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ABSTRACT

This paper extends the option betas presented by Cox and Rubinstein (1985) and Branger and Schlag (2007). In par-
ticular, we show how the beta of the underlying asset affects both an option’s covariance beta and its asset pricing beta.
In contrast to Branger and Schlag (2007), the generalized option betas coincide if the options are evaluated according to
the CAPM option pricing model of Husmann and Todorova (2011). The option betas are presented in terms of Black-
Scholes option prices and are therefore easy to use in practice.
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1. Introduction

In continuous time settings, the option beta of [1] based
on the [2] pricing model properly reflects the risks in-
herent in options. However, since empirical studies focus
on discrete return intervals, the utilization of continu-
ous-time betas may give rise to a distortion of an un-
known magnitude. For example, [3] examine the ex-
pected option returns under very general assumptions.
For building zero-beta index straddles, [3] employ the
instantaneous version of beta and present empirical evi-
dence that option returns appear to be other than theo-
retically expected. One possible explanation for these
findings might be the incorrect application of a non-dis-
cretized risk measure'.

Based on Black-Scholes option prices, [6] present
closed-form expressions for discrete-time option betas. In
particular, they distinguish between an asset beta, which
is important for asset pricing, and a covariance beta,
relevant mostly for hedging purposes. Furthermore, they
show that, unlike the instantaneous beta of [1] derived
from the continuous-time arbitrage-free perspective, the
discrete-time betas depend explicitly on the expected rate
of return on the underlying asset. The differences be-
tween discrete-time and continuous-time option betas are
also likely to be of a significant magnitude. However, in
the limit, when the individual planning horizon becomes
very short, all types of betas coincide.

'Further empirical studies on option returns which use the Black-
Scholes instantaneous betas are [4,5].
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This paper extends the option betas presented by [1,6].
The starting point is the CAPM option pricing model of
[7], where the length of the individual planning horizon
is a determinant of an option’s value. In particular, we
show how the beta of the underlying asset affects both an
options’s covariance beta and its asset pricing beta.
However, in contrast to [6], the generalized option betas
are shown to coincide if the options are evaluated ac-
cording to the CAPM option pricing model. We present
all option betas in terms of Black-Scholes option prices.
Therfore, they are easy to use in practice.

This paper is organized as follows. Section 2 presents
the assumptions and notation used. Section 3 summarizes
the theoretical results about CAPM option pricing in dis-
crete time. In Section 4, we present closed form solutions
for option betas and compare them to the option betas of
[1,6]. Section 5 concludes.

2. Assumptions and Notation

The assumptions and notation used in this study are ex-
actly the same as those in [7]. In brief, we use the default
assumptions of the CAPM, and additionally assume that
the instantaneous rate of return on any asset and the mar-
ket portfolio have a joint normal distribution.

We use the following notation throughout this paper:

h Investor’s planning horizon

7 Time-to-maturity of an option

K Exercise price of an option

S, Price of an underlying asset S
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, Price of a call on an asset S

Cash flow of the underlying asset

, Cash flow of the call
Instantaneous risk-free rate of interest
Instantaneous rate of return on asset S

Instantaneous rate of return on the market index

R, Standardized cash flow of the market portfolio
(e™)

H, Expected instantaneous rate of return on asset S

M, Expected instantaneous rate of return on the
market index

o, Instantaneous volatility of the rate of return on
asset S

o,, Instantaneous volatility of the rate of return on
the market index

p Coefficient of correlation between rs and rp,

A Market price per unit risk for the investor’s plan-
ning horizon

Furthermore, we consider a call option on a non-divi-
dend asset S expiring at time S when the investor’s
planning horizon extends to time t. The investor’s
planning horizon may be equal to or shorter than the
time-to-maturity of the option. We denote the remaining
time-to-maturity of the option as 7=5-0 and the
length of the planning horizon as h=t-0. For the dif-
ference between the investor’s planning horizon and the
time-to-maturity of the call, we write h" =7-h. Our
aim is to determine the discrete-time beta of an option at
time 0.

As usual in option pricing theory, we assume that op-
tions, underlyings, and risk-free assets are traded in the
market during an option’s remaining time-to-maturity.
However, we assume that investors in general do not aim
to replicate an options payoff by continuously trading the
underlying and a risk-free asset. Reasons for this might
be transactions costs, bid-ask spreads, or insufficient
market liquidity; moreover, if equity is characterized as
an option on the company’s assets the underlying does
not trade at all. Therefore, we assume that options are not
traded at Black-Scholes prices but at discrete-time
CAPM option prices according to [7] which include
Black-Scholes prices as a limiting case. Due to this as-
sumption our analysis of discrete-time option betas is
more general than the one of [6].

To clearly arrange our analytical results, we use the
following notation for the Black-Scholes price of a call
with time-to-maturity z when the price of the current
asset S, is replaced by S and the strike price K is
replaced by K" :

c[s*,K*]zs*N(d*)
~K'e"*N(d" ~ o),

=

SR T O D)

M

where
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ln(S*/K*)+(r+;afjr
oz |

In the following, we use some auxiliary variables.
Equation (1) will be evaluated for K*=Ke" and four
different values of s*,

d' =

1 2 1 2
A (‘uerfo's )z‘ B [ﬂs +—03 ]r+po‘sam‘r
S; =S, * 7,8, =S,

0 0 >

[/4 +102jr+p50 h
D s+t59s sOm
S, =S,¢

> ~0 0

1 2 *
Hs+—05 |[T+posopmh

Sy :Soe( 2

Accordingly, C', C?, CZ and C; are used to
describe the resulting values of (1). Notice that Equation
(1)is linearin S* and K, that s,

c[as*,aK*]zaC[s*,K*].

3. The Lognormal CAPM in Discrete Time

3.1. Security Market Line in a Lognormal
Market

The security market line of the CAPM in discrete time is
E[S./s, |-¢" =(E[R, ]-¢")A.. )

With the given parameters, for a bivariate normal dis-
tribution of rates of return on the market f (h), and the
underlying asset f; (h), both with respect to the holding
period h, two definitions of g, are possible. We refer
to

. E[gh/SOJ—erh _ e[”5+%aszjh_erh

(©))
©OE[R, |- e[umgc%jh o
as the asset’s pricing beta, and
. Cov[S,/S,.R, ]
* Var (R, ]
“

(/,1 +10'2+,u +152 ]h
e STy s AmTyEm (epo'so'mh_l)

e(Z;lero',.zn)h (eo—%h _ 1)

as the asset’s covariance beta’. Note that we define the
parameter u as the rate of return of the expected value,
whereas p is also used in the literature to identify the
expected rate of return. If the latter definition is preferred,
u must be replaced with ux—o?/2 throughout this
paper. Of course, since both the asset pricing beta and the
covariance beta depend on the expected return of an asset
we cannot use (2) to explain returns in a lognormal

’To calculate the moments of the lognormal distribution, see, e.g.,
Appendix A in [11].
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market. However, setting (3) and (4) equal leads to the
lognormal security market line in discrete time. After
several conversions, we obtain

1
(ys +EGSZ )h

(&

) (e 1) 5)

(ea;h _1)+[e(ztm+;"3ﬂr]h —IJ(epamUSh _1).

Of course, if (5) holds in the market, an asset’s pricing
beta (3) and its covariance beta (4) coincide, and they are
equal to one if p =0, /o, . In the limit (h—0), when
the investor’s planning horizon becomes very short, we
can apply L Hospital’s rule to (3) and (4) to show that

s ooy
=—3—— and mf =25 (©)
,um+50 -1 Om

Therefore, in continuous-time (h— 0), the security
market line (5) is

1 1 foloo
ﬂs+503—r_(#m+50;—rj NN

Om

the well-known intertemporal CAPM of [8]. However,
[9], addressing the relevance of the discrete-time analysis,
remarks that “the continuous-time solution is a valid ap-
proximation to the discrete-time solution, and its accu-
racy is a function of the actual structure of returns and
the length of the ‘true’ discrete-time interval. I thought to
argue for the superiority of discrete-time analysis over
the continuous analysis because discrete-time includes
continuous time as a limiting case”.

3.2. CAPM Option Pricing in a Lognormal
Market

[7] extend the option pricing equations of [2,10], and
[11]. In particular, they show that, besides the option’s
time-to-maturity, the individual planning horizon is a
determinant of an option’s value in discrete time as well.
The generalized pricing equations can be presented in
terms of the Black-Scholes option values.

For a call option, the certainty equivalent valuation
equation of the CAPM is
.- E[C,]-4Cov[C,.R, |

where
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Here, A describes the market price per unit risk for
the investor’s planning horizon. In the following, it is
assumed that the investor’s planning horizon is shorter
than or equal to the time-to-maturity of the option
(h<7). Then, in a lognormal market, the expected cash
flow of a call and the covariance between the cash flows
of the call and the standardized return of the market
portfolio are’

1 o)+
eread T (e e
E[C,]=— : i (© 0), ©)

[;1 -¢-lo'2)h,g
Cp-Cp-Ae” 27 (Cr+Cy-CF-CP)
= T (10)
rh —(ym+55§1]h
(S

1
[ﬂm +56%]h* rh"
[§ —e

e(z,llm*grzn)r{'= (eo%h‘ _ 1) .

where 1" =

Inserting (9) and (10) into (8) yields the CAPM option
pricing model of [7]*,

C,=e¢" [CO’* gl (ce-ch)

et (co-c?) (11)
imtlod

+/1*/1€[ 2 ]T(cg‘+c§—c§—cg’).

In risk-neutral settings,
1, 1,
+—o,—r=pu+—o;-r=90
/’lm 2 m ILlS 2 S
and Equation (11) equals the call option price of [2].

4. Discrete Option Betas
4.1. An Option’s Pricing Beta

The definition of an option’s asset pricing beta with re-
spect to the holding period is

. EIC,/C,1-e"
% R e

Using h" =7—h and (9) results in

(12)

3The deviation is based on a minor extension of a known integral of the
normal distribution, see Appendix A.

*A proof of this slightly modified valuation equation is given in Ap-
pendix B. A valuation equation for puts and the generalized put betas
which follow can be derived in an analogue way. Therefore, the study
focuses on call options only.
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1
Hm +7°'r2n h

A * ) A r

_ [ 2 j c_ _ T

. Ch-Ne (1020 Co)-Cee o)
Coe"‘* (e(%lmwamjh —e”‘J

Furthermore, with recourse to (3), (13) yields

)
Hm+—-0m

ce —z*e[ 2ohff (C§ -Cf)-C,e

n* [;15 +l052 ]h h
Ce™ e 2/ —¢

[1,6] derive option betas where the options are evalu-
ated at the Black-Scholes option price (1) and not at the
more general CAPM valuation Equation (8), which in-
cludes [2] as a special case. Accordingly, to achieve their
results, the current call price has to be replaced in (14),
C, =C[S,,K]. Furthermore, the option prices at the
end of the holding period also have to be replaced. Thus,
we split the option’s time-to-maturity as follows.

(,us+%0:—rjr:(ys+%0§—r}h
1, .
+ ,us+50'5—r h.

For the remaining period

(ﬂs +%0'52 —rjh* :(ﬂm +%oﬁ] —rjh* =0

must apply if the option is evaluated (risk neutral) at the
Black-Scholes option price at the end of the holding pe-
riod. Therefore, A" =0, and (14) results in

=S
C[S,.K]e"

1
c[soe(“ ) Ke"} C[s,.K]e™ (10

B =P (14)

(15)

B =5

Hs+—og—r |h
2
Sye -5,

Since c[s*,K*] is linearin S* and K',and

(,us+%dsz—rjz':(,us+%of—rjh
1, .
,u5+505—r h =0

applies to the remaining period h", (16) yields

1
c{s Lt r)h,K]—C[SO,K]

as

ﬂ ﬂs C[SO,K]
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Now, let’s consider two special cases of (17). If the
planning horizon becomes very short (h - 0) , We can
apply L’ Hospital’s rule and (6) to achieve

S, C[Sy.K]
1hin3/3 hmﬁ , (18)

C[S,.K] s,

where, if the lognormal security market line (7) holds,

lim /5! = limf: = £9n (19)
O'

m

and oC[S,,K]/aS, is equal to the option’s delta.

Therefore, in continuous time, the beta of an option
with respect to the market is given by the beta of its un-
derlying asset times the elasticity of the option price with
respect to the stock price. This is a well known result of
[17.

In discrete time (h>0), if p=1 and the distribu-
tions of the rates of return on the market F, (h) and the
underlying asset F (h) are bivariate normal, then
u, =4, and o, =0, . In this case, S =1 and (17) is
equal to Equation (2.15) of [6],

[‘uerla'szfrjh
s " K |=C[S,.K]
a SO

ﬂc - C[SO, K] . S e[ys+losz—rJh _s
0

2
0

. (20)

who analyze the beta of an option in discrete time with
respect to the underlying®. However, if p=1, the
bivariate normal distribution of the rates of return on the
market F (h) and the underlying asset F(h) affects
both the beta of an option with respect to the underlying
and the beta of the underlying, even if options are equal
to Black-Scholes prices at the end of the holding period.

4.2. An Option’s Covariance Beta

The definition of the discrete covariance beta is

Cov[ >./Co. m]

C
, (21)
¢ Var[R, |
where, in a lognormal market,
~ +op
var[R, = 2un ) (e"”z‘h —1). 22)

Using (10) and (22), (21) is equal to

*See [1] p. 190 and p. 210.

®Notice that we use the symbol h for the holding whereas [6] use 7 .
In addition, [6] define the parameter x as the rate of return of the
expected value, whereas we use it to identify the expected rate of return
To make our results comparable with theirs, the parameter g must be

replaced with u+0?/2 in [6].
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1 o)+
CP_Cr-2’ (tn3ei CA+CP-CC-CP
B - 0 0 rh*[:’ +l02]h ( 02+ 0 0 0 )‘(23)
Cye m+50Mm e(z’lmmm)h(e”'z"h—l)

Using (4), we can transform (23) to

Hm +l°'2

cP-ct —/I*e( 2oh ) (Cr+Cy-c5—-c)

¢ _ pc
B =5 ( 1 ZJh
« o
Coerh e Hs 20'5 (epo'so'mh _1)

Using similar arguments as above (L’Hospital’s rule
and (6)), we obtain the special cases, [1]
0.0 S oC|S,,K
hmﬂcc — P 52 m 0 [ 0 ]
h—0 os C[S..K] a8,

m

and [6], Equation (2.10),

C _ pc So
ﬂc _ﬁs C[SO,K]

c soe[”“%as_”%z]h,l( —C so.f-:(”“%(’sz_rjh K

>

[‘uSJr%o'szfrero'sa'mjh (ySJr%o'szfr)h
S,e -5,

4.3. Equality of an Option’s Asset Pricing and
Covariance Beta

An option’s asset pricing beta can easily be converted to
its covariance beta. Inserting (11) into (13) results in’

1 2
Hm+—0m

Ae( 2 ]h(c(?—cg‘)

B =

1 2
—o2 |h
h (NmJr O'm] h
Ce" e ) ¢

radi) (ch+ce-ce-cP)

[;1 +102 Jh
h* mToom h
CeMle 2/ —¢

Using the definition of A4 in (8) and the definition
h =7-h yields
m+loﬁ h
. Ae[” ) (co-cp)
ﬁc - n (Zymﬂr%)h 24
C,e' /l(e (e"m —l)j

/1*/1@("”‘*%”3“ G (

C;+Cy —Cs —Cp)

2 (e )

(1 o)
. I\NWEU"',Jn

"Since e e =1, we have the term [Co’xfﬂe

G

twice in the numerator, with opposite signs and hence cancel them out.
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which is equal to the covariance beta (23). Hence, in
contrast to [6], an options’s asset pricing beta and its co-
variance beta coincide if options are evaluated according
to the CAPM option pricing model of [7].

5. Conclusions

Adequate risk measures are essential for both hedging
and performance evaluation. This paper extends the op-
tion betas presented by [1,6]. Whereas [1] present con-
tinuous-time option betas, [6] analyze discrete-time op-
tion betas with respect to the stock price and the
Black-Scholes option prices. They distinguish between
the concepts of a covariance beta, which is based on the
covariance between stock and option price changes, and
an asset pricing beta, which is related to the option’s ex-
pected returns.

We utilize a more general, lognormal option pricing
equation, which explicitly incorporates the planning ho-
rizon and the investors’ expectations about the develop-
ment of the underlying asset and the market portfolio,
and show how the beta of the underlying asset affects
both an options’s covariance beta and its asset pricing
beta. Furthermore, the two risk measures coincide if the
options are evaluated according to the CAPM option
pricing model of [7]. The derived option betas are likely
to exhibit a notable economic value. Their utilization
might reduce the shortcomings of continuous-time betas
applied in empirical studies where the application of dis-
crete-time return measures appears to be more appropri-
ate. Moreover, the option betas are clearly arranged in
terms of Black-Scholes option prices and easy to use in
practice.
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Appendix A
Definite Normal Integrals

[12] has collected a list of normal integrals, including®

1
2 dz:N{ A

. | Al
\/1+82] (A1

K 1
N(A+Bz)—
[N(aver) e

where z~N(0,1).

To prove the results obtained by [13] and establish the
covariance of the cash flow of a CAPM call with the
return on the market portfolio, a minor extension of (A1)
is required,

? 1 () A-BC
_J;N (A+ Bz)Ee 2" dz=N (WJ (A2)

Proof. Let’s start with the left-hand side. The exponent
in (A2) extends to

—%(A2 +2ABz+B%*2* +7% +22C +c2)

1+B2( A|3+cj2 1 (A-BC)’
=— 7+ -
2 1+B? 2 1+B°
Using
I 7¢ 20 4z = b\/E
e a
solves

1(A-BC)?
L—(AB+C) [ 2n o7 e
2n  1+B? 1+ B?

2
1| A-BC
(AB+C) 1 G[FJ

~(1+BY)? {2n '

which also equals the first derivative of the right-hand
side of (A2),

1{ A-BC ’
iN{A—BC)_—(AEHC) 1 6'5[@]
d8 (V148 ) (1+8%)" V2n

Appendix B
Computation of the CAPM Call Option Price

Computation of E [Ch ]

When the planning horizon is shorter that the
time-to-maturity, we use the results presented by [13]
who obtained the expected value of the call for p=0
in terms of a Black--Scholes value of an European-style
call as’

¥See [12], p. 403, integral 10,010.8.
’See Appendix A.
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E [ChJ =C [SOe(#S+;G§]T, Ke”].

Furthermore, we take into account that the call option
price in a lognormal market for the case h=7 can be
shown to equal'®

C {soe(”“;%z}, Ke"}

rc

(&

(/tm +éo‘%jr (;zs+%052 +po‘sam]r rr
Ae C| Sye ,Ke

C, =

where
(/4 +152jr
m+-%m
€ 2 —e”

T e(zﬂerarzn)T (eaér _1)

Thus, we can express the expected value of a call at
the end of the holding period as

(/1 +la'2 ]h*
* * mT5%m ok *
—Aet 2 (e -

TCO : )f(rs)drs, (B1)
e erh
where
o2 It .
C;:C{Soe(ﬂs i) " Ke™ } (B2)
and
+lo'52+ TsO0m *+I’5 *
C;*zC{SOe[#S 27t oson)  Ke™ } (B3)

are Black-Scholes prices of options with time to maturity
of h" =z—h. Splitting (B1) in three integrals and util-
izing the solution presented by [13] gives
m+lo% h*
c et (ce-cp)

E [éh :| - erh* ’

ch=C {soe(””;“g}, Ke”},

where

and

1%See [7] with minor conversions.
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B

(138 oo
Hs+—05 |t+posonh
CS=C|S,e ? Ke™ |.

Computation of Cov[C,.R, ].

We compute the covariance between the value of the
call and the return on the market portfolio at the end of
the holding period using the decomposition theorem.
First, to compute E|C, -R_ |, we must integrate

e e e
jCO Ae (CO CO) ™ f(r,r )drdr,

e
el’

—00—00

with C, and C, defined as in (B2) and (B3), respec-
tively. Using the definition of the conditional density
f (rm| I, ) we obtain the following:

| De’mf L[r)dr }

T (B4)
c e (cr-c;)

’ )

f(r,)dr,.

Note that the conditional density of the bivariate nor-
mal distribution equals the density of the normal distri-
bution with the parameters

(rs_:ush)

and o7 h=o7h(1-p%).

mifs

He \rh:ﬂmh+po-m
mi's O—

S

such that

Termf(r r.)dr

ymh+ o (l’s ush)+2z7mh(l P )

P%m
rS

o, 1
L
o, 2 o

=¢C s €

(B4) is therefore equal to

where Y =¢ %
For the sake of clarity, we first consider only one term
of (BYS),

Pam

je % Cyf (r,)dr, (B6)

and split it into two separate components,
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(B7)

-LN(dl)me dr,,
and
_K ()

(B8)

2
w @_l{w

" "5‘5] dr

-LN(dz)—aS\/ﬁme % 2 y

We start with (B8). Its exponent

2
r POn _l I _:ush
s O'S 2 O'S\/H

can be transformed into
_l rs _/ush
2( oh
+ M_Flp%;é h.

o, 2

Next, we make following substitution

—pdm\/FJ

_ rs _/ush
o

Using dz :1/ O'S\/H dr, , (B8) is equal to

[,Umpo'm +;p202 Jh
—Ke' %

2 (BY)
I N (Z pon) dz,

o,Nr—h
1n{[soe[”5+;63}] /( Ke”)]+(r—o-s jz’
o,Nr—h
-

Thus, the integral term of (B9) has the same structure
as the left-hand side of (A2). Applying
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n e[”SJr;Usz]TJ/ e’ ]+ —10'2 T
A-BC 1([80 ) (r 2 Sj Jh -poh rh

= +
J1+B? o,\r-h e N

into (B8) yields
S+—z752 7+ popmogh
In S"e[” j i +(r—lo-2jr
rc S
[#spffm +lp202 ]h Ke 2
o 2 m
- 7 K-N (B10)
odr
Similarly, the exponent of (B7) and using dz = 1/ (O‘S\/ﬁ )drs in (B7) leads to
2 O
r O, + p0, _l{ I —ﬂShJ S e(ﬂs+%agjr+pcmashe[7ys£s +ép20r2nJh
S 0
o 2\ o, Jh o 5
o _If,_os+ponss g
can be transformed into [N(d 1 e 2[ % ] dz
2 2 N6 ’
1fr-uh of+po,o; Jh where
2 O'S\/H o (# +gozjr
2 2 S (6] ’ 2 ) 1 2 2
(Gs+p0mas)(2,us+0'5+p0'mas)h ln"”+(r+a$)r—0'5h
+ 257 . d = Ke 2
s : o~NT-h
Substituting . Jh )
7= - :ush 7-h .
o,vh Again, using (A2) yields
S e(#s*;%)
In| =2 Ko +(r+0'52j1—0'52h
e
_ o + po.0, T—
A-BC L ol+poyo, flVz-h
J1+B? or-h Jr-h o, Jro
such that (B7) takes the following form:
s+—05 |T+poposh
In Soe[” ] i +(r+10'2jr
Ke" :
(%+%Pzﬁéjh [ys *%USZJ“'PO'mO'sh
e S,€ (B11)

0 : O's\/;
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Using (B10) and (B11) in (B6) and multiplying by Y ( o,
from (BS5) gives ce=cC [SOe HeTp % p"m"sjr’ Kerr:l’
1 1
e[;zm +50',% ]hc [SOG[HS +5652 )T+pomash ’ KerT ]

1 5
— h
D _ (/15"'20'5 j”’pgmas r
C, —C{Soe ,Ke™ |.

The remaining terms in (B5) can be computed in an

analogue way such that E [Ch . FEmJ takes the simple The covariance Cov[éh, FNQmJ is thus given by
form .
5 . [/—lerlO'rzn)h* . o COD —COA _i*e(”m‘*%‘ﬂ%jh (COB —COD _Cé: +C0A)
E |:éh . Iim:| — e(”mJ%Grz” jh Cp-4de ’ _ (CO —Cy ) , erh*—(ﬂm +%ar2n)h
rh
e
where
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