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ABSTRACT

The main aim of the present paper is to establish an intrinsic investigation of the energy f-conformal change of the most
important special Finsler spaces, namely, C"-recurrent, C-recurrent, C’-recurrent, S'-recurrent, quasi-C-reducible,
semi-C-reducible, C-reducible, P-reducible, C,-like, S;-like, P,-like and h-isotropic, - -, etc. Necessary and sufficient
conditions for such special Finsler manifolds to be invariant under an energy f-conformal change are obtained. It should

be pointed out that the present work is formulated in a prospective modern coordinate-free form.

K eywords: Energy f-Conformal Change; C"-Recurrent; C'-Recurrent; C’-Recurrent; C,-Like; Quasi-C-Reducible;
C-Reducible; Berwald Space; S'-Recurrent; S;-Like; P,-Like; h-Isotropic

1. Introduction

An important aim of Finsler geometry is the construction
of a natural geometric framework of variational calculus
and the creation of geometric models that are appropriate
for dealing with different physical theories, such as gen-
eral relativity, relativistic optics, particle physics and
others. As opposed to Riemannian geometry, the extra
degrees of freedom offered by Finsler geometry, due to
the dependence of its geometric objects on the direc-
tional arguments, make this geometry potentially more
suitable for dealing with such physical theories at a deeper
level.

Studying Finsler geometry, however, one encounters
substantial difficulties trying to seek analogues of classi-
cal global, or sometimes even local, results of Rieman-
nian geometry. These difficulties arise mainly from the
fact that in Finsler geometry all geometric objects depend
not only on positional coordinates, as in Riemannian
geometry, but also on directional arguments.

In Riemannian geometry, there is a canonical linear
connection on the manifold M, whereas in Finsler ge-
ometry there is a corresponding canonical linear connec-
tion due to E. Cartan. However, this is not a connection
on M but is a connection on T (TM), the tangent bundle
of TM, or on ' (TM), the pullback of the tangent bun-
dle TM by 7z:TM — M . The infinitesimal transforma-
tions (changes) in Riemannian and Finsler geometry are
important, not only in differential geometry, but also in
application to other branches of science, especially in the
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process of geometrization of physical theories [1].

In [2], we investigated intrinsically energy f-confor-
mal change of the fundamental linear connections on the
pullback bundle of a Finsler manifold, namely, the Car-
tan connection, the Berwald connection, the Chern con-
nection and the Hashiguchi connection. Moreover, the
change of their curvature tensors is obtained.

The present paper is a continuation of [2] where we
present an intrinsic investigation of energy f-conformal
change of the most important special Finsler spaces,
namely, C"-recurrent, C'-recurrent, C’-recurrent, S'-re-
current, quasi-C-reducible, semi-C-reducible.

C-reducible, P-reducible, C,-like, S3-like, P,-like and
h-isotropic, --- , etc. Moreover, we obtain necessary and
sufficient conditions for such special Finsler manifolds to
be invariant under an energy fS-conformal change.

Finally, it should be pointed out that all results ob-
tained are formulated in a prospective modern coordi-
nate-free form.

2. Notation and Preliminaries

In this section, we give a brief account of the basic con-
cepts of the pullback approach to intrinsic Finsler ge-
ometry necessary for this work. For more details, we
refer to [3-6].

We assume, unless otherwise stated, that all geometric
objects treated are of class C*. The following notation
will be used throughout this paper:

M: a real paracompact differentiable manifold of finite
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dimension n and of class C”,

F (M) : the R-algebra of differentiable functions on M,

»(M):the F(M):module of vector fields on M,

7, - TM — M : the tangent bundle of M,

7y - T"M — M : the cotangent bundle of M,

7:IM — M : the subbundle of nonzero vectors tan-
gent to M,

V (T M ) : the vertical subbundle of the bundle T7TM,

P:r (T M ) — TM : the pullback of the tangent bun-
dle TM by =,

P! (T M )—)TM : the pullback of the cotangent
bundle 7*M bym,

x(7(M)): the F(TM): module of differentiable
sections of 7' (TM),

2" (z(M)): the F(TM): module of differentiable
sections of 7' (T*M),

iy: the interior product with respect to X € ¢ (M ) R

df: the exterior derivative of f € F (M ) ,

dL = [iL,d ] , i being the interior derivative with re-
spect to a vector form L.

Elements of ¢(z(M)) will be called m-vector fields
and will be denoted by barred letters. Tensor fields on
Va (TM ) will be called n-tensor fields. The fundamen-
tal m-vector field is the m-vector field 77 defined by
ﬁ(u) = (u,u) forallue TM.

We have the following short exact sequence of vector
bundles, relating the tangent bundle 7 (7M) and the pull-
back bundle 7' (TM):

0> 7' (M)—L>T(TM)—L>x" (TM)— 0,

where the bundle morphisms p and y are defined respec-
tively by p:=(7z,,.dz) and y(u,v):=j,(v), where j,
is the natural isomorphism

Ju i T M > T, (T M)

The vector 1-form J on TM defined by J:=yop is
called the natural almost tangent structure of 7M. The ver-
tical vector field C on TM defined by C:=yon; is
called the fundamental or the canonical (Liouville) ve-
ctor field.

Let D be a linear connection (or simply a connection)
on the pullback bundle 7' (7M). We associate with D
the map

K:TM > 7' (TM): X = D, ij

called the connection (or the deflection) map of D. A
tangent vector X €T, (TM) is said to be horizontal if
K (X)=0. The vector space

H,(TM)={X eT,(TM):K(X)=0} of the hori-
zontal vectors at ue€TM is called the horizontal space
to M at u. The connection D is said to be regular if

T,(TM)=V,(TM)® H, (TM ) Vu € TM. 1)

If M is endowed with a regular connection, then the
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vector bundle maps
yir  (TM)—V(TM),
Pl - H (TM) > 77 (TM),
K|V(TM) V(TM)— 7' (TM).
are vector bundle isomorphisms. Let us denote
p= ( p| i (m) )_1 , this map will be called the horizontal

map of the connection D. According to the direct sum
decomposition (1), a regular connection D gives rise to a
horizontal projector /p and a vertical projector vp, given
by

hy=Bopvy,=1-fop, @)
where [ is the identity endomorphism on 7 (TM).

The (classical) torsion tensor 7 of the connection D is
defined by

T(X,Y)=D,pY-D,pX —p[X.Y],
VX,Y € (TM).

The horizontal ((h)h-) and mixed ((h)hv-) torsion ten-
sors, denoted by O and T respectively, are defined by

O(X,7)=T(fX,p7),1(X,7)=T(y ¥, X),
V)?,Ye Z(;r(M))

The (classical) curvature tensor K of the connection D
is defined by
K(X,Y)pZ=-DyDypZ+DyDypZ+Dy 1pZ,
VX,Y,ZE;{(TM).

The horizontal (h-), mixed (hv-) and vertical (v-) cur-
vature tensors, denoted by R, P and S respectively, are
defined by

R(X.F)Z =K (BX,57 )7,
P(X.7)Z=K(BX.17)Z,
S(X.7)Z=K(r%./7 )Z.

The contracted curvature tensors, denoted by , R, P

and S respectively, are also known as the (v)h-, (v)hv-
and (v)v-torsion tensors and are defined by

R(X.Y)=R(X.Y)7,
P(X.Y)=P(X.Y)7,
3’()?,}7):S()?,7)77.
If M is endowed with a metric g on n™' (TM), we
write

R(X.7.Z,77):= ¢ (R(X.V)Z7) 3)

On a Finsler manifold (M ,L) , there are canonically
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associated four linear connections on 7' (TM ) [7]: the
Cartan connection V, the Chern (Rund) connection D,
the Hashiguchi connection D" and the Berwald con-
nection D°. Each of these connections is regular with (h)
hv-torsion T satisfying T ()? N7 ):0 . The following
theorem guarantees the existence and uniqueness of the
Cartan connection on the pullback bundle.

Theorem 2.1. [8] Let (M,L) be a Finsler manifold
and g the Finsler metric defined by L. There exists a
unique regular connection V onn ' (TM) such that

(a) V ismetric: Vg=0,

(b) The (h) h-torsion of V vanishes: 0=0,

(c) The (h) hv-torsion T of V satisfies:

o(T(X.7).2)=g(T(X.2).7)

Definition 2.2. Let (M, L) be a Finsler manifold and
g the Finsler metric dened by L. We define:

((X)=L"g(X.7).
h=g—{®/( :the angular metric tensor,
T()?,)_’,Z) ::g(T()_(,)_’),Z) : the Cartan tensor,

tensor,

g(Ric(j ()_(),Y) = Ric" ()?, }7) : the vertical Ricci map,

Sc" =T r{)? — Ric; (A_’ )} : the vertical scalar curva-
ture.

Deicke theorem [9] can be formulated globally as fol-
lows:

Lemma 2.3. Let (M,L) be a Finsler manifold. The
following assertions are equivalent:

(a) (M,L) is Riemannian,

(b) The (h)hv-torsion tensor 7 vanishes,

(¢) The n-form C vanishes.

Concerning the Berwald connection on the pullback
bundle, we have

Theorem 2.4. [8] Let (M,L) be a Finsler manifold.
There exists a unique regular connection D’ on
7~ (TM) such that

() Dj L =0,

(b) D’ is torsion-free: 7= 0,

(¢) The (v)hv-torsion P* of D" vanishes : P'(X,Y) = 0.

Such a connection is called the Berwald connection
associated with the Finsler manifold (M, L).

We terminate this section by some concepts and re-
sults concerning the Klein-Grifone approach to intrinsic
Finsler geometry. For more details, we refer to [10-13].

A semispray is a vector field X on TM, C* on TM, C'
on TM, such that po X =7 .

Copyright © 2013 SciRes.

A semispray X which is homogeneous of degree 2 in
the directional argument ([C , X ] =X ) is called a spray.

Proposition 2.5. [12] Let (M,L) be a Finsler mani-
fold. The vector field G on TM defined by i,Q =-dE
is a spray, where E:=(1/2)L’ is the energy function
and Q:=dd,E . Such a spray is called the canonical
spray.

A nonlinear connection on M is a vector 1-form I' on
TM, C” on TM, C° on TM, such that

JI'=J,I'J=—J.

The horizontal and vertical projectors hr and vr asso-
ciated with I' are defined by

b =(1/2)(1+T),v. =(1/2)(1-T).

To each nonlinear connection I' there is associated a
semispray S defined by S=~54.S", where §' is an arbi-
trary semispray. A nonlinear connection I'is homoge-
neous if [C,F] =0. The torsion of a nonlinear connec-
tion I' is the vector 2-form ¢ on TM defined by
t=(1/ 2)[J ,F] . The curvature of I is the vector 2-form
R on TM defined by R :=—(1/2)[h,h:]. A nonlinear
connection I' is said to be conservative if dA.E=0.

Theorem 2.6. [11] On a Finsler manifold (M,L),
there exists a unique conservative homogenous nonlinear
connection with zero torsion. It is given by:

r=[J,Gl,

where G is the canonical spray. Such a nonlinear connec-
tion is called the canonical connection, the Barthel con-
nection or the Cartan nonlinear connection associated
with (M,L).

It should be noted that the semispray associated with
the Barthel connection is a spray, which is the canonical

spray.

3. Energy p-Conformal Change and Special
Finder Spaces

In [2], we investigated intrinsically a particular f-change,
called an energy f-conformal change:

I (x,y)= e (x,y)+B*(x,), 4)

where (M,L) is a Finsler manifold admitting a con-
current m-vector field £, B:= g(gt 17 ); 7 being the
fundamental n-vector field and o(x) is a function on M.
Moreover, the relation between the two Barthel connec-
tions ' and I, corresponding to this change, is obtained.
The energy f-conformal change of the fundamental lin-
ear connections on the pullback bundle of a Finsler
manifold is studied.

In this section, we introduce the effect of energy
p-conformal change on some important special Finsler
spaces. The intrinsic definitions of the special Finsler
spaces treated here are quoted from [14].

JMP



986 A. SOLEIMAN, A. A. ISHAN

The following definition and three lemmas are useful
for subsequence use.

Definition 3.1. [15] Let (M,L) be a Finsler mani-
fold. A m-vector field ¢ e (7 (M )3 is called a concur-
rent n-vector field if it satisfies the following condi-
tions

V¢ ==X,V 5L =0. )

In other words, ¢ is a concurrent m-vector field if
V& =—pX forall Xesx(TM).

Lemma3.2.[15] Let £ e %(ﬂ(M)) be a concurrent

n-vector field. For every X,Y %(ﬂ(M )) , we have

@ T(X.5)=T({.X)=

(b) P(X.{)=P({.X)=

(©) P(X.)Y=P({.X)Y=0.

Lemma 3.3. [15] Let (M,L) be a Finsler manifold
which admits a concurrent m-vector ¢ . Then, we have:

(a) The concurrent -vector eld & is everywhere non
-Zero.

(b) The scalar function B:= g(g_ ,77) is everywhere
non-zero.

(c) The m-vector field = .f_—(B/Lz)ﬁ
where non-zero and is orthogonal to_77 .

(d) The m-vector fields m and £ satisfy
g(m.&)=g(m.m)=0.

(e) The angular metric tensor h satisfies h(g’,7 , X ) #0
forall X #177.

Lemma 3.4. [2] Under the energy S-conformal change
(4), we have

is every-

h=h-Lv=v+L,
or equivalently f=/p-LB,K=K+KL,
where

{ [}/O'J] dE®7/0'+0'1J+d0'®C}

(1/ ) {(1-0,)d,E+Bdo+0,d,B}®C;

g(pX.7)= ( )= do(hX),
o,:=do(G),p g(g7 5)
and o, =do ().
Theorem 35. [2] Let (M,L) and (M,L) be two
Finsler manifolds related by the energy pf-conformal

change (4). Then the associated Cartan connections V
and V are related by:

VY=V, VY +o(X.Y), (6)

where

Copyright © 2013 SciRes.

o(X,¥):=(do(hX))Y +(do(BY)) pX —2(pX.¥)&
-T(£pY, pX)+T’(-bX, BY)

(e

{ao () 6. z) o(p7)s(px.2)
~2(3.0)g(px.T)+e(px.T)fE
(7
where T’ is a 2-form on TM, with values in 7w ' (TM),
defined by

g(T'(LX.hY), pZ)=g(T(LZ,hY), pX).

Moreover,
(a) The (h) hv-torsion 7 and the n-form C are invariant.
(b) S(X.Y)Z=8(X.Y)Z.
(© P(X.7)Z=P(X.7)Z+V(X.7)Z,
where V is the vector n-form defined by
v(X.7)Z
8
_S(R.7)Z+(v,B)(X.2)+B(r(%.7).2)
@) R(X,7)Z=R(X.7)Z+H(X,T)Z,
where H is the vector n-form defined by
H(X,Y)Z=S(NX,NY)Z

Ygen

P()‘(,N?)Z+(v B)(? Z),
—(V 43)(? Z)+B(X B(Y.Z) )

— — —\!
B(1(X.7).Z)]
(€)]
where B()?,Y):: a)(ﬁ)_(j) and L=1yoNo p is
given by Lemma 3.4.
Definition 3.6. A Finsler manifold (M,L) is:
(a) a Berwald manifold if the torsion tensor T is hori-
zontally parallel: V ,;7=0.
(b) a Landsberg manlfold if P(X Y) 0, or equiva-
lently, if V,.T=0.
(c) a general Landsberg manifold if the trace of the
linear map {Y—)P(X Y )} is identically zero for all

Xe x(;r(M)) , or equivalently, if V ,.C=0.
Now, we have
Theorem 3.7. Let (M,L) be a Finsler manifold

which admits a concurrent m-vector field £ . Under the
energy f-conformal change (4), we have:

(a) if (M,L) is Berwald, then (M,L) and (M,f,)
are Riemannian.
(b)if (M,L) isLandsberg, then (M,L) and

(M s L) are Riemannian.

Uy {A(RT)) = A(X.7) - 4(.5)
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Proof.

() If (M,L) is a Berwald manifold, then V.7 =0.
(Definition 3.6(a)). Hence V. T = P=0 [16]. Conse—
quently, the hv-curvature P Vamshes [15].

Hence, O:P()?,?,Z,QT):T()?,?,Z) by Proposi-
tion 3.4(d) of [15]. The result follows then from Deicke
theorem (Lemma 2.3) and noting that under f-conformal
change the (h)hv-torsion T is invariant (Theorem 3.5(a)).

(b) The proof is similar to that of (a).

Definition 3.8. A Finsler manifold (M
be:

(a) C"-recurrent if the (h)hv-torsion tensor T satisfies
the condition V ;T =1, (X)T, where 4, is a n-form
of order one.

(b) C'-recurrent if the (h)hv-torsion tensor T satisfies

the condition (Vy)?T)(Y,Z)z/IO ()T)T(Y,Z).

,L) is said to

(c) C’-recurrent if the (h)hv-torsion tensor T satisfies
the condition (D;)?T)(Y,Z) =1,(X)1(7.Z).
Theorem 3.9. Under the energy fS-conformal change
(4), we have:
(@ if (M,L) is C"-recurrent, then (M,L) and
M ,L) are Riemannian.
(b) if (M,L) is C'recurrent, then (M,L) and
M ,L) are Riemannian.
(c) if (M,L) is C’-recurrent, then (M,L) and
(M ,L) are Riemannian.
Pr oof.
(a) We have [16]

=2((V,7)( ,)‘(),W)-g((v ;T)7.X).Z)  (10)

Setting W =¢ in Equation (10), making use of
=0=7(£,X) (Lemma3.2),

)
P()‘(,?,Z,E) T(X.Y,Z) [15]and
g((VT)(XT).7)=g((V
tion 3.3 of [16]), we get
VLT =0.

On the other hand, Definition 3.8(a) for X =¢ ,
yields

XW) ) (Proposi-

V,ET=2,(S)T.

The above two equations and Theorem 3.5(a) imply
that 7=T=0.

Hence, by Lemma 2.3, the result follows.

(b) and (c) follow from Theorem 4.7 of [14], together
with Theorem 3.5(a). a

Definition 3.10. A Finsler manifold (M,L) is said to

Copyright © 2013 SciRes.

be:
(a) quasi-C-reducible if dim (M
tensor 7 has the from

T()?,?,Z) = A()?,Y)C(Z)+A(I7,Z)C()?)
+4(Z,X)C(Y),

)>3 and the Cartan

(In

where 4 is a symmetric n-tensor field satisfying
A(X.7)=0

(b) semi-C-reducible if dimM >3 and the Cartan
tensor 7 has the form

7(X,7.7)

=(#/(n+1))

~{h()_(,Y) (Z)+n(7.Z)C ()_()+h(Z,)_()C()7)}

+r/c)e(x)e(T)e(2),
where C*:=C (C ) #0, u and 7 are scalar functions sat-
isfying u+7=1.

(c) C-reducible if dimM >3 and the Cartan tensor T’
has the form

T(X.Y.Z)
=(1/(n+1)) (13)
{n(X,7)C(Z)+n(¥,Z)C(X)+n(Z,X)C(T)).

(d) Cy-like if dimM >2 and the Cartan tensor T has
the form

T(X.Y.Z)=(1/C*)c(X)C(Y)C(Z).

Theorem 3.11. Under the energy f-conformal change
(4), we have:

(a)if (M,L) is quasi-C-reducible provided that
A(g_,f)i 0, then (M,L) and (M,I:) are Rieman-
nian.

(b)if (M,L) is C-reducible, then (M,L) and
(M ,L) are Riemannian.

(c) if (M,L) is semi-C-reducible, then (M,L) and
(M,L) are C,-like.

Proof.

(a) If (M,L) is quasi-C-reducible, then the Cartan ten-
sor T satisfies Relation (11). Setting

X =Y = into Equation (11) and using the fact that

c(Z)= (asC({):zTr{)?—)T(g_’,)_():O})
and T()?,Y,E):g(T()?,E),Y)=0,weget
A(.8)c(x)=0
From which together with the given assumption,

A((_ e )7&0, it follows that the m-form C vanishes.
Hence, by Lemma 2.3 and Theorem 3.5(a) imply that

(12)
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=C =0. Consequently, again by Lemma 2.3, (M,L)

d ( ) are Riemannian manifolds.

(b) Follows from the defining property of C-reduci-
bility by setting X =Y =¢ , taking into account Lemma
3.3(e), Lemma 2.3, Theorem 3.5(a) and C(g’,—’) =0.

_(c)Let (M,L) be semi-C-reducible. Setting
X=Y=¢ and Z=C in Equation (12), taking into
account Lemma 3.2(a) and C (g',_' ) =0, we get

1h(£.8)C(C)=0

From which, since h(f,f);:o and C(E)i 0, it
follows that g =0. Consequently, again by Equation
(12), we get

T(X,Y,Z)=(1/C*)c(X)c(Y)c(Z). (14)

Now, under the energy f-conformal change (4), from
Theorem 3.5(a), Lemma 2.3 and the Relation [2]

g()?,?):eza(x)g()?,17)+g()_(,g:)g(§7,17),

it follows that TN"()?, 7,2) = eZG(X)T()?, 7,2) and
C? =e°C? . Hence, from Equation (14), we get

F(X.7.2)=(Y&)E(R)E(T)E(Z).  as)
Therefore, again from Equations (14), (15) and Defini-
tion 3.10(d), the result follows. o
Definition 3.12. The condition
T(X,7,Z,7)
=L(V T\(Y,Z,W UX)T(Y,Z,W )l =07,
(V)2 % ()72
(16)
will be called the 7-condition.
The more relaxed condition
1 (R.7) = (9,.)(7)
+ {¢((X)c(T)}=0. {an
(X.7.2,7)

will be called the 7,-condition.

Theorem 3.13. Under the energy S-conformal change
(4), we have:

(a) if (M,L) satisfies the T-condition, then (ML)
and (M ,Z) are Riemannian.

(b) if (M,L)satisfies the 7,-condition, then (M,L)
and (M ,Z) are Riemannian.

Proof.

(a) If (M,L) satisfies the T-condition, then by set-
ting W=¢ 1nt0 Equation (16), taking into account that
T(X.{)=T(£.X)=0, we get

Copyright © 2013 SciRes.

(&) (X.¥.Z)=0.

This equation, together with /¢ ( ) (B/L)#0 (Lem-
ma 3.3(b)) and Theorem 3.5(a), imply that 7=7T=0.
Consequently, by Lemma 2.3, (M,L) and (M,I:) are
Riemannian manifolds.

(b) Follows from Equation (17) by setting X =¢ ,
taking into account that

C()=0,(V,C)(¥)=(V,:C)(X) (by
(V,4T)(V.Z)=(V,;T)(X.Z) D16,

K(f) =(B/L)#0 , together with Theorem 3.5(a) and
Lemma 3.3. O

Definition 3.14. A Finsler manifold (M,L)is said to
be Si-like if dim(M)>4 and the v-curvature tensor S
has the form:

=(Se*/(n-1)(n-2)) (18)
<(h(X,Z)B(V.77)-h(X7)0(7.Z)).

Theorem 3.15. Under the energy S-conformal change
(4), if(M,L) is Si-like with dimM >4, then, the v-
curvature tensors S and S vanish.

Proof. Setting Z =¢ in Equation (18), taking into
account the fact that S()_( Y )E =0 (Proposition 3.4(a)
of [13]) and h()_(j) = g(¢()?),}7) , we immediately
get

(Se"/(n=1)(n=2)){n(X.£)$(Y)-n(Y.Z)4(X)} =0.
_ Taking the trace of the above equation with respect to
Y , noting that Tr(¢)=n—1 [14], we have
(ch (n —1))1;1()?,47) =
From which, since h(X,Z)#0 (Lemma 3.3(c)), the
vertical scalar curvature Sc” vanishes.
Now, again from Equation (18) together with Theorem
3.5(b), the result follows. m|
Definition 3.16. A Finsler manifold (A,L), where
dimM >3, is said to be:
(a) P,-like if the hv-curvature tensor P has the form:
P(X.V.Z,77)
I i (19)
=o(Z)T(X.Y.W)-0(W)T(X.Y.Z),
where o is a (1) n-form (positively homogeneous of de-
gree 0).
(b) P-reducible if the -tensor field

13()_(,)7,2) ::g(ﬁ()?,Y,Z)) has the form
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where ¢ is the n-form defined by
8(X)=(/(n+D))(V,,C)(X).

Theorem 3.17. Under the energy fS-conformal change
(4), we have:

(@) if (M,L) is Pylike, provided that o({)#-1,
then (M ,L) and (M ,L) are Riemannian.

(b)if (M,L) is P-reducible, provided that
V()?, 7)77 =0 (defined by Theorem 3.5(c)), then
(M,L) and (M,L) are Landsberg.

Proof.

(a) Setting Z = in Equation (19), taking into ac-
count Proposition 3.4(a) of [15] and Lemma 3.2, we im-
mediately get

(o(£)+1)7(X,7)=0.

This, together with the given assumption and Theorem
3.5(a), follow that 7 and T vanish. Hence, by Lemma
23, (M,L) and (M,Z) are Riemannian.

(b) If (M,L) is P-reducible, then, by Definition
3.16(b), the (v)hv-torsion P satisfy Relation (20). Set-
ting X =Y =¢ into Equation (20) and taking into ac-
count that (VﬁﬁC)(Q_’) =0, we get

h(Z.E)(VmC)(Z)=0.

From which, noting that h(éT e ) #0 (Lemma 3.3(¢)),
implies that V. C=0. Hence, again, from Definition
3.16(b) and Theorem 3.5(c) (under the given assumption),
the (v)hv-torsion tensors P=P=0. Hence, by Defini-
tion 3.6, the result follows. ]

Definition 3.18. A Finsler manifold (M,L), where
dim M >3, is said to be h-isotropic if there exists a sca-
lar &, such that the horizontal curvature tensor R has the
form

R(X.F)Z =k, {g(X.Z)7 -(7.Z) X},

Theorem 3.19. Under the energy fS-conformal change
(4), we have:

(a)if (M,L) ish-isotropic, provided that
H ()? , Y)Z =0 (defined by Theorem 3.5(d)), then the
h-curvature tensors R and R of the Cartan connection
vanish.

(b) if (M,L) is an h-isotropic Berwald manifold,
provided that H()_(,I?)Z: 0,then (M,L) and
(M ,L) are Riemannian.

Proof.

(a) From Definition 3.18(a), we have

R(X.7.Z,7)
21
& [5(T.2)(7.7)-2(7.2)a(7)
¢ and X =m and noting that

Setting Z =
=0 (Proposition 3.4(g) of [15]), we have

R(X.Y)C

Copyright © 2013 SciRes.

ko (.2)¢(7.7) (7.2 ) e (m7)) =0
Taking the trace of this equation, we get
ko(n—l)g(ﬁ,éj):O.

From which, since g(rﬁ,(_) =g(m,m)#0 (Lemma
3.3) and dimM >3, the scalar k, vanishes. Now, again,
from Equation (21) and Theorem 3.5(c) (under the given
assumption), the h-curvature tensors R and R of the
Cartan connection vanish

(b) Follows from (a), taking Theorem 3.7 into account.

4. Concluding Remark

It should be pointed out that a global formulation of dif-
ferent aspects of Finsler geometry may give more insight
into the infrastructure of physical theories and make a
better understanding on the essence of such theories
without being trapped into the complications of indices.
This is one of the motivations of the present work, where
all results obtained are formulated in a prospective mod-
ern coordinate-free form. Moreover, it should be noted
that the outcome of this work is twofold. Firstly, the local
expressions of the obtained results, when calculated, co-
incide with the existing local results. Secondly, new glo-
bal proofs have been established.
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