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ABSTRACT

Let X,=]]1i(l;=1) and f:X,— X, be a continuous map. If f is a second descendible map, then P(f) is
i=1

closed if and only if one of the following hold: 1) pp(f)c{Z" :kzo}; 2) For any zeR(f), there exists a

yew(z, f)NP(f) such that every point of the set orb(y, f) is a isolated point of the set w(z, f); 3) For any
zeR(f), theset w(z, f) isfinite; 4) Forany zeR(f),theset w'(z, f) is finite. The consult give another condi-

tion of f with closed periodic set other than [1].
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1. Introduction

In this paper, let X, denote f[li(li =1), X denote
i=1

compact metric space, C°(X,X) denote all continuous
self-maps on X. The concepts of periodic point, w-limit
point of z and the orbit of z are showed by [2]. Denote by
P(f) the sets of periodic points of f, denote by w(z, f)
the w-limit points of z, and denote by orb(z, f) the
orbit of z. A point xe X is said to be recurrent point if
for any neighborhood V (x) of x, there exists a positive
integer m such that f™(x)eV(x). Let R(f) denote
the set of recurrent points.

In recent years, many authors studied equivalent con-
ditions of closed periodic points set. Gengrong Zhang [3],
Xiong Jincheng [4] and Wang Lidong [5] studied respec-
tively anti-triangular map of X,, continuous self-map of
the closed interval and continuous self-map of the circle.
They showed equivalent conditions of closed periodic
points set (see more detail for [3-5]). Du Ruijin [1] given
five equivalent conditions of closed periodic points set if
f is a second descendible map of X,. 1) P(f)=R(f);?2)
P(f)=W(f);3) P(f)=Q(f);4) P(f)=CR(f);5)
P(f)=AP(f).

In this paper, we will continue to study new equivalent
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conditions about that the set P(f) is closed. The fol-
lowing theorem are given.

Main Theorem Let f:X,— X, be a continuous
map. If f is a second descendible map, then the following
properties are equivalent:

1) Theset P(f) isclosed; 2) pp(f)c{2*:k>0};3)
For any zeR(f), there exists a yew(z, f)NP(f)
such that every point of the set orb(y, f) is a isolated
point of the set w(z, f); 4) For any zeR(f), the set
w(z, f) is finite; 5) For any zeR(f), the set
w'(z, f) isfinite.

2. Definition and Lemma

Definition 1 For any ie{12,--,n}, let p:X,—>1,
define: p, (X)=x,X=(X,X%,,---,X,) € X, , then p; is said
to be canonical projection.

Definition 2 Let f eC°(X,,X,), the map f is said to
be second descendible if for any ie{1,2,--,n}, there
exists F eC°(1,1) such that
pief =Fep(i=12,--,n). In this case F; is a descend-
ible group of f.

Lemma 1 [6] Let f eC®(X,,X,). Then the follow-
ing properties are equivalent:

1) F isadescendible group of f;

2) f=FxFx--xF,.
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Lemma 2 Let feC°(X,,X,). If fis a second de-
scendible map and F, is a descendible group of f, then
any z=(z,2,,---,2,) € X,,, we have

w(z, f)c]w(z.F).
i=1
Proof. Suppose y=(y,, Y, Y,)ew(z, f). There
exists a positive integer sequence {m,} such that
f™ (z) > y.By Lemma 1, we can get
™ (z)=(F™ (z,),F* (), F™(z,)) . Hence for
any ie{1,2,-,n},wehave F™(z)—Y,.Thus

y, € ﬁw(zi, F). This complete the proof.
i=1

Lemma 3 Let feC°(X,,X,). Then zeR(f) if
andonly if zew(z, f).

Proof. Suppose z e R( f). For any positive integer k,
there exists a positive integer sequence {mk} such that

f M (z)ev(z,%j. Hence zew(z, f).Assume

zew(z, f). Then there exists a positive integer se-
quence {m,} such that f™(z)—z . By definition,
zeR(f). Hence we complete the proof.

Lemma4 [5] Let f eC®(X,,X,). Then

1) For any ze X, the set w(z, f) is periodic orbit
if and only if the set w(z, f) is finite.

2) Let yew(z, f)NF(f). Ifyis aisolated point of
the set w(z, f), then we have w(z, f)={y}.

Lemma5Let feC®(X,, X,) and
yew(z, f)NP(f). If all points of the set orb(y, f)
are isolated points of the set w(z, f), then we have
orb(y, f)=w(z,f).

Proof. Suppose yew(z, f)N\P(f). Then there ex-
ists a positive integer | and a sequence {mk} such that
f'(y)=y and f™(z)—y. Hence forany ie{1,2,---,1},
we have f'(y)eF(f')Nw(f'(z),f'). By assump-
tion, for any ie{12,--,1}, the point of f'(y)} is a
isolated point of the set w(z, f). Thusforany
ie{L,2,--1}, there exists a neighborhood V (f'(y))
of f'(y) such that V(f'(y))ﬂw(z,f):{f'(y) .

i=l
Using the equation of w(z, f)={Jw(f'(z),f'), we
i=1

have V(f'(y))ﬂw(f'(z), f'):{f'(y)}. _

By 2) of Lemma 4, we can get that w(f'(z),f')=
{f'(y) . Hence we have that orb(y, f)=w(z, f).

Lemma 6 Let feC®(X,,X,) and the set w(z, f)
is infinite. Then any k =m >0, we can get that
f(z)= f"(2).

Proof. Assume on the contrary that there exists
k>m=>0 suchthat f*(z)=f"(z). Thus
f"’m(fm(z))z f™(z). Hence the point f"(z) is a
periodic point. Therefore the set orb(z, f) is finite,
which is impossible. Thus the lemma is proved.

Lemma 7 [5] Let feC°(X,,X,) and for any
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zeR(f), the set w'(z f) is finite. Then we have
wW(z, f)cP(f).

Lemma 8 Let feC°(X,,X,). If fis a second de-
scendible map and F, is a descendible group of f, and
theset P(f) is closed. Then any
2=(2,2,,---,2,) € X, we have the set w(z, f) is pe-
riodic orbit.

Proof. According to [6], we can get that

P(f)=ﬁP(E). By assumption, the set P(f) is
i=1

closed. Hence for any ie{1,2,---,n}, the set P(F) is
closed. Let geC’(1,1). According to [4], the set
P(g) is closed if and only if for any xel, the set
w(x,g) is periodic orbit. Hence for any x el and any
ie{1,2,---,n}, the set w(x,F) is periodic orbit. Using
1) of Lemma 4, for any xel and any ie{1,2,--,n},
the set w(x,F) is finite. The set w(z, f) is finite

since w(z, f)cﬁw(zi, F). Therefore we have the set
i=1

w(z, f) is periodic orbit.

3. The Proof of Main Theorem

Main Theorem Let f: X, — X, be a continuous map.
If f is a second descendible map, then the following
properties are equivalent:
1) Theset P(f) isclosed;
2) pp(f)={2“:k=0};
3)Forany zeR(f),thereexistsa
yew(z, f)NP(f) such that every point of the set
orb(y, f) isaisolated point of the set w(z, f);
4)Forany zeR(f),theset w(z, f) isfinite;
5)Forany zeR(f),theset w(z, f) isfinite.
Proof. 1) = 2) First we will show that the set
P(f) is closed if and only if for any ie{1,2,---,n},
pp(F)<= {2 :k=0} ().
According to [6], we can get that P(f)=]]P(F).
i=1

Hence the set P(f) is closed if and only if for any
ie{l2-,n} theset P(F) isclosed. Let geC°(l,1).
It is obvious that the set P(g) is closed if and only if
pp(g) < {2 :k >0} . Thus we complete the proof of (*).

Assume z=(z,,2,,-+,2,) € P(f). Then there exists a

integer 1>0 such that Fizl(zi):zi for any

ie{1,2,-,n}. Hence f2 (z)=1z. Therefore 1) implies
2).

2) = 1) Suppose pp(f)c{2“:k>0}. For any
ie{l,2,---,n}, Vz;eP(FR).Let 2=(2,2,,,2,). Ac-

cording to [6], we can get that P( f):ﬁ P(F). Hence
i=1

n

zeP(f). Then there exists a integer 1>0 such that
f?(z)=z. Thus for any ie{l2,--,n},F*(z)=¢z.
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By (*), the set P(f) isclosed.

1) = 3) By assumption and according to [1],
P(f)=R(f). For any zeR(f), let y=z. Thus
yew(z, f)NP(f). By assumption and Lemma 8, the
set w(z, f) is periodic orbit. Using 1) of Lemma 4, the
set w(z, f) is finite. Hence the set w'(z, f) is empty.
Thus 1) implies 3).

3) = 4) By assumption, for any zeR(f), there
existsa yew(z, f)NP(f) such thatevery point of the
set orb(y, f) isa isolated point of the set w(z, f). By
Lemma5, orb(y, f)=w(z, f). Hence the set w(z, f)
is finite.

4) = b5) Itis obvious that 4) implies 5).

5) = 1)Forany zeR(f), wehave zew(z f).

Case 1: Suppose that the set w(z, f) is finite. Using
1) of Lemma 4, the set w(z, f) is periodic orbit. So
zeP(f).Thus P(f)=R(f)

Case 2: Assume that the set w(z, f) is infinite. Then
exists a sequence {m,} such that the sequence | f™ (z)}
converges to z and by Lemma 6, all points of the set
orb(z, f) are different. Hence zew'(z,f). By as-
sumption that the set w'(z, f) is finite and Lemma 7,
we have that zew'(z, f)c P(f). Thus P(f)=R(f).

According to [1], the set P(f) is closed. Thus we
complete the proof of the theorem.
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