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ABSTRACT

This study explores the equilibrium outcomes in the contexts of quantity-setting and price-setting mixed duopolies with
consistent conjectures of both the social welfare maximizing public firm and the relative profit maximizing private firm.
Similar to the private duopoly composed of only relative profit maximizing firms, we show that in the mixed duopoly,
the equilibrium outcomes in the quantity-setting competition with the consistent conjectures of both firms are equivalent

to those in the price-setting competition with the consistent conjectures of both firms.
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1. Introduction

In the context of a mixed duopolistic market with the
differentiated and substitutable goods, this study ad-
dresses the problem of whether or not the consistent
conjectures of the public firm and the private firm yield
the same equilibrium outcomes in a quantity-setting
competition and a price-setting competition. The topic of
conjectural variations in oligopolistic markets has been
investigated for a long time; for example, Bresnahan [1],
Perry [2], Boyer and Moreaux [3], Tanaka [4], and Ta-
naka [5] considered the influence of the conjectural vari-
ations of firms on the equilibrium market outcomes in
several economic contexts.' More recently, in a private
duopoly with linear demand functions and constant mar-
ginal cost functions which is composed of the two sym-
metric private firms, Tanaka [6] showed that firms’ equi-
librium output and the price levels in the Cournot equi-
librium under their relative profit maximization are equal
to their equilibrium output and prices in the Bertrand
equilibrium under their relative profit maximization.®
Furethermore, in a private duopoly wherein symmetric
private firms maximize their relative profits, Tanaka [8]

"We are grateful for the financial support from KAKENHI (25870113).
All remaining errors are our own.

'In particular, Perry [2] showed that each firm’s competitive conjecture
is the unique consistent conjecture in a private duopoly with a homoge-
neous good and its constant marginal cost function.
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found that 1) their conjectural variations are irrelevant to
the equilibrium outcome, and both their quantity setting
behaviors and their price setting behaviors are equivalent
to any of their conjectural variations; and 2) all the con-
jectural variations common to both the firms are consis-
tent.

On the other hand, the relative profit approach has
been adopted in many modern theoretical oligopolistic
works. In the context of evolutionary economics ‘a la
Schaffer [9], Vega-Redondo [10] found that each firm’s
adoption of its relative profit maximizing behavior yields
the Walrasian equilibrium in the general equilibrium
framework. Furthermore, Lundgren [11] presented a new
economic method for preventing incentives for collusion
by making managerial compensation which depends on
relative profits rather than absolute profits. Kockesen, et
al. [12] derived the condition that a firm with interde-
pendent preferences (i.e., the relative profit preference)
obtains a strictly higher profit than an independent (i.e.,
the absolute profit preference) firm in any equilibrium.

’In addition, Tanaka [7] found that in a private duopoly with linear
demand and constant marginal cost functions, when the two symmetric
private firms maximize their relative profits, the choices of their strate-
gic variables are irrelevant to the outcome of the game in the sense that
the equilibrium outcomes are the same in all three types of market
structure, and then any combination of choices of strategic variables by
the firms comprises a subgame perfect equilibrium in the two stage
game.
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Most recently, Matsumura and Matsushima [13] investi-
gated the relationship between the degree of competition
and the stability of collusive behavior by introducing the
element of relative performance to the objective func-
tions of firms and showed that an increase in the degree
of competition destabilizes collusion®.

Given the importance of both the relative profit ap-
proach and conjectural variations in an oligopolistic mar-
ket, the purpose of this paper is to ascertain whether or
not the irrelevance result that the equilibrium market
outcomes in the quantity-setting competition are equiva-
lent to those in the price-setting competition in a mixed
duopoly with differentiated and substitutable goods and
with the consistent conjectural variations of both the so-
cial welfare-maximizing public firm and the relative
profit-maximizing private firm. In this paper, by follow-
ing Tanaka [8], we consider a mixed duopoly with linear
demand functions and constant marginal cost functions.
Under the above assumptions, we show that in a mixed
duopoly with the consistent conjectures of both the social
welfare-maximizing public firm and the relative profit
maximizing private firm, the equilibrium market out-
comes in the quantity-setting competition including their
output and price levels, absolute profits, consumer sur-
plus, and social welfare are the same as those in the
price-setting competition®. Thus, in a mixed duopoly
wherein it is possible for both the public firm and the
private firm to react consistently its opponent firm’s
strategic variable, i.e., price or output levels, we must
refrain from making the shortsighted judgment that the
price-setting competition should be used rather than the
quantity-setting competition, and vice versa.

The remainder of this paper is organized as follows. In
Section 2, we formulate the basic model employed in this
paper. In Section 3, we derive the equilibrium outcomes
in both the quantity-setting competition and the price-
setting competition with differentiated and substitutable
goods wherein the public and private firms consistently
react to their respective opponent firm’s strategic vari-
able. Section 4 concludes with several remarks.

2. Mod€

We consider a mixed duopolistic market composed of
one social welfare maximizing public firm (firm 0) and
one relative profit-maximizing private firm (firm 1). We
use ¢; and p; to represent firm i’s output and price levels,

*Moreover, existing works using the relative performance approach in
the context of a mixed duopoly with one welfare maximizing public
firm and one relative profit-maximizing private firm include Nakamura
and Saito [14], who investigated each firm’s capacity choice in the
quantity-setting competition, and Nakamura and Saito [15], who con-
sidered each firm’s capacity choice in price-setting competition.

“In the model of this paper, this result is satisfied in the standard mixed
duopoly wherein the private firm maximizes its absolute profit since
we allow the case wherein the degree of importance of its relative
performance is zero.
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respectively, (i = 0,1). We adopt the constant marginal
cost function, which ¢ is a common marginal cost be-
tween firms 0 and 1, similar to Tanaka [8].

In addition, we assume that firms 0 and 1 incur no
fixed costs. We use /¢ and o/” to denote firm i’s
consistent conjectural variation and we suppose that
-1<6/ <1 and -1<0/" <1, (i = 0,1). On the basis
of the assumption of Tanaka [8], we employ the follow-
ing inverse demand function of the goods produced by
firm 7 *a la Singh and Vives [16]:

p,-(q,-,q},):a—ql. =bq,, i,j=0,L;i=#j

where @ > ¢, 0 and 0 < » < 1°. This inverse demand
function results from the following representative con-
sumer’s utility:

% +2bf;0q1 ta,

where m denotes the income of the representative con-
sumer. Furthermore, the ordinary demand functions for
the goods of firms 0 and 1 are obtained from the above
inverse demand functions as follows:

a(1-b)—p, +bp,
- 1-5°

Consumer surplus is expressed as the representative
consumer’s utility as follows:
CS =U(44.9,)— Pody — P14, » Whereas producer surplus
is given by the sum of the profits of firms 0 and 1,
n, + 7, . Finally, we suppose that social welfare W is
defined as the sum of the consumer surplus and the pro-
ducer surplus®, implying that W = CS +(m, +m,).

U(Qon‘]l):a(% +Q1)

i

q; , §,j=0,1;i# .

3. Equilibrium Analysis

In this section, we derive the equilibrium outcomes with
public firm 0 and private firm 1 in the contexts of both
the quantity-setting competition and the price-setting
competition with consistent conjectures for both firms.

3.1. Quantity-Setting Framewor k

In this subsection, we consider the situation wherein the

>The value of be (0,1) indicates that the relation between the goods

of firms 0 and 1 are substitutable. Moreover, the assumption that
a>c20 is made in order to ensure the non-negativity of all equilib-
rium outcomes.

®Similar to Matsumura and Okamura [17], Nakamura and Saito [14],
and Nakamura and Saito [15], we consider social welfare not as the
sum of consumer surplus and the relative profits of firms 0 and 1 but as
the sum of consumer surplus and the profits of firms 0 and 1. Firms’
CEOs frequently emphasize the relative performance of their firms
rather than the absolute performance of their firms since relatively
good performance increases current and future income. However, we
regard such an increase of income as a simple income transfer. For this
reason, we suppose that the social welfare in this paper is equal to the
sum of consumer surplus and the profits of firms 0 and 1.
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strategic variables of firms 0 and 1 are their output levels.
The objective functions of firms 0 and 1 are given as
follows:

Vo' (40:0:) =W (90-91) = a(q0 +4,)

2y +qp +209,+2b90q, +47 |,
2
quq (%a%) =7 (%»%)_ano (%9‘11)
:(a_c_b%_%)ql 4 (a—c—qo—bql)a
where a €[0,1)’.
Firm 0 decides its output level in order to maximize

V¥, assuming that the reaction of the output level of
firm 1 to the output level of firm 0 is given as follows:

bl

oq,

On the other hand, firm 1 decides its output level in
order to maximize V* 1 assuming that the reaction of
the output level of firm 0 to the output level of firm 1 is
given as follows:

O _ g,

oq
0 _ s,
0Oq,

The first-order conditions of firms 0 and 1 in the quan-
tity-setting market competition are given, and their real
reaction functions are obtained as follows:®

aI/]qq
=a—bq, —2q, +bg,a —bg,6, —aas,
9q;
+2q,a6, +bg,a8, —c(1-ad, ) =0
a(l-ad,)—c+cad, —q,(b—ba—-2a6,
o g (g0) = U el —aul )

2+b(1-a)s,

From the real reaction function of the output level of
firm 7 to the output level of firm j, we obtain the follow-
ing result (i,j =0,L;i# j):

0 b+6, —-ba -2
Y _ ——% an % _ —M, respectively.
oq,  1+bd, dq, 2+b(1-a)s,

The conditions of the consistency of the conjectural
variations of firms 0 and 1 are, respectively,

{—(b+50)/(1+b§0):51,

~[b-ba-205]/[2+b(1-a)3, | =5,

yielding
) v (1-a)+2(1-1- )a
& :_b(1+ﬁ+a—ﬁa),
59 :—1+\/§.

b

The above values of firms 0 and 1 are the equilibrium
consistent conjectures in the quantity-setting competition
under the assumption that &7 e(-1,1) and
6/ €(-1,1). Thus, the equilibrium output levels and
price levels of firms 0 and | under the assumption that
0, =04" and o, =9 are obtained as follows:

al/oqq

24 =a—c—q,—bq, +ad, —cd, —bq,6, = 4,6, =0
0

o (q):a(1+50)—c—050—bq1—q150
oM 1+ b6, ’

9% =

(a—c){b3(1—a)+2b(1—ﬁ)a+4(1—ﬁ)a2+b2[2(1+ =07 )+3(1-V1-0 o (3—@)0@}
2(1+b){4(1—ﬁ)a2+b2(1—a)[1+ 1—b2+(3—\/§)a}}

aq _

q,

(a—c){b3(1—a)a+8(1— 107 o +2(1-1=0 ) 402 14107431 ﬁ)a—z(3—ﬂ)a2]}

B

>

2(1+b){4(1—@)a2+b2(1—a)[1+ 1—b2+(3—ﬂ)a}}

and

"As indicated in Matsumura and Matsushima [13], if we adopt the sales delegation approach in Fershtman and Judd [18], Sklivas [19], and Vickers
[20] and replace each firm’s sales with the (negative) profit of the opponent firm, as in their models, it would use a positive value of a. Moreover, for
the technical reason that all equilibrium outcomes of firms 0 and 1 must be positive, throughout this paper, we adopt their common positive values of
a following Matsumura and Matsushima [13], Nakamura and Saito [14], and Nakamura and Saito [15].

8The second-order conditions of firms 0 and 1 are satisfied.
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[a[Zb(—l+ﬂ)a+b4(—1+a)a+4(1—@)a2+b3(M+2a—Ma)

+ha(1-\1-b" ~5a+3 1—b2a)}+c(b4(1—a)a+4(1—ﬁ)a2+2b(1—\/§)a(1+4a)
) +b2[2(1+ﬂ)+a(3—3 1-b —a— 1—b2aﬂ+b3{2+ﬁ+a[2—3 1-6" -2(3-V1-5 o ]}ﬂ
e 2(1+b){4(1—ﬁ)a2+b2(1—a)[l+ﬁ+(3—\/§)a}}

E

(ab{b3(—1+a)+2(1—ﬁ)a2—bza[ =07 +(2-V1- bz)a}rb[Hx/l p —(1=+1- bQ)aJ}

+c{b4(1—a)+8(1—ﬁ)a2+6b( -8 )a +b3[2( Ji-p ) (4-341- bz) ~(4-+1-1)a }

+b2[1+ﬂ+5(1—ﬁ)a—2(3—ﬁ)a1})
2(1+b){4(1—ﬁ)a2+b2(1—a)[1+\/l—b2+(3—\/1—b2)a}}

a9 —

P

3.2. Price-Setting Framewor k The objective functions of firms 0 and 1 are given as

. . . o . follows:
In this subsection, we consider the situation wherein the W

strategic variables of firms 0 and 1 are their price levels.

a’(1-b)—4a(1=b)c— p2 +2bp,p, — pt +2(1=b)c(p, + p
V()pp(p07pl):W(p09pl): ( ) ( ) 02(1_b2)1 ! ( ) ( 0 1)+m,

)2 —c)[a(l—b)+bp0 —pl)—(p0 —c)[a(l—b)—po +bp1]a‘

lep(l?o,Pl)=”1(P0»P1)—0!7T0(Po»1?1)= —p
Firm 0 decides its price level in order to maximize lows:
V¥ , assuming that the reaction of the price level of firm op
1 to the price level of firm 0 is given as follows: 6_0 =6".
P
ap 1 _ 5pp .. . .
Q0 The first-order conditions of firms 0 and 1 in the pri-
Po ce-setting competition are given, and their real reaction
On the other hand, firm 1 decides its price level in order functions are obtained as follows:’
to maximize V,” assuming that the reaction of the price From the real reaction of the price level of firm i to the

level of firm 0 to the price level of firm 1 is given as fol price level of firm j, we obtain the following result (i, j =

=Py +bpyS, +(1-b)c(1+ 6, )+ p, (b—6,)
1-5

ovy” :_po —bp,4, —(1—b)c(1+50)—p1 (b—50)

ap l—bz :0<:’>p0(pl):
0

E

oy a(l—b)+bp0 -p +(c—p1)(1—b51)—a[(a+c—2p0)51 —b(c—p0 +ao, —p,é‘l)]

o -5
o al )_c(l+ba—b51—aé‘l)+a(1—b)(l—a5l)+p0(b—ba+2a51)
AlPe/= 2-b(1-a)s, '

The second-order conditions of firms 0 and 1 are satisfied.

Copyright © 2013 SciRes. TEL
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0, I;i=J):
% = M, and % = M’ respectively'
p, 1-bs, op, 2-b(1-a)s,

The conditions of the consistency of the conjectural
variations of firms 0 and 1 are, respectively

{(b—so)/o—wo):sl,

(b-ba+2as,)/[2-b(1+a)s, | =3,

yielding

bz(l—a)+2(l+m)a

The above values of firms 0 and 1 are the equilibrium
consistent conjectures in the price-setting competition
under the assumption that &}” €(-1,1) and
5 e(-11). Note that each firm’s consistent conjec-
tural variation in the price-setting competition is different
from that in the quantity-setting competition.'” Thus, the
equilibrium price level and output level under the as-
sumption that J, =0, and o, =5/” are obtained as
follows:

By summing up the equilibrium market outcomes and
including the output and price levels of firms 0 and 1 be-

1-1-p2 tween the quantity-setting competition and the price-

o = , O =—m . setting competition, we obtain the following proposi-
bA-V1-b* +a+1-b*a b tion:
[a[zb(—uﬁ)a+b4(—1+a)a+4(1—ﬂ)a2+b3(ﬂ+2a— 1-ba)
+ba(1-1-b" ~5a-+3 l—bzaﬂ+c(b4(1—a)a+4(1—m)a2+2b(1—m)a(1+4a)
+b2[2(1+ﬁ)+a(3—3ﬁ—a— l—bza)}+b3{2+ﬁ+a[2—3 - —2(3— l—bz)aJ}ﬂ

w_

e 2(1+b)14(1—\/§)a2+b2(1—a)[1+\/l—b2+(3—\/l—b2)a}} ’
(ab{b3(—1+a)+2(1—ﬁ)a2—bza[ﬁ+(z—ﬁ)a #b 1+1=0" (14107 ) }
+c{b4(1—a)+8(1—m)a2+6b(1—@)a2+b{2(1+ﬁ)+(4—3 10 Ja—(4-1-0")? |
+b2[1+m+5(1—ﬁ)a—2(3—ﬁ)a2}}j

" _

" 2(1+b){4(1—ﬁ)a2+b2(1—a)[1+\/l—b2+(3—\/1—b2)a}} ’

and

%"

(a—c){if (1-a)+26(1-\1=5" Ja+ 41 -V1=07 ) 417 [2(1+ 1-b*)+3(1- l—bz)a+(3—m)a2}}

2(1+b){4(1—ﬁ)a2+b2(1—a)[1+ 1-b" +(3- 1—b2)a}} :

P
9

(a—c){b3(1—a)a+8(l—m)a2 +2b(1-1- o’ 07 [1+ﬁ+3(1— 1-p’ )a—2(3—ﬁ)a2}}

2(1+b){4(1— l—bz)a2+b2(l—a)[l+ﬁ+(3— 1—b2)a}}

"°As shown in Tanaka [8], in a private duopoly composed of two absolute profit maximizing firms, their consistent conjectural variations in the quan-
tity-setting competition are different from those in the price-setting competition.

Copyright © 2013 SciRes.
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Proposition 1. In a mixed duopoly with the consistent
conjectural variations of both the welfare maximizing
public firm and the relative profit maximizing private
firm, the equilibrium outcomes in the quantity-setting
competition including output and price levels, profit,
consumer surplus, and social welfare, are equivalent to
those in the price-setting competition.

Note that the statement of Proposition 1 is relevant to a
standard mixed duopoly composed of one social welfare
maximizing public firm and one absolute profit maxi-
mizing private firm since it includes the case of a = 0.

Thus, in a mixed duopoly with the consistent conjec-
tural variations of both the welfare maximizing public
firm and the relative profit maximizing private firm, we
must pay attention to the fact that there is no advantage
between the price-setting competition and the quanti-
ty-setting competition, since the equilibrium market out-
comes in both the competitions are the same with each
other.

4. Concluding Remarks

In this paper, we considered the equilibrium outcomes in
a mixed duopoly with differentiated and substitutable
goods and with firms’ consistent conjectures, which are
composed of one social welfare maximizing public firm
and one relative profit maximizing private firm. Then,
similar to the private duopolies composed of two abso-
lute profit maximizing firms and of two relative profit
maximizing firms shown in Tanaka [8], we show that the
equilibrium outcomes in the quantity-setting competition
are equivalent to those in the price-setting competition
even in a mixed duopoly composed of one social wel-
fare-maximizing public firm and one relative profit-ma-
ximizing private firm.

Finally, we indicate several topics that are left to our
future studies. First, we must check whether or not the
results obtained in this paper also hold given the assump-
tions of the general number of private firms and the gen-
eral inverse and ordinary demand functions. Second, we
should investigate the issue of capacity choice in a mixed
duopoly with consistent conjectural variations, which is
composed of one social welfare maximizing public firm
and one relative profit maximizing private firm ‘a la Na-
kamura and Saito [14] and Nakamura and Saito [15].
These studies are left for future works.
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