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ABSTRACT

In this note a multidimensional Hausdorff truncated operator-valued moment problem, from the point of view of “sta-
bility concept” of the number of atoms of the obtained atomic, operator-valued representing measure for the terms of a
finite, positively define kernel of operators, is studied. The notion of “stability of the dimension” in truncated, scalar
moment problems was introduced in [1]. In this note, the concept of “stability” of the algebraic dimension of the ob-
tained Hilbert space from the space of the polynomials of finite, total degree with respect to the null subspace of a unital
square positive functional, in [1], is adapted to the concept of stability of the algebraic dimension of the Hilbert space
obtained as the separated space of some space of vectorial functions with respect to the null subspace of a hermitian
square positive functional attached to a positive definite kernel of operators. In connection with the stability of the di-
mension of such obtained Hilbert space, a Hausdorff truncated operator-valued moment problem and the stability of the

number of atoms of the representing measure for the terms of the given operator kernel, in this note, is studied.

Keywords: Operator-Valued Positive-Definite Function; Unitary-Operator; Selfadjoint Operator; Joint Spectral
Measure of a Commuting Tuple of Operators; Atomic Measure; Extension of Some Hermitian; Square;

Positive Functional

1. Introduction

The study of scalar truncated moment problems is the
subject of many remarkable papers such as: [1-3]. In [2],
the problem of finding scalar atomic representing meas-
ure for the terms of a finite scalar sequence of complex
numbers as multidimensional moment terms is studied.

In [2], with the Hankel matrix M = {}/a+ ﬁ} cC’

a,peNP
with rank r, the necessary and sufficient existence condi-
tion of an atomic representing measure with exactly r

atoms for the sequence { Vs ﬁ} is the existence of

a,BeNP

a “flat extension”. A “flat extension” is a rank preserving,
nonnegative extension M, of M, associated with a
larger moment sequence »’. A main result in [2], estab-
lishes some algebraic relations between the condition in
which the support of the representing measure of the
given sequence y is contained in the algebraic variety
of zerous of a suitable polynomial and the dependence
relations established between the columns of the Hankel
matrix M, . These relations are expressed, also, as
zerous of the mentioned polynomial. In [1], the concept
of “flat extension” of the Hankel matrix of truncated sca-
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lar multidimensional moment sequence is substituted
with the concept of “dimension stability” of the algebraic
dimension of the Hilbert space obtained as the separation
of the space of scalar polynomials with total degree m,
with respect to the null subspace of a unital, square posi-
tive functional, the Riesz functional. The Riesz func-
tional is in bijection with a moment functional, positive
on the cone of sums of squares of real polynomials. The
stability condition of the algebraic dimension of such
Hilbert space affords in [1] an algebraic condition for
obtaining some commutative tuple of selfadjoint opera-
tors, defined on the Hilbert space of stable dimension. In
the same time, in [1], by extending the Riesz functional
on the whole space of polynomials, using the functional
calculus of the constructed commutative selfadjoint tuple,
the arbitrary powers of it are organized as a C* algebra
of the same stable dimension. The problem of stability of
the algebraic dimension of some Hilbert space obtained
in this way is naturally connected, via the existence of a
commuting tuple of self adjoint operators, with that of
solving a scalar truncated multidimensional moment
problem. The representing measure of the finite dimen-
sional moment sequence is, in [1], the spectral atomic
joint measure associated with the constructed commuta-
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tive selfadjoint tuple, and has the same number of atoms
as the stable algebraic dimension. Truncated operator-
valued problems is the subject in papers [4-7], to quote
only a few of them. In [7] a Hausdorff truncated unidi-
mensional operator-valued moment problem is studied.
For obtaining the representing measure the Kolmo-
gorov’s decomposition theorem is used. The given posi-
tive kernel of operators in [7] acts on an arbitrary, sepa-
rable Hilbert space, all operators are linear independent,
also the number of operators is arbitrary, even or odd.

In the present note, the stability dimension concept in
[1], in the following way is adapted: a positive finite op-
erator-valued kernel acting on a finite dimensional Hil-
bert space is given; a hermitian square positive functional
on the space of vectorial functions, via the given kernel,
is introduced. The restrictions of the hermitian square
positive functional to some subspaces of the vectorial
functions are considered. The separation spaces with
respect to the null subspaces of these hermitian square
positive restricted functionals are obtained. The stability
dimensional condition for the obtained Hilbert spaces, in
the same way as in [1], affords a construction of a com-
muting tuple of selfadjoint oparators, defined on the Hil-
bert space of the stable dimension. The obtained com-
muting tuple of selfadjoint operators, produced an inte-
gral representing joint spectral measure of all powers of
the tuple. Via Kolmogorov’s theorem of decomposition
of positive operator kernels, a representing positive op-
erator-valued measure as Hausdorff truncated multidi-
mensional moment sequence for all terms in the given
kernel is obtained. The first terms of the given kernel, in
number equal with “d”—the stable dimension, are linear
independent, are integral represented with respect to an
atomic operator valued measure with exactely “d” atoms,
the remainder terms in the kernel are integral represented
with respect to the same measure and the same number
of atoms as the first one. The possibility of extension of
the given operator sequence with preserving the “stability
condition”, as well as the number of atoms of the repre-
senting measure is also analysed. In the present note, the
number of operators in the given kernel is only even.

In this note, in Section 3 to a positive-definite kernel
of operators a square positive functional is attached. The
Hilbert spaces obtained as the quotient of some finite
dimensional spaces and subspaces of vectorial functions
with respect to the null spaces associated with the square
positive functional and its restrictions are constructed.
The problem of stability of the dimension of the Hilbert
spaces in Section 3 and its implications in solving multi-
dimensional, truncated Hausdorff operator-valued mo-
ment problems in Section 4, in this note is analysed.

2. Preliminaries
When pEN*,qupgq:<q19“'=qp) and
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t= (tl,m,tp) eRP, the p-dimensional real variable, are
arbitrary, we denote with t® =t%,...,t%; the addition
and substraction in NP are considered on components.
For H an arbitrary Hilbert space, B(H) represents the
algebra of linear, bounded operators on H, for
A:(Al,m,Ap) a commuting tuple of multioperators,
A €B(H) forall 1<i< p,we denote with
AY=A%o...o0 A% For an arbitraty ne NP, the func-
tion &, :NP —>{0,1}cR,is:

S, =1£1[[5nik&:{l,k -n

i 0,k #n

with &, the Kronecker symbol. For NeN’, we
consider the spaces of vectorial functions:

FN:{f:{O,l,---,N}p—>H,

f(.):

ne{

> 8,-f(n),f(n)eH
0,-,N}P
and, for each integer Kk < N, we denote with

F :{f 0,1, K, -, N} —>H}

with f(q)=0 for all multiindices qeNP, with at
least one indices q; >k, the C-vector subspaces of Fy.
For e =(0,---,1,---,0)e NP, 1<i<p we also use the
same function, 5ei- defined by:

5,.: 2" - {0,1},
Lk =¢ :(0,---,1,-~~0) on, i position
e 0,k #e e NP

and, for all

feF, :{f {0 N)® S H, T ()= Y6, - f (n)

n

ne{O,---,N}x---x{O,---,N —l}x---x{O,---,N}},

we define the convolutions f *5, € Fy as

[++aJ00- 5 (100

thatis f=*g9, =
L (0N {0 N Txeeox{0,, N}

3. Hilbert Spaces Associated with Finite
Positive Operator Valued Kernels;
Algebraic Prerequisite

We consider for N € N* an operator kernel
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r, :{Fm €B(H),m=(m,,--,m,)
with 0 <m, <2N,1<i< p},

subject on the condition I, =TI}, for all m with
m, <2N,1<i<p, T, =1d,,, acting on a finite dimen-
sional complex vector space H, positively defined. That
is the kernel I'y satisfies the condition

A) Y (TrnXns Xy )y, 20

m,ne{0,1,-,N}P
for all sequences {Xn}:e{ol---N} in H. When

FN:{f:{o,l,...,N}uH,f: > 5n~f(n)}
ne{O,],--. P

is the C-vector space of functions defined on {O,l,‘ -,N } P
with vectorial values, we consider the kernel I'y as a
double indexed, simmetric one:

Ty :{0,L-+,N}*x{0,1,---,N}" —> B(H),
Lo =T(n,m).

N

With the aid of I'y, we introduce the hermitian,
square positive functional

Al FyxF, —>C,

A(fg)= X

m,ne{0,1,+,N}P

(Tynf(m).g(n)), 20;

the order in {0,1,--, N}p is the lexicographical one.
From property A of the the kernel I, as well as from
the properties of the scalar product in H, A} satisfies
the conditions:

1) Ay is C-linear in the first argument.

2) Ay(f.9)=Ay(g,f),forall f,geF,.
3) Ay(f,f)=0,forall feF,.

Remarks 3.1.

a) A, is a hermitian, square, positive functional on
Fy xFy it results that I" satisfies the Cauchy-Buni-
akovski-Schwartz inequality, respectively:

1 1
|AL(f,g)|SA[,(f,f)EAL(g,g)E,Vf,geFN.

b) Because of the construction of the hermitian func-
tional T and the simmetry of the kernel I'y,Aj}
satisfies the equalities:

AL (F*6,,9)=Ay(f.9%4,),
vi,geFR_,VI<i<p.

Definition 3.2. A functional A}, defined on F xF,
with properties 1)-3) is called a hermitian, square posi-
tive functional on F .

Let T, be thesubsetin F , defined as
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T, = {f e Ry with Ay (f,f)= 0}. If follows, using the
Cauchy-Buniakowski-Schwarz inequality, that if f, f, €
Ty, we have also Ay (o, f +a, f,, 0, f +a,f,)=0, that
is Ty cF, isavector subspacein F . The map

1
Fe>f oA (f,f)2eC is a seminorm on F. Be-

cause H is a finite dimensional complex vector space,
Fy is the same. We consider the separated space of F,
with respect to T, , that is, in this case, the quotient
space K, =F, /T,. Obviously, in finite dimensional

case for F,, K is a finite dimensional Hilbert space
1
with the norm | f)"KN =Ay(p+Ty,p+Ty)? for an ar-

bitrary p € F, . In the special case of the space
Fy ={f 0,1+, N}p - H} , we have

KN - FN /TN :VnE{O,m,N}p,VjeH [hnvj] where I:thj:I repre-

sents the class in K of the function

P

Fu23, vy {01 N} > H, 8, =T [ 6y v
i=1

the usual Kroneker symbol, (vl,---,vk> =H the basis of

H and V represents the linear span of these elements.

When 0<k<N , we consider the vector subspaces

F. c Fy, with

5ni ki

j°

F :{f :{0,---,N}p —H,f (q):Ofor all multiindices
q =(q1,-~~,qp)e{0,1,~--,N}"with at least

one indices g, > k,1<i < p}

and the restriction A1;,|Fk . » restriction denoted with

A, . The functional A, is also a hspf on F,, conse-
quently it has properties 1), 2), 3) and a), b) from Re-
marks 3.1. Setting
T ={f eF.AL(f,f)=0]
=R NT, Ty,
it results that T, is a vector subspacein F, andin T,.

We denote with K, the Hilbert space K, =F/T,
with the norm

I
forall f ek, Because T, cTy,F, < F, it results that
also K, c K, and there is the natural inclusion map

Jon Ky = Ky, f‘Kk =f+Tk—>fKN = f+T,. The in-

=<f+Tk,f+Tk>%:Ak(f,f)%,

Ky

clusionmap J,  is injective one. Indeed, when
Jin ( ﬂ) =Jn ( f;) , f,f,eR, it results f+T, =

f,+Ty, that is f —f,eTy. The elements f,f, are
in F , consequently
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Alk_(fl—fz,fl—fz):AL(fl—f2,f1—f2):O,

thatis f,—f,eT, or fl‘Fk =f, f,

and “ ﬂ “ =
R R
i=1,2. We are interested in conditions in which J,
is an isomorphism of vectorial spaces and J, \ (K, )=
K - Because all Hilbert spaces K;,0<|<N, obtained
in this way are finite dimensional, in case J,, is an
isomorphism of vectorial spaces, K, and K, have
the same algebraic dimension. In connection with the
problem of the stability of the algebraic dimension for
the Hilbert spaces obtained as quatient of some vectorial-
valued spaces of functions, we are interested in finding
operator-valued atomic representing measure for the
terms of I'y. For such operator-valued, representing
atomic measure, the stable number of atoms for the re-
presentations of the operators T ={I", }

2
Fn

me{0,1,-,N-1}P = FN ’

is the same with that in T’y s integral representations.
Such studies are the subject of truncated Hausdorff op-
erator-valued moment problems. The concept of stability
of the algebraic dimension of the Hilbert space obtained
by separating the space of scalar polynomials with finite
total degree with respect to an unital square positive
functional (the Riesz functional), was introduced in [1].
The concept of stability of the algebraic dimension ap-
pears in [1] in the frame of extending some commuting
tuple of selfadjoint operators which were intended to get
the joint spectral representing measure for the terms of a
Hausdorff truncated scalar moment sequences. The con-
cept of stability of the algebraic dimension in [1] is an
alternate, geometric aspect of that of “flatness” in Fial-
kow’s and Curto’s paper [2,3] regarding the truncated
scalar moment problems.

We adapt and reformulate the concept of stability of
the dimension concerning unital square positive func-
tionals on space of scalar polinomyals in [1], to hermitian,
square positive functionals associated with positive op-
erator-valued kernels in order to solve operator-valued,
truncated, Hausdorff moment problems via Kolmo-
gorov’s theorem of decomposition of such kernels. The
problem to obtain operator-valued positive operator rep-
resenting measure for truncated, trigonometric and Haus-
dorff operator-valued moment problems via Kolmo-
gorov’s theorem of decomposition of positive operator
kernels were solved in [7].

The classical Kolmogorov’s theorem of the decompo-
sition of positive kernels states:

“Let T:SxS— L(H) a nonnegative-definite func-
tion where S is a set and H a Hilbert space, namely

n

Z<F(si,sj)xj,xi>20 for any finite number of points
ivj=1
S,,*+,S, €S and any vectors x,---,X, € H. In this case
there exists a Hilbert space K (essentialy unique) and a
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function h:S—B(H,K) such that T'(I,m)=h(m)"h(I)
forany I,meS.”

4. Dimension Stability and Consequences in
Truncated, Hausdorff, Multidimensional,
Operator-Valued Moment Problems

Let N,peN",

m

T, :{r eB(H),m=(m,,m,)eN",
m, <2N,1<i < p}

be an operator kernel with ', =T, and I[',=1d,,
positively defined, acting on the finite dimensional Hil-
bert space H, that is I'y satisfies condition (A) from
Section 3; we consider the vector space

OZ‘N}p@, - f (n)}

Fy ={f {0, ,N}” > H, ()=

Nef
and A, :FyxF, —»C,

Av(fg)= X

n,mef0,--,N}P

(T(n,m) f(m),g(n)), .

the associated hspf with I'y . We consider the set
Ty ={feF.A (f.f)=0}. Because A} satisfies
Cauchy-Buniakovski-Schwarz inequality, T, is a vec-
tor subspace in F , and also

Ty ={g e Fy with A} (g, f)=0,vf e F}

and Ky =F, /T, ={f+T,,feF} is a finite dimen-
sional Hilbert space, with the norm

|f
Ky
fered as the Hilbert space obtained via the hspf A} .
Forevery | with 0<I<N,and

1
=Ay(f+Ty,f+Ty)2. The space K is re-

R ={f:{0,,N}" - H with f (q) =0 forall
q =(C|1,~~,qp) with at least one indices
.l <q < N},

we consider the restriction A, = AN| .~ The functional
A, is also a hspf on F and satisfies conditions 1), 2),
3) and a), b) in Remark 3.1. The subset

T={feR.A={feR.A(f.T)=0}}=TyNF

is obviously a subspace in T and also in F . Conse-
quently, the Hilbert space K, =F /T, with respect to

the norm | || =, (1, £): is defined via the hspf A,
I

and because T, =Ty NF is a vector subspace in Ty, the

natural inclusion map J, : K, = Ky, ﬂﬁ - WK\N ,
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f+T, > f+T, for f eF isanisometry. For =N, we
have Jy Ky = Ky, Jyy =1dy . In the same way,
for all k<I<N we have T, cT,F, cF and conse-
quently there exists the naturaly isometries J, 1K, >K,.

If we have an operator-valued kernel I’ :{Fm}mENp
acting on a finite dimensional Hilbert space H, subject on
r, =T, forall meNP"I'j =1d,, such that

> (F X X> >0 for all sequences {Xn}n cH

n+m“m? “*n
m,nel finite

with finite support, considering the vector space

F = { f :NP > H, f with finite support} ,

[,.. =T (n,m) the associated functional
AL:F, xF,—>C, AL (f,g)=> <Fn’mf (m),g(n)>H ,
m,nel

with T< NP finite, the map Al is naturally a hspf on
F,xF,, with properties 1), 2), 3) and a), b) from
Remark 3.1. Similar constructions of the Hilbert spaces
{Ki};” as well as for the isometries {Jk,, }0<k<|<+w can
be done. )

Definition 4.1. Let I'y ={I',} _,€B(H), n <2N,
I<i<p, I =I,, T,=Id, be a positive definite
kernel, Ay :F, xF, = C the hspf associated with T
and {K} __. the Hilbert spaces built via Ay and
Jiy K > K,0<I <N -1 the associated isometries.
If for some k €{0,1,--,N—1} the injective map J,
is also surjective, that is J, ,, (K, ) =K, we say that
A} and the kernel T’ is dimensionally stable (stable)
atk.

The kernel {I"; . is called dimensionally stable if
there exists integers O<l|<N <+ such that the
kernel T —{F eI”,withn, <2N,1<i< p; is stable
at 0<I <N -1, respectlvely Ay —Ar| _ s stable
at|. o

Remark 4.2. ¢) Let I'y={I',} _ ,€B(H), n <2N,
be a positive definite kernel, A, : F xFy — C the hspf
associated with Ty stable at (N -1) and {K}
the Hilbert spaces bullt via Ay; (Jy_ are bijective

maps, Jy_y(Ky_)=Ky.) In this case, the maps
M, Ky, — Ky,
Mi(f+Tya)= 2 Gpe F(N)+Ty,
ne{0,L,,N-1}P
when f = > 6,-f(n)+Ty_ ,and e = (é‘kj ):70 ,
ne{o,1,,N-1}P N
forall 1< j<p are correctely defined.
Indeed,let g= > &,-g(n) be such that
nefo,1,--,N-1}P
(9-f)eTy,; we shall prove that M;f —-M,geT,. If

Mf= > 5

n+e;
ne{0,1,--,N-1}P

(N—=1), Jy,n is an isomorphism of vectorial spaces,

exists then heF such that M;(f-g)-heT,. In

-f(n)eFy and Ty is stable at

Copyright © 2013 SciRes.

this case, using property a) and b) in Remarks 3.1 for the
kernel IT" we have:

AL (M (F-g).h)=[A% ((f~g).M;h)

<Al ((f—g),f—g)%AL(Mjh,Mjh)%z

4)

Also, using the Cauchy-Schwartz inequality,
AL (M (f-g).(M(f —g)—h))‘
sAFN((Mj(f—g))—h), )

(M, (1 ~))—h)? AL (L1): =

where we have denoted with | = (M )
From (4), (5), we have:

AV(M(f-9).M;(f-g))
=AY (M (f-9),M;(f-g)-h)
+AY (M (f-g),h)=0.

It results, that M;f —M;g eT,. The maps
MKy, =Ky, g+Ty, > M (g+T,),

z 5n'g(n)+TN—l_> Z 5n+e] g( )+TN
0, N-1} nefo,—N-1

are correctely defined.
d) If we consider the subspaces

P ={ f {0 N} S H T () =28, £ (n),
n=(n1,~~,np),n1 e{0,1,--,N},
n {0, N=1},k#n, f (n)eH],

Fua € Fuon © Fy.also Ay

] the null spaces

<Pl
Toow ={F e R AN (F.F) =0} c Ry
of it. We have
Fv,c Flel,N c k. Ty CT,\LLN cTy,
it results,
Ky =Kpon € Koy € Ky =KE -
The same
Rt = T {0 NJ* S H () =28, (n),
n=(n.-.n,).n €{0,1-- N},
n €{0,---,N—1},k=n;,n,, f (n)eH},

Fua © Fyoiy © Pyl and the null subspace

T ={f e Rl AL (F.F) =0} c R,y
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of it. We have also Ty .y CT,&;N for the Hilbert
quotient spaces we obtain

0 1 ! 1
KN,N—I = KN—I;N = FN—I;N /TN—I;N
12 2 2
= FN—I;N/TN—I;N = KN—I;N‘

In the same way, by recurrence, we obtain the vectorial
subspaces

e ={ {0 N S HE ()= X6, F(n),
n:(nl,.--,np),ni e{0,1,---,N},
ie{l,2,,k},n; €{0,-,N=1},
jefk+l,eee,p}, f(n)eH],

the null subspaces
Tk ={f e REMAL(F. 1) =0 c R

of it and the required quotient Hilbert space
Ky = Foan /T for all 1<k <p. From the
above construction, the inclusions of the Hilbert spaces

o 1 12
Ky = KN—I,N < KN—I;N < Ky
123 12p _
c Ky e Ky =Ky
and the naturally isometries
Kk+1 e l-k I---k+1
“]N—I;N . KN—I;N - KN—I;N’

£ _ 12--k 12---k+1
f=f+T TN = F+T00N

are obtained, for all 0<k<p-1. Because I'y, re-
spectively A} are stable at N —1, it results
dim¢ Ky, y =dim. K\ =dim. K =d,
0<k<p-1.
. : k.k+1 | 1ok I-k+1
Consequently all the isometries J "\ : KTy = K{T
are surjective one. Let as consider the operators:

M,;: Kl(\)l—l;N - Kll\l—l;N )
f=>6, f(nN)+Ty,
M, f=Y6,. f(n)+T,

and
A Kl]\l—l;N - Kl]\l—l;N
by

Copyright © 2013 SciRes.

Tkl 12
M, s Ko = Kt

My f =Y 60, - T (N)+T 00
and
A KII\IZ—I;N - K
by A, =M, o[J,'ﬁl;N ]_] . By recurrence the operators
M, KR > KR I<i<p

f=305-f(n)+T R e KR

My (F+TER) = X0y F(0)+Ty
and
Ay KR > KER;
A =M, o[ IR ](-1).1<i<p.
From the construction, immediately, it follows that
INEin e M =My o I\ (6)

The operators M ;,1< j<p are correctely defined.
Indeed, let f =) 5, f(n)eTy ], =Ty; we show that

also M i fe T,\l,‘”S ; from the stability condition, it exists
reFy, such that Mg ;f-reTy and, from Cauchy-
Buniakovski-Schwartz and property b) of the kernel I'y,
we have:

Ay (MM, f)
— AT r
= AL (M T.Mf—r)+AL (M f.r)
=Ay (MM f=r)+AL (F,Mr)=0.
That is the operators M :Ky S\ —KS are
correctly defined. and extend the operators

MKy, &Ky to KySn We apply (6) for comput-
ing

AieAm =My, O[Jﬁill’;l(r\l ]_] oM_in O|:‘]ll\(l_—]1’;kN :|_l
o M, O[JIZI—(;:\I ]_] oMy

1 -1
k+1,k+2
O|:‘]N—1;N J oM. oM,

-1
_ k+2,k
= |:‘]N—1;N:| oM,y oMy -

ké‘(n+e|+em)' f(n)+TN}; (7)
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where we have denoted

[sa ] =L Lo

e) We consider the maps A, :Ky — K defined by
A =M, JN s for 1<j<p. W1th Jy_in the given
1somorphlsm of vectorial spaces in case of I'y, stable at
N -1 and with M, the linear operators 1<i<p in
c), the obtained A; operators are linear, correctely
defined too.

Proposition 4.3. The linear operators A; : Ky — Ky,
A =M, JNIIN, 1< j<p are selfadjoin on K and
the tuple A= (A ~,Ap) is a commuting multloperator
on Ky

Proof. From Remark 4.1. e) The operators
A Ky oKy, A= MjJ,Ql_,,N, are linear, correctely
defined on the Hilbert space K, . We show that A, are
selfadjoint one and commute; that is we verify

(A%9), =(ARY) ~and AeA =A-A for all

9), = <A}‘ )

> S, %, +Ty
0.,

“.,N}p

Jkk+2

K,k+1
N-1;N 'J

k+1,k+2
N-1;N ‘J

N-I;N

> 8%+ Ty
ne{0,1,-,N}P

> 8, X+ Ty

ne{0,1,+,N}P

> 8, X, +Ty

ne{0,,-,N}P

:<(25an +Ty )+ (28, % +Ty )= (26, - % + Ty ).

S, X +Ty |, >
,1}‘7 ne{0,1,++N

»
nef0,1,-,N

= > hx, >
ne{0,1,--,N-1}P ne{0,1,--,N-1}P
= h' hx.,y.

5 (m-+ej) 02

where we have denoted by h X=6,-x+T, (the class of
0, -xeF, withrespectto T . The last statement is due

Copyright © 2013 SciRes.

],[HE{O,];“,N
B AJ
ne{0,1,+-,N}P
ne{O,l,w,
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X,9eKy,1<j,k<p. Let X, §eK, arbitrary,
K= > 8 X +Ty,
ne{0,1,+,N}P
y = Z 5n Yo +TN :
ne{0,1,+-,N}P
From the stability of 'y and A} at N-1, J_ is

an isomorphism of vectorial spaces; it results that there
exist

X'= Y 85X,
ne{0,,-,N-1}P
Y XY eFRy

with x—x,y—-y eT,.

DM
).
1>KN

Z é‘n'yn +TN
}P

Z 5n'yn+TN

z 5n yr: +TN—I

(Zg(mej) Yo+ Ty )>

(n+e) y" +T J>
,1}9 K

Kn

N

hm+9j y; >
Kn

)

Fm+n+ej n?> ym ;
N-13P H

®)

to Kolmogorov’s theorem of decomposition of positive
kernels.

AM
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We have also,

<AJ)A(’ 9>KN

M, 5-x;+TN_1J,( > S Yut+Ty
{

A Z %+ Ty, 2 S YatTy
nef0,l,+,N}P

M) X! +T}[ > 5m«y'm+TN]>
me{0,1,-,N-1}P K

< X+TN)’(Z5 Vi =200 Yt T+ 20 Yo + Ty )>

725

).
).

ne{0,1,--,N}P

‘o ©

N

Z n+eJ X; s Z hm yr’n = Z h; hn+ej X; s yr,n
me{0,1,-,N-1}P Ky me{0,1,-,N-1}P -

<2Fm+n+e,x Vo),

H

From (8) and (9), it results that (A%, 9>K =
(A%, y>K forall %,§ecK, thatis A =A;. N

Comm'f,ltatIVIty We shall prove that A( A A o A
for all 1< j,k<p. Following A;, Al deﬁnmons it is
sufficient to verify in this order that
MkJ,QlflﬁNM- = MJJNIINMk for all 1< j,k<p. Let
peF,_, be the vectorial function p= > = & -X,

1e{0,L,-,N-1}P

we have:

Mk(p+TN1 :Mk£
Z

5 X +TN1]

1)

(1+e) XI +TN‘

1€{0,1,: 1P
Because Ay is stable at (N-1),
isomorphism of vectorial spaces, it exists
9;€Fy.0;= D, &,-Yh suchthat:

me{0,1,-,N-1}P

Jyan 18 an

(qJ_Mkp):[qj_ Z 5(I+ek)'XIJ€TN’
Ie{O,l,m,

case in which
M jJal—laN [ z 5(I+ek) ! XI +TN]
Ie{Ol
—Mj(qj +TN_|)= Mj[ >

L N-1P
me{0,1,-,N-1}P

5moyn£+TN_l] (10)

+Ty
5 (m+e) ym

mef{0,1,--,N-1}

We compute also

Copyright © 2013 SciRes.

Mk‘Jﬁl—l,NM i ( p+TN—1)

:MkJ,QILN[ > 5(I+ej)-xl+TNJ.
1e{0,1 P

,m,N—l}

Because Aj is stable at (N-1), J_ is an iso-

o € Ry, 0 = Z Sy 2p

m m
me(0,1,—-,N-1}P

such that (qk -M; p) =0, — Z 5|+ej % €Ty
1€{0,1,-,N~1}P

morphism, it exists

and

Mk‘]lil—l,N ( z é‘l+eJ '
Ie{O,l,m

=M, Y Snlm= D G Im+Ty |
me{0,L,--,N-1}P A N-T}P

We prove that results in (10), (11) are equal; that is:

k
Z §(m+ek) Iy~ Z (rn+e ) ym
X N-1}P

- N=1}P me{0,1,-,N-

Indeed, let us consider the element

f :[qj_ Z é‘(l+ek)'
1€{0.

L, N-1}P
In these conditions, we can define M ( f +Ty_ ) e K.
Because A isstableat (N-1), wecanfind reF
such that M;f-reT, . In these conditions, from

Cauchy-Buniakowski-Schwartz inequality and property b)
in Remark 3.1,

X, ] eT,\ll_LN cTy.

AM
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Ay (M .M )
:AL(M"f’r)JFAK‘(MJf’(MJf‘r))
=AL(F.Myr)+ AL (M (M F-1))
=0:>Mjf eTy

pé‘("feﬁek).XI]e-rN.
(12)

Similarly, if we denote with

9:[%— Z 5(|+ej)‘
Ie{O,l

L+ N=1}P

X, ] eT,\lHﬁN cTy:

we can define the extension

(g+TN IN)

= Z 6(m+ek) : Zrl; _{ z
P 1€{0.1

N1

. 6(I+ej+ek) X +TN]'

From the stability of A}, respectively J_, is an
isomorphism, it exists seF,, with M,g-seT,.
From the same calculation as previous,

A]l:l (ngang)
=AL (ng,S)+AE (ngs(ng _S))
= Ay (9.:M,8)+A§ (M, g.(Mg—5))=0;

thatis M,g eT,. Consequently, we have:
M, g =M, (Qk _Zé‘(m. X +Tl\fl,Nj
|

= Z 5(m+ek Zé‘He +ey X GT

me{0,1,-,N-1}P

(13)

From (12) and (13),
Z m+e] ym Z 5m+ek : Zrll(w
me{0,1,-,N-1}P me{0,1,--,N-1}P
:{ z m+eJ ym Z 5I+ej+ek 'XI}
me{0,1,--,N-1}P 1€{0,1,-,N-1}P

+{ z 5I+ej+ek X = Z é‘m+ek 'Z;JGTN'
1€{0,1,--+, P -

That is results in (10) and (11) are equal; commutativ-
ity occurs. [
Remark 4.4. In conditions of Proposition 4.3, we have
A" [hox] =[hmx] for all me {0,1,~~, N}p , XeH,
where [hyx] stands for [hyx]= 5/0\)( =9, X+Ty, re-

spectively [h,X]=8,-X=8, -X+Ty,8,-X, &, -XxeFy

and |m[=m +m,+-+m .

Copyright © 2013 SciRes.

Proof. Indeed, because I'y is stable at N -1, if
|m| < p(N —1), from the definition of

A=(A.A ) A Ky > Ky,

we have

)35

i=1

=8, x+Ty =[h,x].

Let ()ze{O,l,--,N}p with p( -1)<|a|<p-N; we
consider o = f+y with |#<p(N-1) and y= (y,)lpzl,
7, =1 or y =0. In this case, from Remark 4.2 d) and
first assertion of above,

A [hX]=(A o A”)([hyx]) = A" [h,x ] = AT[ h,x]

_ (004" 147
_(JN—I,N) (é‘(ﬂ‘*}/lel‘*’“‘*';/pep)-i_TN N)'

From the definitions of the isomorphisms (J,ﬁkf IN)

(J o Om ) , it results

A [hyx] - [c’)‘( ﬁmeﬁ,.wpep)} =0y ;

that is

A*[hx] =[5, - x+Ty]=[ 5

ey X+ Ty ] =[h,x]

for all ae{O,l,-~,N}p,|a|S p-N.
Theorem 4.5. Let

Ty :{{rm}mENp cB(H),n 2N,
I<i< T, =F:,F0 =IdH}

with the property Y (ThnXa X, ), 20 for any
m,ne{0,1,:- }p

sequences {x,} < H. Let F, the vector space of
vectorial functions and Ay :FyxF, —C the hspf as-
sociated with Ty, as in Remark 3.1, stable at (N -1).
Then there exists a unique extension A, :F xF —C
of A, whichisahspfon F, xF,  and has property b)
in Remark 3.1.

Proof. From Proposition 4.1, with the same notations
as in Section 3, using the stability of Ay at (N-1),
we can define a p commuting tuple of selfadjoint opera-
tors A=(A..A), A:Ky—>Ky, I<i<p. For an
arbitary >N and peF,p= > &p(k), we

kefo,1,--11P
define the element

p(A)= Z A“[hp(k)]eKy,
P
with[hop } S,p(k
when A =A1kl on-oAp",k:(kl,n-,kp). Let us consider

the functional A, :F, xF, —C defined by A, (p,q)=

AM
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when p,qeF with |>N arbitrary.

(p(A).a(A)),,

We prove in the sequel that A _:F_xF, —C is an
extension of Ay :FyxF, = C,itisahspfon F xF_
and it has property b) in Remark 3.1.

From the properties of the scalar product on K, and
definition of p(A),q(A)eK, above, we have

Aso (a] pl +a2p2ah):alAw(plsh)+a2Aw(szh)
forall «,a,€C,p,,p, €F,1 >N arbitrary. Obviously,
using the same properties, we have:

A (f.9)=A.(g. 1) and A (F,1)=[F (A =0,
I>N, f,geR

arbitrary. It results that A_:F xF_ — C is a hspf on
F,xF,.

We verify that A_:F_xF, — C is an extension of
Ay : Fy xF, = C. For any vector-valued functions

paeR.p= X d-pk)ha= > & -a(i),
ke{0,1,--,N}P jefo,1,-,N}P
we have:
A, (p.q)
=< > Afhp(k)] X A‘[hop(i)]>
ke{0,1,--,N}P ief0,1,-,N}P Ky

<k {012--:- N}P[hkp(k)]" {OI-ZN}P[hi p(l)}>
> <hi*hk p(k),q(i)>H

Kn

i,ke{0,1,...,N}p
:'k {0?-N}P<F(i’k) p(k)’q(i)>H
:.k {O;-N}p@—‘nk p(k),q(i)>H =A} ( p,Q);

Al o[ | Oyoigr "X Z Sy - p(kl) 3Oy skt " X~ Z
kel N-1}P

= Aﬁ+k1—1 {[é‘hﬂq—l “X— z
ke{

0,1,N-1}P

We compute:

A;1+k1 [é‘hﬂ(l “X— Z
kie{

0.1-,N-1}P

0,1,+-,N-1}P

’
All+k1—1 5|1+k|71 X— Z
kie{

5k1 .p(kl)J’é‘lﬁ—kl—l.x_ Z

é‘k1+1.p(k1)’5ll+kl.x_ Z

k{01 N-1}P
5k] 'p(kl)\J’é‘lﬁkﬁl'X— z 5k1+2'p(k1)
ki efo,1,,N-1}P

that is A, is an extension as hspf to F,xF, of A}
(the above results uses Remark 4.4 and Kolmogorov’s
theorem).

We verify that A_ has also property b) in Remark
3.1, respectively it fullfiels

A (p*d,.a)=A,(p.q*d, ),
forall 1<i<p,p,geR,I>N, arbitrary. Indeed,

A.(p*d,.q)

(L z w otz wiinat)

ke{0,1,---,1}P Ky

XA ([hoq(i>])>
0,1,--1}P

i{0,1,

< T A(ete)

=A.(p.axs,)

Kn

the required property. We prove that A 1is the unique
extension of A} with the mentioned properties. Sup-
pose that A’,A” are two extensions to F xF, of Ay,
both of them with the specified properties. We prove by
recurrence, that for every |,1>N, and any vectorial
function &, -x €F , there exists peFy, such that
(6,-%-p)eT/NT" For 1=N and SxeF, be-
cause J\_ , is an isomorphism, exists then an element
peFy, such that (&,  -Xx—p)eT, =Ty =Ty; that
is the required assertion, in case | =N, is true. We con-
sider the statement satisfied in case (I+k—-1)>N and
prove it for (I-k)>N; thatis forany &, ,-xeF,
with I, =(L---,1), k =(k,---,k)e NP, there is an ele-
ment peFy,, p= > & -p(k) suchthat
ke{0,L,: N-1}P
(é‘,l+kl X= p) €T/ 4 NTy - This relation means that

5k1+1' p(k)J

3 !
SA,<§|1+|‘1_1X_25[<1 . p(kl)’5|1+k1—1 .X_Zé‘kl . p(kl))2 A!(h,h)z :0;

Copyright © 2013 SciRes.

AM



728 L. LEMNETE-NINULESCU

where we have denoted with:
h=¢,

I|+k|—1'x_ Z

k€01, N-1}P

5k]+2~p(k).

The same inequality is true for A" ; it results that
O X~ Z 5k1+1'p(kl)€TI:-kaI:k'

ke{0,1,-,N-1}P
The vectorial function
Z 5k]+1'p(k1)€FNa Inoin

k€01, N-1}P

is an isomorphism (I", is stable at N —1), there exists
p e F,_, such that

Alr; (p_5k1+1 : p(kl), p_25k1+1 ) p(kl))
:A’(p_é‘klﬂ . p(kl)’ p_25k1+1 : p(kl))
:A”(p_é‘k]ﬂ : p(k1)’ p_25k1+1 : p(kl)):();

0.1,,N-1}°

that is [p— >
ky ef

O 41 p(k1 )] eTy NTL NTY,.

We have:

é]]+kl ‘X—=p

:[(S‘h+kl "X= Z

kefo,1,N-1}P

O p(kl )]

"{ Z 5k1+1’p(k1)_pJ€T|,+k AT
ki efo,1,,N-1}P

For every 1>0, and any p,qe F,,, it results, from
above, that we can find the elements p,, p, € F,_, such
that p—p,,q—p, €Ty, NTy,- Moreover,

A’(p,q)=(p+T,g+,,q+T(,+,)K,;+,
=(p, + Ty, P, + Ty ) Ky
=(p+Th]'+.,q+TN"+.)KN+I =A,r\‘(p,q);
showing that A'|F, xFy, =A"|F., xFy,. The in-

teger | >0 is arbitrary choosen, we obtain that
AN|\F, xF that is the extension with such prop-

| . oofA"‘Fxxe )
erties is unique. O]

Remark 4.6. Let A, :F _xF_— C be defined by
A, (p.a)=(P(A).q(A)), . for any p.geF.I=N.

In this case, the null space is

TI :{f €F|,f = Z pé‘k'f(k)EFl’AOO(f’f):"f(A)”iN :0}.
ke{0,1,--,1}

It results that, for any f €T, there exists p €Ty suchthat p(A)= f(A); we prove that T, < T,,, forany I>N-1.

Let f= >

ke{0,11+1}P

5.-f(k)eR,, such that

N

Aw|F|+1XF|+1(f’f):<f(A)’f(A)>K :< Z

ke{0,1,--,1+1}P

‘]|+1,|+2(f): Z

ke{0,11+1}P

Aoo|FI+2XFI+2(f’f):< Z

ke{0,1,+- 1 +1}P

8- £ (k)+6,,,0, +T,.,, it follows

thatis T, cT,,, forany |>N; consequently,

1+1

K., cK,, forany I>N-1.

Proposition 4.7. Let T'y ={I"\} ., .
an operator kernel, positively defined and
Ay :Fy xF, > C the hspf associated with the kernel
'y asprevious, stableat (N-1) and
A, :F xF,—C, the unique extension of A} to
F,xF, as hspf and property b) in Remark 3.1. Then
A, isstableatany 1>N-1.

Proof. Let {Kl}|zo be the Hilbert spaces built via
A, and J,,, : K = K|,, be the associated isometries.
We prove, by induction, that J,,,, (K )=K, for all

>N —1. The assertion is true for =N (Jy_, isan

c B(H) be

Copyright © 2013 SciRes.

Alh () X

1+1

Ah (k)] > Ak[hof(k)}> =0.

ke{0,1- 1 +1}P Ky

A[hf(k)]) =0,

ke{0,1,+- 1 +1}P Ky

isomorthism, A} = Aw| Fy xFy is stable at N). Assume

that the assertion is true for some | >N and prove it for

(I+1). We fix an element &,,x e F,, and prove that,

we can find an element p,, = > & -x(k)eR,
ke{0,1,-1+1}P

such that &,

1+1

X—P; €T,,,, with T,,, the null space of

ol ur, - FOT the element o,,xeF,,, because
Jiia “is an isomorphism, it exists then
p= > & p(k)eF suchthat
ke{0,1,,1}P
S.x— Y 6.-p(k)eT,,, thatis
ke{o,1,-,1}P
AM
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[é‘mx Z 5 p() 1 X Z 5 p( )J:

ke{o,1 ke{0.1
Using the property b) in Remark 3.1 for Aw , We compute:

‘Aw[é‘nz'x_ Z O - p() O pX— 2 5k+1’p(k)

kefo,L,--1}P kefo,L,--11P

[a S aepi0ane S a0

ke{0,1,- kef0.L-1}P
<A (60 %= 35,p(K)),0 x- 35, p(K): (A, (0,9))7 =0:

where we have denoted with We have immediately:

g=|38,; X— Orin - P(K) |-
( . ke{o;m P )J Mljjll( { )3 5n~p(n)+T,1]

0,1,+-1-1}P
That is J,,,,.,: K, > K, is a surjective isometry, /

insures that J,,,,,, is an isomorphism of vectorial M
spaces. By recurrence, A, the unique extension of Aj, -
as a hspf with property b) in Remark 3.1 is stable at any el

> 5n~p(n)+T,]

0,1, 1-1}P

I>N-1.
Corollary 4.8. Let '), be an operator-valued kernel, ( 2 S p(“)”ﬁ}
positively defined and AL :F,xF, »>C the hspf ne{oLd
associated with T, as above. If A} :F,xF, »C is > [hp(n)]
stable at one indices k e{0,1,--,N—1}, then A} is nefO,L-1-1}P
stable atanyl > k,l e {k,k+1,--,N —1}.

Proof. The unique extension of Al,:‘|Fk+1 xF.,, —>C,
k+1<N as a hspf and with property b) in Remark 3.1

modulo T, forall I>N. Itresults JM, ; =M;J,,

that imply MM, = M, J;'M,; TR respectlvely

is the A_ extension which is stable at any | >k that
is Ay |Fk x P =A,|Fy xR, s stable at (k+1). MM, > S,p(n)+T
It follows by recurrence that A, is stable at any nin{0,1,---,1-1}P
le{k,k+1,-,N-1}. - S o(n)+T
In the sequel, we argue like in [1], Remark 2.9. nE{OﬂhZE,_,}p e P(N)+ T
Remark 4.9. Let T'y ={I, }neanQN —B(H) be an
operator kernel, posmvely defined, A} :F,xF, >C Consequently
the hspf associated with the kernel FN as previous,
stable at (N—-1) and A, :F xF, —C, the unique _ S o(n)+T
extension of A} to F_xF,_ as hspf and with property Ay ne{o,g -1} P+ T
b) in Remark 3.1, defined in Proposition 4.5. Let o e
{K},., be the Hilbert spaces constructed via A,; =AM 0 (p+T) =M 03 My
because A, is s.table at any k>N -1, the isometries - J’I(M,kJ,’l)M =373 M LM,
Jj K=Ky gzl Jy=d 0 g eedyy are )
bijective one, that is J,;(K,)=K;. We denote with =Ji0MiaMy;
Ji1a =J;. We may construct the p-tuple of commuting )
selfadjoint operators A = (A“,---, Ap) on the space K,,  consequently we obtain:
I > N, as in Proposition 4.2. We define as in Remark 4.1
(A) the operators M, ; : K, > K by AJAk[ > 5n.p(n)+TlJ
ne(0,1,+-1-1}P
M|-1j(p+T|-1):M|-1j[ Z 5n‘p(n)+T|—1]
nef0,1,1-1}P

:J(,,Lz{ Z p5n+ej+ek'p(n)+Tl+2]~
=[ {Z 5n+e,~-p(n)+T|J= > [hp(n)] et

0.1} nefo.L -1} A recurrence argument leads to the formula:

Copyright © 2013 SciRes. AM
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A“[ {Z 5n~p(“)+T|J

0,1+ 1-1}P

5n+a]el+~«+apep ' p(n) +Tl+k J’

= J|I|1+k) [ Z
nef

oi)?
-k

Let

Ty ={T, €B(H),neN",n <2N,1<i<p}
={F eB(H),p,qe N, p,q <N,1<i< p},

p+q

subject on the same conditions as in Remark 4.2. We
denote with al , =(T",.v,,v;) ~with v,v; C-linear
vectors in a basis of H, 1<1i, j<dim.H.

Proposition 4.10. Let T, be an operator Kkernel,
stable at N —1, as above. We consider that:

Dforall T, ,n <N,VI<i<p,wehave
a;'aj’ —a;"ai =0, with Vv, #V,V,v, vectors in a
for all 1<i

ioVioVi
basis of H, and aﬁ”:<F2nVi,vj>H ,

j<dimH. In this case, for all ne N n, <N,1<i<p,
the elements o, -v;, 5, -v; € Fy_, are linear independent
in K.

2) Moreover, we consider in addition, that the kernel
T, ={1“n eB(H),neNP,n, <2N,1<i< p} is such that
forall v;,asin1), 1<i<dim.H the elements

Oy Vi + Ty 50, Vi + Ty, 1< K<p,-, 00,V + Ty

are C-linear independent in K,_, and for any v,,
I1<i<dim.H,andany 1<k <p theelements

OV + Ty, 6 -y +TN,--~,5(N71) -V,

+Ty ’é‘(N—l)ﬁ-ek Vi + Ty

(N -1) stands

+€y °

are linear dependent in Ky (in 5(N71)
for (N -LN-1,---,N —1) eNP).

Proof. 1) Indeed, let us show, that, if we have
a,f €C such that (14)

Ay <(a5n -V, + B35, -vj),ardn v+ 5, -V >H =0

itresults o =/£=0. We have

& Y (Tia(ad, v+ B5,v,).a8, v+ po,-v,) =0
1,me{0,1,--,N}P
& (T(n+n)(ad, v, + 85, v, ),ad,y,+ f5,-v,) =0 (14)

< laf & +|4[" ajf + apa)” + paay) =0.

Immediately, from above, we have:

2
[|a|(a5in)3 Bl(a )QJ 2l fl(aalr ) + ol + el =0 (1)

In the same time, from Cauchy-Buniakowski-Schwarz inequality, we have:

AL (a8, v, B8, v, )| < AL (a8, @6, v, )5 A% (B8, v, 8, v, )%

& e 15"

Equatities (15) can be satisfied, in case of (16), only
when

2 _on 2 _on
lof ai" =41 4}
~apay” = ol Alfay"
-paaif :|“||ﬁ||a?in

are true. In condition of Proposition 4.10. 1), the only

case in which (17) can happen is a=/=0; that is

6, Vi, 8, -V, are linear independent elements in K .

Theorem 4.11. Let T :{Fn}_neNpﬂQN cB(H) be

an operator kernel, positively defined, stable at N -1,

such that its terms T, satisfy conditions 1) and 2) in

Proposition 4.10, that is: for all 1< j<dimH, there
exists { o) eC,ke{0,1,-,N-1}" with at least one

(17)
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(16)

<leAl(ai")? (a5")-

a) # 0} such that

&SV, ~ oy Vi [Z0

with A} :FyxF, ->C the hspf associated with the
kernel T',, as previous. Then, there exists a d-atomic
positive operator-valued representing measure F., with
d =dim. K, atoms, on a compact set in RP", such
that:

T, = [t"dF.(t),vn=(n,-

RP

,np)eNp,
n<2N,I1<i<p.

Proof. As in Proposition 4.3, in the same conditions
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about the kernel I'y, stable at N —1 and with the same
notations, we obtain a commuting p-tuple of selfadjoint
operators A:<Al,~~,Ap) , AKy =Ky, I<i<p.
From [7], when we aplly Kolmogorov’s decomposition
theorem to the positive definite kernel I'y, we get the
representations: I, =hih for every

n,me {0,1,~--, N}p with the operators h, :H— K,

hX=8,-X=5, -Xx+Ty,8,-x:{0,1,---,N}°
P
—->H,5,x=[]8,,.x
i=l

Accordingly to Remark 4.4, we have:

A" [ho p(m)] =h,p(m) for every me{0,1,---, N}p and
every arbitrary vector-value p(m) € H. That is the rep-
resentations A™h, =h,, occur, and by replacing in the
above representations, we obtain

T, =hA"e A =h A™"h,,

m,neNP,0<n,m <N.

ne(0,1,+-,1}P

and define the map n:Ky — An(p)=p(A) when
(

p= > &-p(n)

nef0,1,,N}P

and
OZAE(p_pl’p_pl): Z

= Z

1,mef0,1,-

1,me{0,1,-,N

D

1,me{o
ImEOI

- z

mleOl

IZ A'[hy (p=p,)(n)]

<
([hm (p—p)(
<

A", (p—p,)(

In these conditions, with respect to the joint spectral
measure associated to the commuting tuple A, acting on
the finite dimensional Hilbert space K, , the join spec-
trum X, ca(Al)xWxa(Ap) with o(A/) the spec-
trum of the bounded operator A, defined on K, . The
set consists only of isolated, in finite number, principal
values of A ; consequently X,. is an atomic set and
the joint spectral measure E, of A is an atomic one.
With respect to the joint spectral measure, we have

Ty =A™, = [ "dhE, (t)h,,
RP

m,neNP,0<n,m <N.

We denote with F, (0)=hyE,(o)h,, forany
o€ Bor(Z A) a positive, operator-valued atomic meas-
ure and obtained the representations:

o= [ t""dF, (t),m,neN",0<n,m <N.
p

We consider the vector space

> A'lhp(n)]p= X 5n-p(n)eF,,p,IZN,arbitrary}cKN
ne{0,1,+1}P

p(A)= X A'[hp(n)]

ne{0,1,,N}P

To check the definition is correct, we shall use again
Remark 4.4 and show that, if p, e K, with p—p, €Ty,

we have p,(A)=p(A).Indeed, p—p, €T, means that

(r(,m)(p=p)(m).(p=P)()),
<I+m(p pl)( )(p_pl)(|)>]-[
' [h(p=p)(m)].(p=p)(1)

Ky

Jm)L[h (p=p)(1)]),.
m) ], A'[hy (p- pl)(')]>KN

=0.

Kn

That is p(A) =p (A) From the definition, 7 is linear; we prove that m is also injective. Let us consider

p= 2 S-p(n)
ne{0,1,-,N}P
> 6,-py(n)eR

ne{0,1,+-,N}P

P, =
such that p,(A)=p,(A)e A, thatis:

Copyright © 2013 SciRes. AM
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mZN;P A [hn P (n)] =

ne{0,1,:-,

0

n.me{0,1,-,N}P

Z A [hn(p, - pz)(n)}, >

> h[h(p-p)(M)](p- pz)(m)>
(T (P = p2)(n).(P = P:) (M), =0

L. LEMNETE-NINULESCU

=0

{0,1,-N}P Am [ho ( i p2)(m)]>

=0

H

<:>A[1(p1_p2ap1_p2):0<3 fJ1=sz;

thatis m is an injective map. We show that
n:Ky = A is also a surjective map. We consider the

clement q(A)= > A" [hoq(m)], >N and prove
{0,1,+-,1}P

that there exists peFy suchthat (p—q)eT,. Indeed,
A, is stable at any | >N —1, by recurrence, in Propo-

sition 4.7, we have proved that there exists p e F, such
that A,(p—0,p—q)=0 thatis

p(A)_ {o;-l}p A [hoq(m)]

=0< p(A)=q(A).

The map =, above defined, is an isomorphism of vecto-
rial spaces, consequently: dim. K =dim. A=d.
Let also

l\={{2

0,1,-1}P

Kn

a, A [hV ]2 €CI1=N arbitrary} c Ky,

with [hyv,]=6,-v, +T, . Obviously, A is a subspace
in A (the subspace generated in K, by A“[hyv]).
Because of property 2) Proposition 4.10. of the kernel
I' , there exists scalars {a j} c C such that

> adjvi+ays v, eT,

(N-1)+e Vi € Ino
jefo,1, N-1}P
that is

k _ k
2 ahyvitaghy . v =0 oy #0.
jef0,1,,N-1}P

It follows that

Woa(uyav)= T

Copyright © 2013 SciRes.

Because Jy ., is an isomorphism of vectorial spaces,
the obtained representation is uniquely determinated
(modulo Ty) and it results easily from Remark 4.4). From
property 1) of the kernel I'y, we have A ﬂAJ— =0,
whenever i# J, and also from 2), dim. A =dim; A; =s
for all 1<i<dim.H. We have proved in this way that
A=@™" A (@ represents the direct sum.) With the
usual operator’s multiplication
A" [hyv, o A"[hyv;]= A" [hyv;] for all m,neN”, and
from Remark 4.9, endowed with an echivalent norm in-
duced on A by the norm on K, via the map =, the
subspaces A have all a structure of unital commuting
C" algebra with dimension s=d/dimH, and d =dimK,.
In these conditions, the joint spectral measure of

ﬁ[w = (A,,--., A, )‘[Wi]‘ has precisely s characters, there-

fore, the joint spectrum X has exactely S atoms. Be-

AlhgVi
cause of the representation A= @™ A it follows that
the joint spectrum of A has exactely s-dimH=d =
dimK, atoms. Consequently the measure dF,, in
'\, ’s representations, has the same number d =dimK|
of atoms. 0

5. Conclusion

We adapt the concept of “stability of the dimension”, in
[1], of some Hilbert spaces obtained as the qotient spaces
of scalar polynomials of finite degree with respect to the
null space of the Riesz functional, to that of “stability of
the dimension” of some Hilbert spaces obtained as the
quotient spaces of some vectorial-valued functions with
respect to the null space of some hermitian square posi-
tive functional associated with a positive defined kernel
of operators. The stability of this dimension is considered
in connection with a truncated operator valued moment
problem. The stability of the dimension of the obtained
Hilbert space, represents the conditrion for stability of

AM
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the number of atoms of the obtained operator-valued
atomic representing measure for the given kernel.

REFERENCES

[1] F. H. Vasilescu, “Dimension Stability in Truncated Mo-
ment Problems,” Journal of Mathematical Analysis and
Applications, Vol. 388, No. 1, 2012, pp. 219-230.
d0i:10.1016/j.jmaa.2011.11.063

[2] R. E. Curto and L. A. Fialkow, “Truncated K-Moment
Problems in Several Variables,” Journal Operator Theory,
Vol. 54, No. 1, 2005, pp. 189-226.

[3] R. E. Curto and L. A. Fialkow, “Flat Extension of Posi-
tive Moment Matrices. Relation in Analytic or Conjugate
Terms,” Operator Theory Advanced and Applications,
Vol. 104, Birkhduser Verlag, Basel, 1998, pp. 59-82.

Copyright © 2013 SciRes.

(4]

(5]

(7]

T. Ando, “Truncated Moment Problems for Operators,”
Acta Scientia Mathematica, Szeged, Vol. 31, 1970, pp.
319-334.

M. Putinar, “Inverse Problems of Perturbation Theory and
Moment Problems,” Functional Analysis and Related
Topics, World Scientific, Singapore City, 1991, pp. 99-
116.

M. Putinar and F. H. Vasilescu, “Solving Moment Prob-
lems by Dimensional Extension,” Annals of Mathematics,
Vol. 148, No. 3, 1999, pp. 1087-1107.
doi:10.2307/121083

L. Lemnete-Ninulescu, “Truncated Trigonometric and
Hausdorff Moment Problems for Operators,” An Operator
Theory Summer, Proceedings of the 23th International
Operator Conference, Timisoara, 29 June-4 July 2010,
Theta, 2012, pp. 51-61.

AM



