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ABSTRACT

Let x:(xij) be a double sequence and let M be a bounded Orlicz function. We prove that x is I-pre-Cauchy if and

. . 1
only if I —lim——
mmTn i,p<m j,q<n

|Xij —X

A. Khan and Q. M. Danish Lohani [2].

Z Z M [—pqq =0. This implies a theorem due to Connor, Fridy and Klin [1], and Vakeel
P
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1. Introduction

The concept of statistical convergence was first defined
by Steinhaus [3] at a conference held at Wroclaw Uni-
versity, Poland in 1949 and also independently by Fast
[4], Buck [5] and Schoenberg [6] for real and complex
sequences. Further this concept was studied by Salat [7],
Fridy [8], Connor [9] and many others. Statistical con-
vergence is a generalization of the usual notation of con-
vergence that parallels the usual theory of convergence.

A sequence Xx=(x) is said to be statistically con-
vergentto L ifforagiven &£>0

Ii{na{i % — Lz e i<k}[=0.

A sequence x=(x ) is said to be statistically pre-
cauchy if

Iim1
K k2

{(J',i):|xi—xj|2g, j,isk}‘:o_

Connor, Fridy and Klin [1] proved that statistically
convergent sequences are statistically pre-cauchy and
any bounded statistically pre-cauchy sequence with a no-
where dense set of limit points is statistically convergent.
They also gave an example showing statistically pre-cau-
chy sequences are not necessarily statistically convergent
(see [10]).

Throughout a double sequence is denoted by

Copyright © 2013 SciRes.

x:(xij). A double sequence is a double infinite array
of elements x; eR forall i, jeN.

The initial works on double sequences is found in
Bromwich [11], Tripathy [12], Basarir and Solancan [13]
and many others.

Definition 1.1. A double sequence (x;) is called
statistically convergentto L if

mlj]rﬂw%(i,j):|x” ~Uzei<m, ] sn‘:O,
where the vertical bars indicate the number of elements
in the set.

Definition 1.2. A double sequence (x;) is called
statistically pre-cauchy if for every ¢ >0 there exist
p=p(e) and g=q(e) suchthat

mILTw#‘(' j): |xij - qu| >g,i<m, j< n‘ =0.

Definition 1.3. An Orlicz Function is a function
M :[O,oo)—>[0,oo) which is continuous, nondecreasing
and convex with M (0)=0,M(x)>0 for x>0 and
M(X) >, as Xx—oo.

If convexity of M is replaced by
M (x+y)<M(x)+M(y), then it is called a Modulus
function (see Maddox [14]). An Orlicz function may be
bounded or unbounded. For example,

X

M (x)=x"(0< p<1) is unbounded and M (x):n
+
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is bounded (see Maddox [14]).
Lindenstrauss and Tzafriri [15] used the idea of Orlicz
functions to construct the sequence space,

k=1 P

Ly :{XGa):iM(mj<oo,forsomep>0}.

The space ¢,, isa Banach space with the norm
|| = inf {p>o:i|\/| (szl}
k=1 P

The space 7, is closely related to the space 7,
which is an Orlicz sequence space with M (x) =x" for
1<p<w.

An Orlicz function M is said to satisfy A, condition
for all values of x if there exists a constant K >0
such that M (Lx) <KLM (x) forall values of L>1.

The study of Orlicz sequence spaces have been made
recently by various authors [1,2,16-20]).

In [1], Connor,Fridy and Klin proved that a bounded
sequence x=(x,) is statistically pre-cauchy if and only
if

1
“'[nFi,,-gkﬂXi - xj|) =0.

The notion of I-convergence is a generalization of
statistical convergence. At the initial stage it was studied
by Kostyrko, Salat, Wilezynski [21]. Later on it was
studied by Salat, Tripathy, Ziman [22] and Demirci [23],
Tripathy and Hazarika [24-26]. Here we give some pre-
liminaries about the notion of I-convergence.

Definition 1.4. [20,27] Let X be a non empty set. Then
a family of sets 1 < 2* (2" denoting the power set of X)
is said to be an ideal in X if

(i) el

(ii) 1 is additivei.e A/ Bel = ANBel.

(iii) l'is hereditary i.e Ael,Bc A=Bel.

An Ideal 1 =2* is called non-trivial if 1+2*. A
non-trivial ideal | 2% is called admissible if
{x}:xeX}cl.

A non-trivial ideal | is maximal if there cannot exist
any non-trivial ideal J =1 containing | as a subset.

For each ideal I, there is a filter £(1) corresponding
tol. ie.

E(1)={KcN:K°el},
where K = N - K.

Definition 1.5. [10,21,28] A double sequence
(x;)€ e is said to be I-convergent to a number L if for
every ¢>0,
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{i,jeN:|Xij—L|Ze}el.

In this case we write | —limx; = L.

Definition 1.6. [21] A non-empty family of sets
£(I ) < 2% s said to be filter on X if and only if

(i) ©e£(l),

(i) For ABe £(1) wehave ANBe£(l)

(iii) Foreach Aef£(l)and AcB impliesBe£(l).

2. Main Results

In this article we establish the criterion for any arbitrary
double sequence to be I-pre-cauchy.

Theorem 2.1. Let x=(x;) be a double sequence and
let M be a bounded Orlicz function then x is I-pre-
Cauchy if and only if

I —lim 1 > ZM{_|X”_XPQ|J_Of0rsome 0
_ - > =0, p>0.

momon i,p<m j,q<n

Proof: Suppose that

I —lim 1 > ZM{_|X”_XPQ|J_Of0rsome 0
_ - > =0, p>0.

momon i,p<m j,q<n

Foreach £>0,p>0and m,neIN we have that

A

X; — X
:{m,ne IN :M(M]zi,i,psw j,qsn}
P 2mn

el,
(1)
A
X — X
={mnelIN:M M <2 i,p<m, jg<n
P 2mn
el
(2
1 |Xij ~Xpq
lim—— M|———
m-m?n? i,pzsm j,ngn [ P
— lim > M %=l
m m?n? P [
‘X'j qu‘<2mn P
X — X |
+lim > | L pq]
mn 2.2
mTn ‘Xij_qu‘zﬁ { p
X — X
> lim > oM M]
mn-mTn &
gl P
Now by (1) and (2) we have
ENG
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{m ne N :lim— (|X“ _qu|j i ' } ¢
€ im—— > > M|‘—— |2gip<mjg<nc AUA el.
™ MTN i p<m j,g<n Y
thus x is I-pre-Cauchy.
Now conversely suppose that x is I-pre-Cauchy, and that & has been given.
Then we have

{mnelN lim — > M [M]>Eip<qu<n}CA1UAf€|
y 2 2 p =& h - ’ - "

momTn i,p<m j,q<n

where, 1 | , |
I —I|m M| L= =0.

—ImnelN:M M >_% ip<mijq<n Theorem 2.2. Let x=(xij) be a double sequence and

P 2mn let M be a bounded Orlicz function then x is I-convergent
cl to L if and only if

c m n -L
A IlmiZZM | | =0, for some p > 0.
%, %, 5| p

_ . ij pq & . .
_{m,neIN.M{ p) ]<2mn,|,p3m J,an} Proof: Suppose that

m n X —
el I|m—ZZM[|’ |J 0, for some p > 0.

mn mn e P
Let §>0 be such that M(o")<§. Since M is a =

. . . . with an Orlicz function M, then x is I-convergent to L
bounded Orlicz function there exists an integer B such (See [1])

that M (x) <8 forall x=0. Therefore, for each Conversely suppose that x is I-convergent to L. We
2 can prove this in similar manner as in Theorem 2.1 as-
m,ne N, suming that

mi |X —im | L| or some p >
| 2ZZM[pJ ||—ZZM[p]0,f p>0.

mnmn|p<qu<n mnmnlljl
. 1 | i ~ Xp | and M being a bounded Orlicz function.
=lim SR 2 M o Corollary 2.3. A sequence x=(Xx;) is I-convergent
[%i ~%pal<5mm if and only if
|x.. —X | . 1
i Iy pal I —lim Xi =X =
TR MW 2, 2 =0
‘xij—qu‘zm
|x Proof: Let M (x)=x. Then
<M (S)+lim M _
( ) mnmn2|pz<:m1§<:n ( J M[M]S|Xij_
<‘€+B 1 {(I )| - X |>gi <m,j <n}‘ -p ;
575 J pg| =& LP=M, ), Q= foralli,p<m,j,g<nandformneIN
1 Lo . . Let
s.s+B[W{(l,]).|xij—qu|25,|,pSm,J,q£n}D 5
. . . ) - . |X‘j _qu| i,p<m, j,q<
Since x is I-pre-Cauchy, there is an IN such that =ymneiIN:M T, <gipsmjg<n; (4)
the right hand side of (3) is less than & for all
m,n e IN . Hence el.
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and
B/

|Xij_qu| . .
=mneIN:M|——|>¢i,p<m, j,g<n; (5)
P

el.

Therefore from (4) and (5) we have,

. |Xij_qu| . .
mnelIN:M|——(>¢gi,p<m, j,q<n
Yol

cB UB l.
Hence
I —lim 212 > Z|Xij_qu|:0'
mr M N o<m j.g=n
if and only if

lim—— 3 S M b =xal | g,

mn-mn i,p<m j,q<n p

By an immediate application of Theorem 2.1 we get
the desired result.

Corollary 2.4. A sequence x=(Xx;) is I-convergent
to L if and only if

m

.1 .
I —lim— x: —L|=0
mn mn |Z:1:JZ:;| !l |
Proof: Let M (x)=x.
We can prove this in the similar manner as in the proof
of Corollary 2.3.
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