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ABSTRACT

In this paper, we study the reliability and availability characteristics of a repairable 2-out-of-3 system. Failure and repair
times are assumed exponential. The explicit expressions of reliability and availability characteristics such as mean time
to system failure (MTSF), steady-state availability, busy period and profit function are derived using Kolmogorov’s
forward equations method. Various cases are analyzed graphically to investigate the impact of system parameters on

MTSF, availability, busy period and profit function.
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1. Introduction

During operation, the strengths of systems are gradually
deteriorated, until some point of deterioration failure, or
other types of failures. Maintenance policies are vital in
the analysis of deterioration and deteriorating systems as
they help in improving reliability and availability of the
systems. Maintenance models assume perfect repair (as
good as new), minimal repair (as bad as old) and imper-
fect repair which between perfect and minimal repair.
There are systems of three/four units in which two/three
units are sufficient to perform the entire function of the
system. Examples of such systems are 2-out-of-3, 2-out-
of-4, or 3-out-of-4 redundant systems. These systems
have wide application in the real world especially in in-
dustries. Many research results have been reported on
reliability of 2-out-of-3 redundant systems. For example,
[1] analyzed reliability models for 2-out-of-3 redundant
system subject to conditional arrival time of the server.
Reference [2] presented reliability and economic analysis
of 2-out-of-3 redundant system with priority to repair, [3]
studied MTSF and cost effectiveness of 2-out-of-3 cold
standby system with probability of repair and inspection
while [4] examined the cost benefit analysis of series
systems with cold standby components and repairable
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service station. Reference [5,6] examined the cost analy-
sis of two unit cold standby system involving preventive
maintenance respectively. Reference [7] studied the cost
and probabilistic analysis of series system with mixed
standby components, and [8] studied cost benefit analysis
of series systems with warm standby components in-
volving general repair time where the server is not sub-
ject to breakdowns. The failure time and repair time are
assumed to have exponential distribution. Measures of
system effectiveness such MTSF, steady-state availabil-
ity, busy period and profit function are obtained. Refer-
ence [9] studied availability of a system with different
repair options, while [10] evaluate the reliability of net-
work flows with stochastic capacity and cost constraint.

In this paper, a 2-out-of-3 redundant system is con-
structed and derived its corresponding mathematical
models. The main contribution of this paper is two fold.
First, is to develop the explicit expressions for MTSF,
system availability, busy period and profit function. The
second is to perform a parametric investigation of vari-
ous system parameters on MTSF, system availability and
profit function and capture their effect on MTSF, avail-
ability, busy period and profit function.

The rest of the paper is organized as follows. Section 2
the notations, assumptions of the study, and the states of
the system. Section 3 gives the states of the system. Sec-
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tion 4 deals with models formulation. The results of our
numerical simulations are presented and discussed in
Section 5. The paper is concluded in Section 6.

2. Notations and Assumptions
2.1. Notations

a; - Minimal repair rate of U;,i=12.

p.  Failurerate of U;,i=12.

7, - Rate of going into reduced capacity of U,,i=12.

o : Exchange rate of unit U, and U, in reduced
capacity simultaneously.

o, : Minimal repair rate of unit U, and U, simul-
taneously.

p; : Failure rate of unit U, and U, simultaneously.

U, /U /U /U, Unit in full operation/reduced ca-
pacity/ failure/ standby.

2.2. Assumptions

1) The system is 2-out-of-3 system.

2) The system work in a reduced capacity before fail-
ure.

3) The systems have three states: normal, reduced and
failure.

4) Unit failure and repair rates are constant.

5) Repair is as bad as old (minimal).

6) failure and repair time are assumed exponential.

7) The system failed when two units have failed.

8) The system is under the attention of two repairmen.

3. States of the System

3.1. Up States
SO (UlO'UZO'UBS) ' Sl (UlR’UZO’U3S)’
Sz (UlO’UZR'UBS) ! S3 (UlR’UZR'U3S) '

S4 (UlF’UZO'U3O) ! SS (UIO’UZF’U3O)'

3.2. Down State
So (UlF Uze Uss ) :

4. Models Formulation
4.1. Mean Time to System Failure for System

Let P(t) be the probability row vector at timet, then
the initial conditions for this problem are as follows:

P(0)=[P,(0),R,(0).R,(0),R,(0),P,(0),R,(0),R,(0)]=[10,0,0,0,0,0],

we obtain the following system of differential equations: dp, (t
PO — (5, +0)Pu () + R +1P, (1) + P (1)
dR, (1) dt
#:_(771“72)'300)*'5%0) dr (t)
it =—(B+a,) Ry (t)+ B,P, (1) + Py ()
dP, (t
M) (g em)R O R0+t R (1)
i =—(oq + o, +a5) P (t) O
dp, (t
(g m)R (O Ry )+ R (1) AR ARG AR
The above system of differential equations can be
dp; (t) :_(ﬂ3 +5) Ps(t)+’72|:’1(t)+’71Pz (t)+a3P6 (t) written in matrix form as
dt P=TP (2
where
[=(m,+m,) 0 0 0 0 0 ]
Ui _(ﬂ1+772) 0 2 0 0
7, 0 _(ﬁz +771) 0 Qa, 0
T= 0 1, m —(ﬂ3+5) 0 0 a,
0 B 0 0 —(B,+) 0 a,
0 0 b5, 0 0 —-(B+a,) a,
. 0 0 0 By B, B (o +a, +a3)_

It is difficult to evaluate the transient solutions, hence we follow [4-6], the procedure to develop the explicit

Copyright © 2013 SciRes. AM
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expression for MTSF is to delete the seventh row and new matrix, say A. The expected time to reach an ab-
column of matrix T and take the transpose to produce a sorbing state is obtained from

E |:TP(0)‘>P(ab$0rbing):| =MTSF =P (0)(_A—1) o

L e i i i
|
oz

where

N = (@, B,8,m8 + @, Bty 8 + ity i1, + B Byitgd + ot fin,S + B By + B BE 5 + B0
+ 0, o11,8 + 0, o By, + 0 By B ol + aao Bttty + B By Bty + BB Bttty + 04 B Bty
X+ B B By + BB B, + BB Bt ) + 1 (@ By + a0, S + By + S + PSSO+, BB0
+0, B Bt + a0, Bty + B o Bt + ou B Bt + an BB, B + B P ) +1, (2,856 + e, Bo1,6 + eq0,1,6
+ BBo11,6 + it 8 + B BoS 00, o ity + 04 5o By + 04 ity + B B By + BBy Bty + o B3, )
+ 111, (0 ot + cuy1y + BByt + oa ity + 0, oty + ettty + 0 BB, + B By + 0u i,
+B.Bont, + By + By ) + By (18 + Bind + 6 + o Borty + BByt + BoBoy)
+ Bty (B0 + Bt 0+ cutty & + B, Byt + BBy By + eu By )

D= azﬂlﬂz’hzé‘ + ﬂ12ﬂ2ﬁ125 + ﬂ12ﬂ227715 + ﬂ12ﬁ227725 + ﬂlﬂzzﬁ225 + 041/31,52’7225 + a1ﬁ1ﬂ3’712772 + ﬁ1ﬁ2ﬁ37712772
+ ﬂlzﬁzﬁsﬂlz +a, BB, B, + azﬁzﬁs’hﬂzz + a1a2ﬂ37717722 + ﬂlﬂzzﬂanlﬂz + ﬂlzﬂzzﬂsnl + a1ﬂ1ﬂ37717722
+ ﬂ12ﬁ2ﬁ3771772 + ﬂlﬁZﬂBquZZ +a BB, Bamnm, + alﬂlﬂzﬂsnzz

—(m+m,) m , 0 0 0
0 _(ﬂ1+772) 0 m, B 0
A= 0 0 _(ﬁ2+771) Ui 0 ﬁz
5 0 0 —(f+5) 0 0
0 o 0 0 —(B+a) O
| 0 0 a, 0 0 ~(Bi+a,)]

4.2. System Availability Analysis P(0)=[R(0),R,(0),P,(0),P,(0), R, (0),R, (0)]

For the availability case of Figure 1 using the initial con- _ [1 00.0.0.0 O]

dition in Section 4.1 for this system,

The system of differential equations in (1) for the system above can be expressed in matrix form as:

Pt e
P,( ) ~(m+m) 0O 0 5 0 0 0 Ry (t)
1/(t) Ui _(:31 +772) 0 0 o 0 0 Pl(t)
R, (t) 1, 0 (B, +m) 0 0 a, 0 P, (t)
R (t)|= 0 7, n —(B;+9) 0 0 a, P(t)
X (t) 0 B 0 0 —(ﬂz +0‘1) 0 a, P, (t)
Py (1) 0 0 5, 0 0 ~(B+a,) @ R (t)
° 0 0 0 B b, B _(0‘1“‘0‘2 +a3) R (t)
R -

Copyright © 2013 SciRes. AM
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Let V be the time to failure of the system. The
steady-state availability is given by

A () =Ry () +R () + P ()

+P,(00)+ P, () +PR, () )

—(m+1,) 0 0 )

Th _(ﬂl +772) 0 0

Up 0 ~(B+m) 0

0 7, i _(153 +5)

0 oA 0 0

0 0 5 0
0 0 0 JA

using the normalizing condition

P (0)+ P, (0)+ P, (c0)+ P, (0)+ P, () + P () + Py () =1

we substitute (6) in the last row of (5) following [4-6].

—(m+m,) 0 0 )
i _(ﬂl +’72) 0 0
m 0 _(ﬂz +771) 0
0 7, h _(ﬂ3 +5)
0 i 0 0
0 0 b5 0
i 1 1 1 1

We solve the system of linear equations in matrix
above to obtain the state probabilities P, ()
Expression for A, thusis:
A () =1-PRy(=)
Computer programme (MATLAB) is used to develop
the explicit expressions for the A, (). The expression
for the A, () is lengthy to be shown here.

4.3. Busy Period Analysis

Using the same initial condition in Section 4.1 above as

. YUSUF, F. S. KOKI

In steady state, the derivatives of state probabilities
become zero, thus (2) becomes

AP(0)=0 ©)
which in matrix form is
0 0 0 Tr(t)] [o]
o 0 0 P(t)| |0
0 a, 0 R(t)| |0
0 0 a R(t)|=|0
(ﬂz-i-al) 0 a, P, (t) 0
0 (B +a,) 0‘1 P, (t) 0
5, B (g +a, +a;) P (t)_ 10]
(6)

The resulting matrix is

0 0 0[[R(t)]| [O]
o 0 0 PR(t)| |0
0 a, 0||R(t)| |O
0 0 a; || B (t) =0
(B +a) 0 a, || P(t)] |0
0 ~(B+a,) o« [|R(t)| |O
1 1 1][R(t)] [1]

for the reliability case

=[R(0),P,(0),P,(0),P,(0),R,(0),R,(0)]
=[1,0,0,0,0,0,0]

and (5) and (6) the busy period is obtained as follows:

In the steady state, the derivatives of the state prob-
abilities become zero and this will enable us to compute
steady state busy period due to failure:

The system of differential equations in (1) for the sys-
tem above can be expressed in matrix form as:

(R(t)] o .
, —(771+772) 0 0 ) 0 0 0 P, (t)
R'(t)
. T _(ﬂ1+772) 0 0 a 0 0 Pl(t)
R (t) 7 0 —(B+m) O 0 a, 0 R, (1)
R (t)|= 0 7, n (B, +9) 0 0 a, P, (t)
P, (1) 0 B 0 0 (B, +) 0 a, P, (t)
, 0 0 B, 0 0 ~(B+a,) 2 P (t)
R (1)
' 0 0 0 By B, B (+a, +a;) P, (t)_
LR (1)
Copyright © 2013 SciRes. AM
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Figure 1. Schematic diagram of the system.

[~ (m+m,) 0 0 5
Th _(ﬂl +772) 0 0
Up 0 (B +m) 0
0 7, Th _(ﬂs +5)
0 oA 0 0
0 0 5, 0
0 0 0 B

using the normalizing condition

0 0 0 R(t)] [0
o 0 0 P(t)| |0
0 a, 0 R(t)] [0
0 0 o R(t)|=|0
~(fy + o) 0 a, P (t) 0
0 _(ﬂ1+az) o PS (t) 0
B, B ~(ay+a, +a,) || R(1)] [O]
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Let B(c) be the probability that the repair man is
busy either repairing the failed unit or exchanging the
degraded units with new ones. The steady-state busy pe-
riod is given by
B(x)= Pl(oo)+ P, () +P;(0)+P, (x)+P, (oo)+ P; ()

()

In steady state, the derivatives of state probabilities

become zero, thus (2) becomes

AP (c0) =0 ®)

which in matrix form is

Py (90) + P () + Py () + Py () + Py (00) + Py () + By (0) =1 ©)]

We substitute (6) in the last row of (5) (see [4-6]). The

—(m+m,) 0 0 o
Ui _(ﬂ1 +772) 0 0
m, 0 ~(B,+m) 0

0 T, Th
0 oA 0 0
0 B, 0
1 1 1 1

We solve the system of linear equations in matrix
above to obtain the state probabilities P, ()
Expression for B(e) thusis:

B(oo):l— R (oo) (10)

Computer programme (MATLAB) is used to develop
the explicit expressions for the B(«). The expression
for the B(o0) is lengthy to be shown here.

4.4. Profit Analysis

The system/units are subjected to corrective maintenance
at failure as can be observed in states 4, 5 and 6. From
Figure 1, the repairman is busy performing corrective
maintenance action to the units at failure in states 4, 5
and 6. According to [4,5], the expected profit per unit

Copyright © 2013 SciRes.

—(Bs+9)

resulting matrix is

0 0 0l R(t)] [O
o 0 0| R(t)] |0
0 a, 0| PR(t)| |O
0 0 a, || B(t)|=]0
~(B,+ ) 0 a, ||R(t)| |0
0 ~(Bitay) o || B (t) 0
1 1 1[R(t)]| [1]

time incurred to the system in the steady-state is given
by:

Profit = total revenue generated — cost incurred for re-
pairing the failed units.

PF =C,A ()-C,B(x) (11)
where PF : is the profit incurred to the system;
C, : is the revenue per unit up time of the system;

C,: is the accumulated cost per unit time which the
system is under repair and unit exchange.

5. Results and Discussions

In this section, we numerically obtained the results for
mean time to system failure, system availability, busy
period and profit function for all the developed models.

AM
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For the model analysis, the following set of parameters
values are fixed throughout the simulations for consis-

tency:
Case I: B,=01, £,=02, B,=02, o, =04,
@,=02, =03, 5§=04, =01, 5,=01,

C, =2000, C, =1500 forsimulations in Figures 2-16.

Case II: =01, p,=02, p5,=02, =04,
a,=05, a,=02, 6=04, =01, n,=01 for
simulations in Figures 17-21.

The impact of & on MTSF, steady-state availability,
profit and busy period can be observed in Figures 3, 6,
14 and 19. From Figures 3, 6 and 14, it is evident that
the MTSF, steady-state availability profit increases as
O increases while in Figure 19 as & increases, the
busy period of the repair man decreases. Similar results
can be observed in Figures 2, 7, 13 and 17 on MTSF,
steady-state availability, profit and busy period with re-
spect to ¢, . From Figures 2, 7 and 13, MTSF, steady-

29
281 Pt B
27+ - 4

26+ Kol 4

251 L 1

MTSF

24+ ke R

23) [ g

22y B

21 | | | | | | | | |
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

O

Figure 2. Effect of o, on MTSF.

32

‘‘‘‘‘‘‘
T
....
-
-
.-
-

28} - i

26 - i

MTSF
N
N
\,
I

22+ S g

20+ 4 B

1817 E

16 I I I I I I I I I
0

Figure 3. Effectof & on MTSF.

Copyright © 2013 SciRes.

MTSF

MTSF

Availability

. YUSUF, F. S. KOKI

80

70

60

50

401

30+

20

"~

10
0

30

By

Figure 4. Effect of g, on MTSF.

291\

28 -

27+

26+

251

24 -

23+

22

~

21
0

0.95

0.94 -

0.93

0.92

0.91-

0.9+

0.89F 4

i
088;

0.87

RS
-

0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
Figure 6. Effect of & on availability.

AM



. YUSUF, F. S. KOKI

0.96

0.94

0.92} L

Availability
o
©
N

o
©
®©
T
~

0.86F 7

0.84 . . .

0.5 0.6 0.7 0.8
a1

a, on availability.

0.9

Availability
o o o o o o o
©® ® ® 2 © ©v ©v ©
S (2] [ec] © N B (9] oo
T T T T : . T a

-
.
7
4
4
’

°

[}

[N}
T

o
©

01 02 03

Figure 8.

0.938 T T T

0.4

0.936 -
M.
0.934 -+,

09321

o
©
@
T
-

0.9281 N,

Availability

0.926 - .

0.924 N,

0.922

0.918 L L L
0 01 02 0.3

0.4

Figure 9. Effect of 2, on availability.

Copyright © 2013 SciRes.

Availability

Availability

Profit

0.97

0.96

0.95

0.94

0.93

0.92

0.91

0.9

0.89

0.88
0

0.97

0.96

0.95

0.94

0.93

0.92

0.91

0.9

0.89

0.88
0

660

640

620

600

580

560

540

520

500
0

1121

0.1 0.2 0.3 0.4

0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8
O3

Figure 11. Effect of a, on availability.

01 02 0.3 0.4 0.5

By

0.6

Figure 12. Effect of S, on profit.

AM



1122

660

640

620 -

600 -

Profit

580 -

560 ;

540 F

520
0

0.1

0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9
oy

Figure 13. Effect of «, on profit.

750

650 -

600 -

550 -

Profit
(o))
o
o

400 -

350} f

300|f

250
0

800

750 |,

700 -

650 -

600 -

Profit

550

500 -

450 -

400
0

0.1

0.2 03 04 0.5 06 0.7 0.8 0.9

Figure 15. Effect of B, on profit.

Copyright © 2013 SciRes.

Profit

Busy period

Busy period

. YUSUF, F. S. KOKI

800

750 -

650 -

550 -

500 -

450 s

400
0

0.85

0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9
o3

Figure 16. Effect of @, on profit.

0.8451

0.84

0.83511
i

0.83 1

0.825

0.82

0.815

0.805
0

0.84

01 02 03 04 05 06 07 08 09

Figure 17. Effect of @, on busy period.

0.835

0.83+

0.8251

0.82

0.8151

0.81r

0.805

01 02 03 04 05 06 07 08 0.9
By

Figure 18. Effect of B, on busy period.

AM



Busy period

Busy period

Busy period

0.95r

0.9+

0.85r

0.8F

0.75
0

0.92

0.9F

0.88

0.86

0.84

0.8

0.78

0.76 -

0.74

0.84

0.83}"
0.82}
0.81F

0.8
0.79}
0.781
0.77}

0.76
0

. YUSUF, F. S. KOKI

~.
~.
~.
~.,
-,
.....

~~~~~~~~

Pt

-t
-~
-t
R
-
-

‘‘‘‘‘
-t

05 06 07 08
Bs

Figure 20. Effect of B, on busy period.

0.9

..
~.,

~.
..
~.
~.
.

~.
~.
S

Figure 21. Effect of «, on busy period.

Copyright © 2013 SciRes.

1123

state availability and profit increases as ¢, increases
while the busy period decreases with increase in o
from Figure 13. Results of MTSF, steady-state availabil-
ity, profit and busy period with respect to S, are given
in Figures 4, 8, 12 and 18. It is evident from Figures 4, 8
and 12 that as g, increases, the MTSF, steady-state
availability and profit decreases while from Figure 18
the busy period increases with increase in g, . Further-
more, the impact of 7 on MTSF and steady-state
availability can be seen in Figures 5 and 9. In these fig-
ures, the MTSF and steady-state availability decrease as
n, increases. Moreover, results of £, and «, can be
seen in Figures 10, 15, and 20 and Figures 11, 16 and 21
respectively. It is evident from Figures 10 and 15 that
the steady-state availability and profit decreases as g,
increases while in Figure 20, busy period increases with
increase in S, . Simulation results of steady-state avail-
ability, profit and busy period can be observed in Fig-
ures 11, 16 and 21. In Figures 11 and 16, the steady-
state availability and profit increases as «, increases
while the busy period decreases with increase in o,
from Figure 21.

6. Conclusion

In this paper, we constructed a linear consecutive 2-out-
of-3 repairable system operating in reduced capacity be-
fore failure. We have developed the explicit expressions
for the MTSF, availability, busy period and profit func-
tion. We perform a parametric investigation of various
system parameters on MTSF, system availability, busy
period and profit function and captured their effect on
MTSF, availability, busy period and profit function.
These are the main contribution of the paper.
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