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ABSTRACT

We study the convergence of the positive solutions of the system of the following two difference equations:

Xn—2k+1

X =
n+1
A, ki1 Xnaks T

> yn+l =

yn—2k+1
b
an—k+1yn—2k+l + IB

n>o0,

where Kk is a positive integer, the parameters A,B,«, and the initial conditions are positive real numbers. Our re-

sults generalize well known results in [1,2].
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1. Introduction

Difference equations and the system of difference equa-
tions play an important role in the analysis of mathe-
matical models of biology, physics and engineering. The
study of dynamical properties of nonlinear difference
equations and the system of difference equations have
been an area of intense interest in recent years (for ex-
ample, see [1-11]).

In [1], Kurbanli, Ginar and Yalginkaya studied the be-
havior of the positive solutions of the following system
of difference equations

In [2], Stevo Stevi¢ investigated the system of the fol-
lowing difference equations

_ aXn—l _ ayn—l
- s In+l T ’
byn Xn—l +C ﬂxn yn—l + 7

Motivated by the above studies, in this note, we con-
sider the system of the following difference equations

n=0.

Xﬂ+|

—_ Xn—2k+1 _ yn_2k+1
- A 9yn+l - B H
yn—k+1Xn—2k+l ta Xn—k+lyn—2k+l +ﬁ

n=0,

@)

Xn+l
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where k is a positive integer, the parameters A,
B,a, and the initial conditions are positive real num-
bers.

System (1) is a particular case of the system of the
following difference equations

_ aIXn—2k+1
Xn+1 - b >
lyn—k+lxn—2k+1 + Cl
ay 2
2 Jn—2k+1
yn+1 = n= 0

b
b2 Xn—k+1 yn—2k+1 + C2

If aa, =0, then system (2) is trivial. If aa, #0,
system is reduced to system (1) with

b C b c
A= ag="B=-2 and p=-2%. Hence from now

1 a] a'2
on, we will consider system (1).
On the other hand, system (1) is a natural generalize-
tion of the equation

_ Xn—2k+l
- >
AXn—k+1 yn—2k+1 ta

n>o0, 3)

Xn+]

where K is a positive integer, the parameters A, are
positive real numbers. Hence the results which we ob-
tained can also apply to (3).

The essential problem we consider in this paper is the
behavior of the positive solutions of system (1). We es-
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tablish the convergence of the positive solutions of sys- B A >0
tem (1). To some extent, this generalizes the results ob- Snat = FSnaicn +t o bt = Bz + o 200
tained in [1,2]. It is interesting that a modification of our e e
method enables us to investigate the form of the positive Set
solutions of system (1). A

. pl,j,n =a+ s
2. Main Results M S +ho (BA+B)
For convenience, set r=af3, B
ﬁ / ql,j,n = ﬁ+ n 5
n, whenr =1, 'Syt +hh (@B+A)
lL=41=" forn>0
! , whenr=l. Pyjn=a+ A >
— (2N n
1-r r (ﬂsfk+jt—2k+j +B)+|n (ﬁA+B)
Let {(X,.Y, )}n}zk+1 be a positive solution of (1). Set N B
1 1 w r ( tk+152k+J+A)+I (aB+A)’
X, =—,Y, =— forn>-2k+1, @)
Sn t, for n>0,j=1,2,3,k.
then (1) translates into Lemma 2.1 For (5), we have
n n
Soknej = S—2k+jH Priis Lo :t-2k+qu1,j,ia
i=0 i=0
I } I ) (6)
Soknk+j = S—2k+jH Poiis Lineksj = t—k+qu2,j,i‘ forn>0,j=1,2,3,k.
i=0 i=0
Proof. Since
S; =S gt =S5 Prjooty = Blaksj T =t 000
—k+] —k+j
S, =as,. +—=as, AS e p
K+ j —k+]j J —k+ j ﬁS k+jt—2k+J +B —k+j 12,j,0°
B Bt—kJrj
=pt, .+ =t .,
k+J ﬁt—kﬂ J ﬂ —k+j at m 72k+1 +A —k+Jq2,J 0
Hence (6) holds for n=0, j=1,2,3,---,k. Note that, for n>0, j=1,2,3,--- k| +r"=1_,
For n=m-1,j=1,2,3,---,k. assume that (6) is true. rl, =1,
_BA+B aB+ A
HuoplllnuquJl_ nH n+1 HuoqlllnuopZJI: nH n+1 .
t—k+] —2k+] s—k+jt—2k+j
Then for#tn=m, j=1,2,3,---,k, we have
A m-1
Sakm+j = XSy (m-1)+ j +t =as [P+
2k(m=1)+k+j i=0 -k+JH| 0 Qs il
m-1 A -
= as—2k+jH Prji * m L ZkHHI o P
i=0 Ui MM jSo +la (BA+B)
m-1 A m
=S 5. o+ =S, . .
2k+1g pl,J,l I’mt,kﬂs,zk” +|m (ﬂA-i—B) 2k+1g pl,],l
Copyright © 2013 SciRes. AM
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2km+]

s2km+k+j

t

2km—+k+ j

Hence (6) is true.

Theorem 2.2 Let {(X,, Y, )}
tion of (1). For 0< j<k,n=0,1,2,--

1) When r>1, we have
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B
ﬂtzkml

m-1
S = ﬂt—2k+qu1,j,i = ma1
i=0 *k+JH| o Paii

B . Sk+J—2k+JH|Oqu|
Sirj S gt +1n(aB+A)

} =ty H Qi
i=0

2k(m-1)+k+]

m-1
= P, H Gt
i=0

B
r"s ity +1 (@B+A)

m-1
= H Qi |:ﬂ +
i=0

A
= OSy(moryeksj T = as—kHH Pa.ji —m
2km+ —2k+j Hi:o 90
m
s s N A S o [ Tio o
- _k”sz’j’i t r™'s ot +l B+A
i=0 —2k+j —k+j =2k +] m+1 (a )

Apz,j,m
m+ls—k+jt—2k+j + Im+l ((ZB + A)

r

} =S4 H P, i.i
i=0

B
k+ Hq N = L
: ! —2k+jH:n:o pl‘j,i

m
B t—k+js—2k+jHi:0q2,j,i
m+1
Soksj ¥ t—k+js—2k+j+|m+l(ﬁA+B)

Bd, i m
ZJ :|:t—k+j| qu,j,i
i=0

. (BA+B)

m-1
= S—k+jH P.ii {a"‘
i=0

B
= ﬁtzk(m—1)+k+j A —
2km+ j

m-1
P qu,j,i +
i=0

—k+j —2k+]

m-1
=t [ 19 {ﬂ N
i=0

limx, =0, hmyn = +o0.

n—owo

., beapositive solu-

b) Suppose aB+A <1, then
PA+B

lim X, = 40, hmyn =0.

n—w
. 0, when a > 1, +A
lim X, = , ¢) Suppose ———— =
N 4+, whena<l, BA+B
li {0, when ﬂ >1, N I)Ollf 2Ay*k+jxf2k+j +a =1, then X2kn+j = X72k+j9 for
imy, = =0,1,2,--.
n—oo ..
S +00, when £ <1, ii) If BX,, Y +B8=L then Y, =Y, for
lim x —a n=0,1,2,--.
oI Kokn+ j ok+j> i) If Ay Xy, ta #]1, then
rlmlfi Yoknsj = b—2k+j > rlg[slo Kot = Bk %g?o Kotnsksj = Bog -
where V) If BX Yo+ B %1, then
CEINP b—2k+j rlg?o Yoknej = b—2k+j > rlﬂglo Yoknsk+j = b—k+j‘
satisfy: where
a _ a—2k+j b _ b72k+j a—2k+j ’b—2k+j
—2k+j T B .
Ab, . a,.ta Ba,, b, +/ satisfy
2) When r<1. 8, = Aok s = By, .
aB+A AD_y. 8k +a’ Ba,, b, +/
a) Suppose >1, then )
BA+B Proof. Note that for j=1,2,---,k,
AM
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lim Piin= lim Pojn =
n—oo n—oo

aB+ A
LA+B’

B,

BA+B
aB+A’

lim O jn = lim Ojn =
n—o0 n—o

Hence

%Lnolc ln(SzknJrj ) = 1n(s—2k+j )+ ioln( pl,j‘n )
n=
%Ln}c ln<szkn+k+j ) = ln<s—k+j

%E{}O In (t2kn+j ) =In (t—2k+j )+

8

n—o0
n=0

1) When r>1. In view of (4), (6), (7) and (8), we

drive
i i 0, when a > 1,
1m X L =11mmX L=
NS0 2kn+ j P 2kn+k+j +o0, when a < 1,
Thus
. 0, when a > 1,
limx, =
n—>o +00, whena <1,

Similarly, in view of (4), (6), (9) and (10), we get
0, when £ >1,
+00,

when S <1,
When « =1 note that the positive series

Zroln(pl,j,n):Z:oln(l+ A

limy, =

n—oo

rnt—k+js—2k+j +1, (,BA+ B)]
is convergent, in view of (4) and (6), we drive

lim Xoknej = Qokej
n—w

Similarly, we get

Copyright © 2013 SciRes.

lim 1I1(tzkn+k+j ) =In (t—k+j )+ Z ln(qzsjﬁ) =
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when r >1or aB+A>1’
PA+B
when r <1or aB+A<1,
PA+B
wheanlorM>l,
aB+A
whenr<1orM<l.
aB+ A
aB+ A
+00, whena>lorﬁA B> ,
+
- aB+A @
—o0, whena <1or <lI.
A+B
+o00, when a >1or ;i+ Q >1,
+
aB+A ®
—o0, when a <1or <1.
A+B
+00, when,B>lor’BA+B >1,
aB+ A )
—00, Whenﬂ<lorM<l.
aB+ A
4+, when f>1or pA+B >1,
aB+A (10)
—o, when f<1or pA+B <l1.
aB+ A
rl]Ln}O Xoknsksj = a—k+j$}]§2 Yains j :b—2k+j’rl]i££10 Yoinej =Dirj
2) When r<1.
a) b) The proof is similar to the proof of 1, we get
0, when aB+A>1’
. PA+B
limx, = ,
n—w aB+A
—o0, when <1.
PA+B
0, hen PATB
i B aB+A
e I = A+B
—o0,  when s <.
aB+ A
¢) Suppose aB+A: .
PA+B

DIf Ay, X, +a =1 Inview of (1), by induction,

we drive X =X 5. j» for n=0,1,2,---.

2kn+ j
i) If BX,,;You.;+A=1, Similarly, we drive
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y2kn+j:y_2k+j for n:0,1,2,'--,

iii) Note that

r' [(a_l)t—kﬂ's—zkﬂ + A:| —1+ r' (Ay_k”X_zkﬂ +0!—1)

=14
Puin =00 s +1,(BA+B

—k+jO-2k+]

-
r"[(B-1)S 4.t +B] =1+

M+ Yo Xk jh (BA+B)

r’ (Bx—k+j Yooksj +ﬂ_1)

Ojn =1+
b 'S it +1 (@B+A)

Br[(a=1)s.,, ty,; +A]

r"+X Yo jh (aB+A)

pr’ (Ax—k+jy—2k+j +a—l)

Pyjn =1+ =1+

r"(BS i it o, +B)+1, (BA+B)

ar"[(B=1)t ;S +B]

rn (IB+ Bx—k+j y—2k+j )+ X—k+j y—2k+j|n (ﬂA—i— B)

ar" (By—k+jx—2k+j +ﬂ—1)

=14+ =1+
b r"(at S, +A)+1, (2B +A)

—k+jU-2k+]

Hence, if Ay ;X . +a>1 the positive series

o o rn(Ay—k+jX—2k+j +a—1)
1 L= In|1
Zn:o n( pl,J,n) Zn:o n|l+ rn + y7k+jX72k+j|n (ﬂA-i— B)

is convergent. If Ay, ;X ; +a <1, the negative series

r' (Ay7k+jX72k+j ta _1)
r'+ y—k+jX—2k+j|n (ﬂA+ B)

::0 ln( p1,j,n ) = Z::o Inf 1+

is convergent.
In view of (4) and (6), thus if Ay, X, ;+a#1

then limX,.; =a,.;. Similarly, we get
n—oo

lm Xy, = 8-
n—oo

W) If BX ;Yo ;+B#1 Similarly, we get

lim Y, =0, lim Yy, =b,. ;.
n—o0 n—oo
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