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Abstract

This paper deals with the initial boundary value problem for a class of nonlinear Kirchhoff-type equations
with strong dissipative and source terms u, —¢(||Vu||§)Au —aAu, =bJuf’?u,xeQ,t>0 in a bounded
domain, where a,b>0and g >2 are constants. We obtain the global existence of solutions by construct-
ing a stable set in H3(Q2) and show the energy exponential decay estimate by applying a lemma of V. Ko-

mornik.
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1. Introduction

Let Q be a bounded domain in R" with smooth boun-
dary 6. In this paper, we investigate the existence and
the energy exponential decay estimate of global solutions
for the initial boundary value problem of the following
Kirchhoff-type equation with strong dissipative and
source terms in a bounded domain

un—(p(”Vu"z)Au—aAul =bju/"u, xeQt>0, (1.1)

u(x,0) =uy(x), u(x,0)=u(x), xeQ, (1.2)
u(x,t)=0, xeoQ, t=0, (1.3)
where a,b>0 and > 2areconstants, ¢(s) isa
C*-class function on [0, + ) satisfying
p(s)=m;, Sg)(S)ZIS(p(G)dH, Vse[0,+0)  (1.4)

with m, >1 constant.

When n=1, the equation (1.1) describes a small am-
plitude vibration of an elastic string ([1]). The original

equation is
2 2
pha—g+ra—u: P0+E—h La—uds a—L21+f
0 ot 2L -0 |ox OX
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where 0<x<Land t>0, u(xt)is the lateral dis-
placement at the space coordinate x and the time t, p is
the mass density, h is the cross-section area, L is the
length, P, is the initial axial tension, = is the resistance
modulus, E is the Young modulus and f is the external
force.

Many authors have studied the existence and unique-
ness of solutions of (1.1)-(1.3) by using various methods.
Whena,b>0,and ¢(s)=s",r>1 K. Nishiharaand Y.
Yamada [2] have proved the existence and the polynomi-
al decay of global solution under the assumptions that the
initial data u, and u, are sufficiently small and u, #0.
However, the method in [2] can not be applied directly to
the case that the equations have the blow-up term
[ul’?u. M. Aassila and A. Benaissa [3] extend the
global existence part of [2] to the case where ¢(s)>0

with ¢(||Vu0||2)¢0 and the nonlinear dissipative term

|u, |“* u, . K. Ono and K. Nishihara [4] have proved the
global existence and decay structure of solutions of
(1.1)-(1.3) without small condition of data using Galerkin
method. K. Ono [5] has obtained the global existence of
solutions for the problem (1.1)-(1.3) with dissipative term
u, instead of Au, .

In the case a=0, for large g and (p(s)z r>0,P.
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D. Ancona and S. Spagnolo [6] proved that if
Ug. U, €C;(R") are small, then problem (1.1)-(1.3) has
a global solution. When ¢(s)>0, M. Ghisi and M. Gob-
bino [7] proved the existence and uniqueness of a global
solution u(x,t) of (1.1)-(1.3) for small initial data

(up, ) € (H3 (Q) M H? (Q))xH; ()
with m(||Vu0||2);é 0
and the asymptotic behavior
(u(t), u (1), uy (t)) > (v...0,0)
in (U, u;) € (Hg (Q)NH?(Q))xHg (Q)x * (Q)
as t — +oo, where either u_, =0 or ¢(||Vuw||2): 0

The case ¢(s)>r>0 has been considered by M.
Hosoya and Y. Yamada [8] under the following condi-
tion:

0<p< 24,n25; 0< f<+mw,n<4,
n_

They proved that, if the initial data are small enough,
the problem (1.1)-(1.3) has a global solution which de-
cays exponentially ast — +oo.

In this paper, we prove the global existence for the
problem (1.1)-(1.3) by applying the potential well theory
introduced by D. H. Sattinger [9] and L. Payne and D. H.
Sattinger [10]. Meanwhile, we obtain the exponential
decay estimate of global solutions by using the different
method from paper [8].

We adopt the usual notation and convention. Let H™
denote the Sobolev space with the norm

o = Z 070, |

H,' () denotes the closure in H™ of C;'(Q2). For sim-
plicity of notations, hereafter we denote by ||||p the

Lebesgue space L(Q) norm, ||| denotes L?(Q) norm
and we write equivalent norm |V-| instead of Hg(Q)
norm ”'”Hé(n)' Moreover, M denotes various positive

constants depending on the known constants and it may
be different at each appearance.

2. Preliminary

In order to state and prove our main results, we first de-
fine the following functionals

m, b
K (u) =my [Vul =bluly, 3 (u)==3vuf —;IIUIIﬁ

for ueH;(Q). Then we define the stable set S by
S ={ueH;(Q),K(u)>0,J(u)<djufo},

where
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d = inf {supJ (Au),ue Hg(g)/{o}}.

>0

We denote the total energy functional associated with
(1.1)-(1.3) by

Lpoe . 1plvl? b, s
E() =3l +3 " e(s)ds—Zlul, @)
for ueHg(Q),t>0,and
1 Iveol?
£(0) =S+ 1" o(s)ds- —||uo||ﬂ

is the total energy of the initial data.
Lemma 2.1 Let gbe a number with 2<q< +ox,

n<2 and 2£q£2—nz, n > 2. Then there exists a cons-
n_

tant C dependingon Q and g such that
||u||q < C|ull YueH(Q)-

Ho (@)’
Lemma 2.2 [11] Let y(t):R" — R" be a nonincreas-

ing function and assume that there is a constantA>0,
such that

[ y(®ydt < Ay(s), 0<s <+,

t
1——
then y(t)<y(0)e *,Vvt>0.
We state a local existence result, which is known as a
standard one.
Theorem 2.1 Suppose that /£ satisfies

2<ﬂ<+oo,n£2;2<ﬂ§2—nz,n>2. 2.2)
n_

If (uy,u,) e Hy(Q)NL*(Q), then there exists T >0
such that the problem (1.1)-(1.3) has a unique local solu-
tion u(t) in the class

ueC([0.T); Hy(Q)), u eC([0,T);*(Q)).
Lemma 2.3 Let u(t,x) be a solutions of problem
(1.1)-(1.3). Then E(t) is a nonincreasing function for

t>0 and

(2.3)

Te@)-
dt
Proof By multiplying equation (1.1) by u, and inte-
grating over Q, we get
d
—E(t)=-a|Vu,(t
Therefore, E(t) isa nonincreasing functionon t.
Lemma 24 Let ueHg(Q), if (22) holds, then
d>0.
Proof Since

—a|vu, (t)]. (2.49)

ji<o.

m, A2 bA”?
SV ulf == [ul;

J(Au) = r;
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S0, we get
95 () = moa|vuf

02l
di

B

Let dd_/IJ (Au) =0, which implies that

1
M, [vul’

As A =4, anelementary calculation shows that

2

d
9 (4u) <0.

Hence, we have from Lemma 2.1 that

-2( b? _ﬂ% u
ooz 52 ] ]

1
2\ 52 28
zﬁ_z b C 72 >0.
2B \m§

we get from the definitionof d that d > 0.

In order to prove the existence of global solutions for
the problem (1.1)-(1.3), we need the following Lemma.

Lemma 25 Supposed that (2.2) hold, If
U eS,u el’(Q) and E(0)<d , then ueS, for
each te[0,T).

Proof ~Assume that there exists a number t*<[0,T).
such that u(t)eSon [0,t*) and u(t*)eS. Then, in
virtue of the continuity of u(t), we see u(t*)eoS.
From the definition of S and the continuity of J(u(t))
and K(u(t)) in t,we have either

J(u(t*))=d or K(u(t*))=0.

It follows from (1.4) and (2.1) that

I(u(t*))=

Zﬂ

S lve(ef - IIU(t*)II’;

(2.5)
sE( *)<E(0 )<d.

So, the case J( ) d is impossible.

Assume that K (u(t*))=0 holds, then we get that

d _

o7 ()= myA(1- 2472 )|vul’.

We obtain from %J(lu(t*))=0that A=1.
Since
d2

(

WJ AU (t*))|/1=1 =-my (8- 2)||Vu (t*)” <0.
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Consequently, we get from (2.5) that
supJ (Au(t¥)) = 3 (Au(t4))]0 = I (u(t)) < d

which contradicts the definition of d . Therefore, the
case K(u(t))=0 is impossible as well. Thus, we con-
clude that u(t)eS on [0,T).

3. Main Results and Proof

Theorem 3.1 Suppose that (2.2) holds, and u(t) is a
local solution of problem (1. 1) (1.3) on [0, T). If
U €S, el’(Q) and E(0)<d, then u(xt) is a
global solution of the problem (1.1)—(1.3).

Proof It suffices to show that ||Vu(t)||2+||ul (t)||2

is bounded independently of t.

Under the hypotheses in Theorem 3.1, we get from
Lemma 2.5 that u(t)eSon [0,T). So the following
formula holdson [0,T).

00) = F PO - ol
2 wuof - 5 |vuof @)
= o
Therefore, we have from (3.1) that
Sl OF + 2 v

(3.2)
SE"u[ @ +JuE) =E®) <E©O) <d.

Hence, we get

||ut(t)||2+||Vu(t)||2gmax[Z, 2p ]d<+oo.

(B-2)m,

The above inequality and the continuation principle lead
to the existence of global solution, that is, T =+o0.
Therefore, the solution u(t) is a global solution of the
problem (1.1)-(1.3).

The following Theorem shows the exponential decay
estimate of global solutions for problem (1.1)-(1.3).

Theorem 3.2 If the hypotheses in Theorem 3.1 are va-
lid, then the global solutions of problem (1.1)-(1.3) has
the following exponential decay property

t

E(t)<E(0)e ™,
where M >0 is a constant.

Proof Multiplying by U on both sides of the Equa-
tion (1.1) and integrating over Qx[0,T), we obtain that
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OZJS,T.[QU[U“ -9

where 0<S <T < +o0.
Since

LT J'Q uu,, dxdt = fQ uutdx|g

(||Vu||§ )Au —aAu, —bJu [’ u]dxdt,
(3.3)

- LT [, Ju[oxat. (3.4)

So, substituting the Formula (3.4) into the right-hand
side of (3.3), we get that

T 2 2 2 2b
0= 1[Il o1 ol ol - 221
_.[T.[ [2|ut2
dx|s +| =-11|b d
e+ 2o e

It follows from (3.2) that

28 E(t)< 28 E(O 28 d
-2m, == G—am, = < Goom,
(3.6)
By exploiting Lemma 2.1 and (3.6), we easily arrive at

—aVutVu]dxdt (3.5)

[vu() <

bljul/; <bC” [vu(t)]” =bC” [vu(t)]” *[vu(t)[f

B-2
<bC” [—2’8 : e

(B-2)m, dJ [’

We obtain from (3.6) and (3.7) that

ﬁ
o e =
g (B-2)m, B

s (3.8)
stﬂ[ 28 d] p-2_ 258 E(t)
(B-2)m, B (B-2)m,
-2
ZZbCﬂ( 2h d]ZE(t).
(B—2)m,
We derive from (1.4) that
17 p(s)ds < o Jwul ) wu?, (39)

It follows from (3.5), (3.8) and (3.9) that

B-2
bC” 2 2 | 1
e (—(ﬂ_z)mo d] js E(t)dt

< J'ST [.[21u F —avu,vu Jdxdt —J'Quutdx|£.

(3.10)

We have from Lemma 2.1 and (3.2) that
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1 1
1= (1l + e )

C B-2)m, .
<[ o Lot Sl )

< max[(ﬂ—cz,lJE(t)ﬂ <ME(S),

(3.11)

p-2)m,
Substituting the estimate (3.11) into (3.10), we conclude
that

21_2bc:f’[ 25
m, ((B-2)m,

B2

dJ 2 [LE()dt

—aVutVquxdt +ME(S).

(3.12)

T
< Is IQ|:2|U‘|2
We get from Lemma 2.1 and Lemma 2.3 that

2 jsT [, Ju[* dxdt = 2 jsT Ju|? dt < 2c? j; vu, ot

oc? (3.13)

2C*?
E(S).
a (S)

=———(E(T)-E(s))<

a

From Young inequality, Lemma 2.1, Lemma 2.3 and
(3.6), We receive that

~a] [, VuVudkdt <af (£[Vul + M (£)|vVu )t
2afe

gmjs E(t)dt+M (g)(E(S)-E(T))

2afs (T
<—— | E(t)dt+M (&)E(S).

(3.14)
Choosing small enough & such that

p-2

2afe  bC”’ 28 oz
(ﬂ_z)mo+ ((ﬂ_z)mod] -
then, substituting (3.13) and (3.14) into (3.12),
[ E(t)dt<ME(S). (3.15)

Let T — +w, then we have from (3.15) that

j E(t

Thus, we receive from (3.16) and Lemma 3.1 that

)dt < ME(S). (3.16)

E(t)< E(o)el‘ﬁ, te[0,+m). (3.17)

The proof of Theorem 3.2 is finished.
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