 22. If (13) and (14) hold, then ¢, = and stop;

Step 23. If (13) holds and (14) doesn’t hold, then
a'=p,a andset inc=1, and go to Step 21;

Step 24. If (14) holds and (13) doesn’t hold, then
a'=pa andset dec=1, and go to Step 21;

Step 3. Set x,,, =X, +«d, and set k:=k+1, go to
Step 1.

In numerical experiments, we take d, =-g, .

We can see from Table 1 that the modified Wolfe line
approach is the best one in practical computation. In fact,
NA, NG and NW are all better than OA, OG, and OW.
This shows that the modified line searches are effective
in practical computation and significantly reduce the
number of functional evaluations and iterations when
reaching the same precision. Moreover, we found that the
new modified line approaches can be used to any descent
methods. For example, we can take quasi-Newton direc-
tion d, =—H,g, in the line search methods and use
these modified line search approaches to find a step size.

Procedure 5.2. Set a=s, =— in which L,

Table 1. The number of iterations and functional evaluations.

P n OA oG ow NA NG NW
P5 2 8/12 7111 7/10 6/7 6/7 6/7
P13 4 23/35 21/32 20/29 17/20 16/21 15/22
P14 4 36/52 32/48 32/48 23/32 23/35 21/29
P16 4 14/63 16/67 14/62 16/43 17/51 11/29
P20 9 12/17 12/19 13/15 11/14 11/14 11/12
P21 16 18/25 18/27 18/26 12/24 12/27 11/20
P23 8 30/41 33/49 31/45 25/34 23/36 24/32
P24 20 52/64 55/71 50/58 35/46 33/42 28/38
P25 50 11/123 12/118 10/67 11/21 12/23 11/18
P26 50 14/30 16/42 15/38 12/28 12/24 11/19
P30 20 13/22 13/26 13/23 11/26 11/21 10/18
P21 1000 98/563 89/483 76/428 67/310 54/258 48/211
P21 5000 143/721 126/565 118/475 76/426 78/384 68/236
P23 1000 120/798 117/695 120/572 73/275 76/248 64/198
P23 5000 185/775 167/883 151/663 68/85 61/83 42/65
CPU - 189s 198s 135s 121s 117s 93s

Copyright © 2013 SciRes. AJOR
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If we take L, like L,=1,and
o9

k_l

X=X

Table 2. The number of iterations and functional evaluations.

Z.J. SHI

(44)

ET AL.

for k>1, and use (44) to replace (43) in Procedure 5.2,
we have the results in Table 2. From Table 3, we found
that the estimation (43) seems better that (44) in many
situations. Actually, by Cauchy-Schwartz inequality, we

P n OA oG ow NA NG NW

P5 2 8/12 7/11 7/10 7/11 7/12 7/11

P13 4 23/35 21/32 20/29 19/23 18/25 18/25
P14 4 36/52 32/48 32/48 25/37 25/37 27/31
P16 4 14/63 16/67 14/62 16/45 18/53 12/32
P20 9 12/17 12/19 13/15 11/18 11/19 12/19
P21 16 18/25 18/27 18/26 14/31 12/25 14/28
P23 8 30/41 33/49 31/45 26/37 25/37 26/38
P24 20 52/64 55/71 50/58 39/48 32/45 29/43
P25 50 11/123 12/118 10/67 11/32 12/34 12/28
P26 50 14/30 16/42 15/38 12/35 13/44 14/27
P30 20 13/22 13/26 13/23 12/27 13/26 12/26
P21 1000 98/563 89/483 76/428 69/354 58/263 53/265
P21 5000 143/721 126/565 118/475 78/433 81/420 73/263
P23 1000 120/798 117/695 120/572 94/321 85/291 69/238
P23 5000 185/775 167/883 151/663 72/120 63/72 43/69
CPU - 189s 198s 135s 132s 141s 128s

Table 3. The number of iterations and functional evaluations.
P n OA oG ow NA NG NW
ARWHEAD 10* 46/198 42/137 32/120 26/64 25/47 25/54
DQDRTIC 10* 18/43 17/38 15/32 16/31 15/43 14/28
ENGVALL1 10* 18/36 17/29 15/28 12/25 12/25 12/25
VAREIGVL 10* 21/28 18/32 17/31 16/25 17/32 15/28
WOODS 10* 19/29 17/26 15/24 17/32 16/43 16/41
LIARWHD 10* 32/76 35/88 31/45 28/46 28/52 28/34
MOREBV 10* 76/86 72/124 73/97 72197 72/97 60/81
NONDIA 10* 32/44 28/52 26/42 22/36 25/48 23/34
TQUARTIC 10* 29/43 27/38 25/31 24/36 24/43 24/43
POWELLSG 10* 57/126 59/119 53/97 48/126 53/92 42/77
QUARTC 10* 53/127 42/116 34/98 32/74 33/68 31/66
SCHMVETT 10* 28/75 28/92 25/82 24/38 25/42 23/38
SPARSQUR 10* 54/93 47/110 48/90 42/73 45/73 40/65
SROSENBR 10* 31/95 29/85 25/82 29/66 25/78 24/64
TOINTGSS 10* 26/67 28/73 26/75 24/56 21/52 24/48
CPU 125s 116s 108s 97s 88s 72s
Copyright © 2013 SciRes. AJOR
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have

‘(Xk _Xk—l)T (9= 9s) < "gk - 91«1"
It =%l =l

which shows that (43) can produce a larger initial step
size s, than (44) does.

In fact, in the beginning of iterations, larger step size
can quicken the convergence of resulting algorithms for
solving well conditioned middle scale problems. For lar-
ge scale or even ill-conditioned problems, what is the
performance of the resulting algorithms with new modi-
fied line search rules? We chose standard test problems
from [20-22] to test the new modified line search rules.
The numerical results are reported in Table 3.

For large scale problems, numerical results show that
the resulting algorithms with the modified line search
rules are more effective than the original ones in many
cases. The reason is that step size estimation is more use-
ful for such large scale problems that have sparse Hes-
sian matrix. Larger step size plays an important role in
the convergence of resulting algorithms with modified
line searches. Therefore, initial step size estimation and
extending the range of acceptable step sizes is necessary
in line search design and algorithm design.

6. Conclusions

We proposed several new line search algorithms for
solving unconstrained minimization problems. The modi-
fied line search rules used in the methods can extend the
range of acceptable step sizes to a wider extent and give
a suitable initial step size at each iteration. It is clarified
that the resulting line search algorithms have global con-
vergence under weak conditions. It is also proved that the
search direction plays an important role in these methods
and that the step size mainly guarantees global conver-
gence in some cases. The convergence rate of these algo-
rithms is investigated. These theoretical results can help
us design new algorithms in practice. Furthermore, we
extended the line search methods theoretically in some
broad sense. Numerical results show that these new mo-
dified line search rules are useful and effective in practi-
cal computation.

For the future research, we should study the numerical
performance of special line search methods for large-
scale practical problems. Moreover, we can generalize
these modified line search approaches to nonmonotone
cases [14,16]. We can also investigate step-size in dif-
ferent ways [23-25].
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