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ABSTRACT

The modeling of the term structure of interest rates is one of primary topics for researches in financial economics. Here
we consider models of the short interest rate in discrete processes. Our methodology of analysis follows the framework

of discrete stochastic calculus.
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1. Introduction

The term structure of interest rates has been the subject
of intensive studies in financial economics. One major
approach is to proclaim a priori the dynamics of the in-
stantaneous (short) interest rate. For instance, in the con-
text of one-factor model, the spot interest rate r is as-
sumed to follow a mean reverting process of the form

r=x(f-r)dt+or’dw, (1)

where >0 is a parameter, and «,0,0 are positive
constants representing the rate ofreversion, long term
interest rate, and the volatility of the interest rate, respec-
tively. It is denoted by dW, the standard Brownian mo-
tion. After the famous work by Vasicek [1], the model (1)
of the short interest rate has been extensively studied so
far. We refer to, for instance, [1-7] and the references
cited therein.

Here we are concerned with the model of the short in-
terest rate in the case of discrete processes. A discrete
version of Equation (1) is discussed; we mainly treat dis-
crete Vasi¢ek model, discrete Ho-Lee model, and dis-
crete Hull-White model. Our methodology is based on
the framework of discrete stochastic calculus [8-10]. The
main goal of the current research is to compute the price
of the discounted bond within these models, which will
be presented in Section 4.

2. Models

Let t=0,1,2,--- denote discrete time series and let
{Bi}t:o,l,z,--- with B, =0 be the one-dimensional random
walk:
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where {Z,},_,,... are independent and identically dis-
tributed (i.i.d.) random variables assumed to satisfy

1
= :1323'“

P(Z,=1)=P(Z, =-
That is, we treat the symmetric random walk. This re-
striction is just for simplicity and generalizations are also
possible.
In this paper, the basic process {XJ_ . for the
short rate is assumed to be given by the following dis-

crete stochastic processes ([8,11]).
X =Xy = ﬂ(xt’t)+‘7(xt’t)(Bt+1 - Bt)’
t=0,1,2,--,

2

Where = pu(x,t), o=0(X,t) are given continuous
functions. The model corresponding to Equation (1) will
be r=r(X,) with g(xt)=x(0-x) and o(x,t)=ox".
The next examples of Equation (2) will be mainly
considered in this article.
Example 1. Discrete Vasi¢ek model ([1]) (discrete
Ornstein-Uhlenbeck model).

u(xt)=a-bx,o(x,t) =0,
where a,b,o are positive constants. We thus obtain
Xiy— X, =a—bX, +0 (B, —B,), t=0,1,2,---.
Example 2. Discrete Ho-Lee model ([5]).
u(x,t)=0(t), o(x,t)=o0,

where 6 =06(t) isa given function and o is a positive
constant. We thus obtain

Xey =X, =0®) +0 (B, B ),t=0,1,2,--.

Example 3. Discrete Hull-White model ([6]) (discrete
extended Vasicek model).

OJApPpS



N.ISHIMURA ET AL. 13

u(xt)=0(t)-a(t)x,oc(x,t) =o(t),

where 6 =6(t),a=a(t),c=0o(t) are given functions.
We thus obtain

Xy =X, = H(t)—
t=0,1,2,---.

a(t)X,+o(t)(B., —B),

3. Basic Quantities

Proposition 1. The expectation and the variance of
each model are given as follows.
Example 1 (continued) (see [8]). It follows that

X, X, a+oZ
(1 b)t+1 (1 b)t

X, =(1-b)' X _E((l b)' ~1)+o(1- b)z

t+1

(1 b)t+1

1(1- b)” ’

from which we have

E[X,]=(1-b) X, —E((l b)' -1
~ , (1-b)" -1
VX =0 .

Example 2 (continued). It follows that

t-1

X=X, +206, +022n,

n=0 n=1
from which we have

=X +Z VIX,]
Example 3 (continued). It follows that, for t>1,

X, = ii(l—a(n))xo +2H(1—a(t—k+l)).

@(t-n)+o(t-n)Z,,.),

from which we have
k=2 n=0

- Yp(t-n)
V[X,]= zg(t n)2 ; (1-a(t- k+1))

=2

n

(1—a(t—k+1))+ﬁ(1—a(n))x0,

4. Pricing Problems

Here we compute the current price P(0,T) of the dis-
counted bond with maturity T given in Examples of Sec-
tion 2. In our setting, P(0,T) is expressed as

P(0,T)= [expexp( Zx H

The results of computation are summarized in the next
Theorem.
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Theorem 2. The prices of the discounted bond of each
model are computed as follows.

Example 1 (continued). Taking into account that Z,
are independent, we deduce that

P(0.T) ~exp -3 1-b

b)" X,

>

~0

.E{exr,(_

;
:exp(— (1-b)" X, +

o |Q i
M- ol
—_—

=

|

—_

=

|

o

~3

N —
N N—

>
L‘

1-(1-b)')

oo
—_—— —
=
|
—~
=
|
o
N—
=1
S —
N—

<o
—

[ Jcosh cosh (0'

n=1

—~

T-n+1)).
Example 2 (continued). We calculate

P (0, )_exp[ >, :2026@

elevl o552

= exp(—(T +DX, _i(T _n)en]
n=0
-ll[coshcosh(a(T —n+1)).

n=l1

Example 3 (continued). We compute

P(O,T):exp(—(l+inl - a(k))]xoj

n=1k=0
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5. Discussions

We have dealt with instantaneous interest rate models
indiscrete processes. An analogue of various well-known
continuous short rate models is mainly investigated. The
price of the discounted bond within these models is
computed. The resulting formulas are somewhat compli-
cated. The application in the real world, however, is
rather expected. This is because of the readiness of cali-
bration, which will be our next theme for researches.
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