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ABSTRACT

Sufficient Fritz John optimality conditions are obtained for a control problem in which objective functional is pseu-
doconvex and constraint functions are quasiconvex or semi-strictly quasiconvex. A dua to the control problem is for-
mulated using Fritz John type optimality criteriainstead of Karush-Kuhn-Tucker optimality criteria and hence does not
require a regularity condition. Various duality results amongst the control problem and its proposed dual are validated
under suitable generalized convexity requirements. The relationship of our duality results to those of a nonlinear pro-
gramming problem is also briefly outlined.

Keywords. Sufficient Optimality Criteria; Control Problem; Fritz John Type Dual; Nonlinear Programming Problem;

Generalized Convexity

1. Introduction

Optimal control models represent a variety of common
situations, notably, advertising investment, production
and inventory, epidemic, control of a rocket, etc. The op-
timal planning of a river system which is an invincible
resource of nature, where it is needed to make the best
use of the water, can also be modelled as an optimal con-
trol problem. Optimal control models are also poten-
tially applicable to economic planning and to the world
models of the “Limitsto Growth” kind in general.

Optimality criteria for any optimization problem are of
great significance and lay the foundation of the concept
of duality. Fritz John optimality criteria for a control
problem were first derived by Berkovitz [1]. Subse-
guently Mond and Hanson [2], who first investigated
duality in optimal control pointed out that from Fritz
John optimal criteria, Karush-Kuhn-Tucker optimality
criteria can be deduced if normality of the solution of a
control problem which replaces a regularity conditions is
assumed. Later, treating a nondifferentiable control pro-
blem as a nondifferentiable mathematical programming
problem in an infinite-dimensional space, Chandra et al.
[3], obtained Fritz John as well as Karush-Kuhn-Tucker
optimality criteria

For a nondifferentiable control problem Using Karush-
Kuhn-Tucker optimality criteria, they formulated Wolfe
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type dual and derived usual duality results under appro-
priate convexity assumptions.

In this research exposition, sufficient Fritz John crite-
ria are derived for a differentiable control problem in
which objective functional is pseudoconvex and con-
straint functions are quasiconvex or semi-strictly pseu-
doconvex. A number of dudity results are proved for
relating the solution of the control problem with that of
its proposed dual under suitable generalized convexity
requirements. The relationship of our dudity results to
those of anonlinear programming problem is indicated.

2. Control Problem and Related
Preliminaries

Let R" denotes a n-dimensional Euclidean space,
| =[a,b] bearea interval and f:IxR'xR"—>R be
a continuously differentiable with respect to each of its
arguments. For the function f (t,x,u) where

x:1 > R" is differentiable with its derivative x and
u:l - R"™ is the smooth function, denote the partial
derivativesof f by f, f, and f,, where

fﬁf_(i ﬂjf_(i af)T
ottt o Toxt) Y ladt! Teum) ]

x=(x, ,x”)T andu=(u, ,u,).
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238 Sufficient Fritz John Type Optimality Criteriaand Duality for Control Problems

For m-dimensional vector function g(t,x,u) the gre-
dient withrespectto x is

ogt  og”
o e
O« = )
ogt  og®
X" ox"

a nx p matrix of first order derivatives.

Here u(t) is the control variable and x(t) is the
state variable, u isrelated to x viathe state equation
x=h(t,x,u). Gradients with respect to u are defined
analogously.

A control problem is to transfer the state vector from
an initial state x(a)=« to afinal state x(b)=4 so
as to minimize a functional, subject to constraints on the
control and state variables.

A control problem can be stated formally as,

b
(CP): Mxlerllmbze'!f(t,x,u)dt, subject to

x(a)=a,x(b)= A D
h(t,xu)=xtel @)
g(t,xu)<0tel 3

1) f isashefore, g:I xR"xR" >R and
h:1 xR"xR™ > R" are continuously differentiable
functions with respect to each of its arguments.

2) X is the space of continuoudly differentiable state
functions x:1 - R" suchthat x(a)=a,x(b)=/
equipped with the norm |x|=|x|_+|Dx|, ., and u is
the space of piecewise continuous control functions
u:l - R™ hastheuniformnorm || and

3) The differential Equation (2) for X with the initial
conditions expressed as

x(t)= x(a)+£h(s, X(s),u(s))ds,tel, may bewritten

as Dx=H(x,u), wherethemap
H:XxU —C(I,R"),C(I,R") being the space of con-
tinuous functionsfrom | — R", defined by
H (x,u)=h(t,x(t),u(t)).
Following Craven [4], the control problem can be ex-
pressed as,
(ECP): MinimizeF (x,u) subjectto
xe X, ueU
Dx=H (xu),
-G(xu)eSs,

where G is function from XxU into C I,Rp) gi-
venby G(xu)(t)=g(t,x(t),u(t)) from
xe X,ueU ,and tel; S istheconvex cone of func-
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tionsin C I,Rp) whose components are non-negative;
thus S hasinterior points.

Necessary optimality conditions for existence of ex-
termal solution for a variational problem subject to both
equality and inequality constraints were given by valen-
tine [5]. Invoking Valentine's [5] results, Berkovitz [1]
obtained corresponding necessary optimality criteria for
the above control problem (CP). Here we state the Fritz
John type optimality conditions derived by Chandra et al.
[3] in of the following proposition which will be required
in the sequel.

Proposition 1

(Necessary Optimality Conditions)

If (X,0)eXxU an optimal solution of (CP) and the
Frechet derivatives Q' =(D-H,(xu)-H,(xu)) is
surjective, then there exist Lagrange multipliers r e R,
and piecewise smooth functions y:1 — R” and

z:l »> R" saisfying, foral tel,

rf (6%,0)+ y(t) g, (t,%,T)

.o 4
+2z(t) h (t,X,0)+z(t)=0tel
rf, (t,Y,LTT)+ y(t) g,(t.%,T) ©)
+2z(t) h(tX,0)=0tel
y(t) g(t,x,0)=0tel (6)
(r.y(t))=0tel )
(r.y(t),z(t))=0tel (8)

The above conditions will become Karush-Kuhn-Tuc-
ker conditionsif r>0. Therefore, if we assume that the
optimal solutions (X,U) is normal, then without any
loss of generality, we can set r =1. Thus from the above
we have the Karush-Kuhn-Tucker type optimality condi-
tions

y(t)ZO,te I

Using these optimality conditions, Mond and Hanson
[2] constructed following Wolfe type dual.

(CD): MaXimizeJ;{f (t,xu)+y(t) g(t,xu)

+z(t)T(h(t,x,u)—x)}dt
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Sufficient Fritz John Type Optimality Criteriaand Duality for Control Problems 239

subject to
fo(t,xu)+y(t ) g, (t,X,T)
+z t) h (t,x,u)+z(t)=0tel
f,(t, xu)+y() (YU)

+z(t) h (t,x,u)=0tel,y(t)>0tel

In[6], [CP] and (CD) are shown to from adual pair if f ,

g and h are al convex in x and u. Subsequently,
Mond and Smart [6] extended this duality under general-
ized invexity.

As afollows up, Husain et al. [7] formulated the fol-
lowing dual (CD) to the primal problem (CP) in the spirit
of Mond and Weir [8].

(CD): Maximize Jqf(t,x,u)dt
subject to )
x(a)=a,x(b)=2
f(t,xu)+ y(t)T g, (t,x,u)

+z t) h (t,x,u)+z(t)=0tel
f,(t,xu)+y(t)" g, (t,x, u)
+z(t) h,(t,x,u)=0te

» —

(() g(t,xu)+z(t)" (h(t,xu)- ))dtzo,
y(t)>0tel.

They proved sufficiency of the optimality criteria and
duality for the pair of gual problems (CP) and (CD) un-
der pseudoinvexity of j fdt and quasi-invexity of

T(7T9+7T(h—x))dt ;

a

3. Sufficiency of Fritz Type Optimality
Criteria

Before proceeding to the main results of this section, we
formulate the following definitions which will be re-
quired in the forthcoming analysis:

Definitions: 1) For¢:R"xR"x| — R, the functiona
ngﬁdt is said to be strict pseudoconve, if all
(x,u)=(X,T),

f t,X,0)+(u-0)g, (t,%,0)}dt
_O:Iqﬁ (t,xu dt>]2¢(t,¥,U)dt

Equivaently
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b
2) Fory:l -»R", the functional [y gdt is semi-

b
strictly pseudoconvex if ijgdt is strictly pseudocon-

vex for al y(t)>0,y(t) =

If ¢(t,xu),y(t)" and g(t,xu) areindependent of
t and u then the above definitions reduce to those of [6].
Theorem 1 (Sufficiency): If jfdt is pseudoconvex,

[y(t)" got is semi-strictly pseuddconvex and
|

[Z(t)" (h-x)dt is quasiconvex, and if there exist
|
T e Rand piecewisesmooth y:1 - R" and
Z:1 - R"such that from (4)-(8) are satisfied, then
(X,U) isan optimal solution of (CP).

Proof: Supposethat (X,T) isnot optimal for (CP) i.e.
there exist (x,u);t(Y,US such that

[f(txu)dt<[f(t,%T)dt

This, by pseudoconvexity of [ fdt implies
JI'{(X—X)T f(LxE)+(u—a) 1t X,0)}dt <0
and
Ij{(x_x)T rf, (LX,0)+(u=0)" f, (LX,0)}dt <0 (9)

with strict inequality in (9) if T >0.
Feasibility of (x,u) for (CP) together with (6) im-
plies,
j)‘/(t)T g(t,xu)
|

which by semi-strict pseudoconvexity of fy gdt,
implies

lj{(x_x)(yT(t)gx(t,x,u))
+Hu-0)(¥" (1) g, (tX,1))jdt <0

with strict inequality in (10) if some
y (1)>0ie{l2, ,m}.
Also

jy t,X,0)dt
|

(10)

Z(t)" (h(t,x,u)-x)dt
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240 Sufficient Fritz John Type Optimality Criteriaand Duality for Control Problems

This, in view of quasiconvexity of f " (h=X)dt

yields

(By integrating by parts)
= lf{(x—Y)T (z(t)T hx(t,Y,U)—z(t))

(11)
+(u-1)" z(t) K (t, x,u)} dt

(Using (1))
Combining (9)-(11), we have

If{(x—y)T (rf, (LX.0)+Y(t) g, (t,.X.T)
+(u=1)(rf, (L%, T)+ V(1) g, (£,%,0)
+Z(t)h, (t,%,0)-Z(t)h, (1.,

This contradicts (4) and
timal solution of (CP).

(5). Hence (X,U) is an op-

4. Fritz Type Duality

The following is the Fritz john type dual to the problem
(CP):
(FCD): Maximize [ f(t,x,u)dt
|

subject to
x(a)=a,x(b)= 4 (12)
(t xu)+y'(t)g, (t,xu) 13
Z' (t)h, —z(t)=0tel
rf, (t,x,u)+y" (t)g, (t,x,u) 14)
+Z'(t)h, =0tel
[y(t) g(t.xu)dt=0, (15)
Iz(t)T(h(t,x,u)—x(t))dt >0 (16)
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(r.y(t))=0tel 17)

(r.y(t),z(t))=0tel (18)

Theorem 2 (Weak Duality): Assume that
(A, satisfies (X,U) isfeasiblefor (CP) and
(xu,r,y,z) isfeasiblefor (FCD).
(A): jf(t,x,u)dt is pseudo-convex,
|

Iy(t)T g(t,x,u)dt issemi-strictly pseudo-convex and

fz(t)T(h(t,x,u)—

|
Then

x)dt is quasi-convex.

inf (CP) > Sup(F.CD)
Proof: Suppose [ f (t,X,T)dt < [ f (t,xu)dt
| |
This, because of pseudo-convexity of J'f(t,x,u)dt

yields lj{(x_x)T £ (txu)+(T—u)" f, (t m)}dt<o
and

[{(R=x)" rf (txu)+ (@-u) rf, (LR.T)dt <0 (19)

with strict inequality in the above with r >0. From the
congtraints of (CP) and (F,CD), we have

[y(t) g(t.xa)dt<[y(t)" g(t,xu)dt

WhICh by semi-strictly pseudo-convexity of
f y(t)" g(-)dt, implying

Ij{(x_x)(y(t)T g, )+([@-u)(v(t) g, )jet=<0 (20

with strict inequality with y; (t)>0tel ,
ie{1,23 ,m}. Also, wehave

Ijz(t)T(h(t X,0)-X)dt
<[z(t)" (h(t,xu)-x)dt
Using quasi-convexity of J'z(t) (h(t,x,u)—-X)dt in

|
the above, we have

j{(i—x)T h, +(X—x)T z2(t)+(T-u)’ hj}dt <0 (21

which as earlier becomes

:lj{(x_x)T(mx_z)+(u_u)T A, f ot
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Sufficient Fritz John Type Optimality Criteriaand Duality for Control Problems 241

Combining (19)-(21), we have
_[{(7— x)" (rfX +y'g, +zh - z)

! (22)
+(u—U)T(rfu+yTgu+zThJ)}<0
From (13) and (14), we get
_[{(7 x)" (rf, +y'g, + 2, - z)} dt
+.[{ (u-1) T(rfu+yTgu+zThJ)}dt: ©
[{R=)"(rf, +y g, + 20, - 2)
' (23)

+(u—U)T (rfu +y'g, + zTrL)} =
Therelation (22) and (23) are in contradiction, thus
[f(txa)de= [ f(t,xu)dt
| |

Implying
inf (CP) > sup(F.CD).

Theorem 3 (Strong Duality): If(X,T)is an optimal
solution of (CP), then there exist r e R and piecewise
smooth y:1 > R™ and z:1 - R* suchthat
(x,0,r,y,z) isfeasible for (F,CD) and objective values
are equa. If hypotheses of Theorem 2 hold, then
(X,U,r,y,z) isanoptimal solution of (F.CD).

Pr oof: Since(Y,U) is an optimal solution of (CP) by
Proposition 1, there exist re R, piecewise smooth
y:I > R™ and z:1 - R such that

rfo+y'g,+z'h =ztel (24)
rf,+y'g,+2'h,=0tel (25)

y(t) g(t,x,0)=0tel (26)
g(tX,u)<0tel (27)
h(t,x,u)=0tel (28)
(r.y(t))=0tel (29)
(r.y(t).z(t))=0tel (30)

Therelation (26) implies

jy g(t,x,u)dt=0 (31)

and therelation (28) along y(t)>0,te | gives
[z(t) h(t,x,T)dt=0 (32

The relation (24), (25), (29)-(32), yields the feasibility
of (r,X,0,y,Z) for (RCD). Equality of objective func-
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tionals of (CP) and (F.CD) is obvious from their for-
mulations.

Consequently the optimality for (F,CD) follows, given
the pseudo-convexity of the j fdt, semi-strict pseudocon-
vexity of [y'gdt, and ques-convexity of

|

[z(t)" (h-x)dt, by Theorem 2.
|
Theorem 4 (Strict-Conver se duality): Assume that

(AY: jfdt is grictly pseudo-convex, J'y t ngt is

semi-strictly  pseudo-convex  and [ z(t)" (h—x)dt is
quasi-convex.

(A2): (%y:U,) isan optimal solution of (CP) and

(A): (X,0,F,Y,Z) isanoptimal solution of (FCD).

Then (X,U) is an optima solution of (CP) with
(X%.Up)=(X.T),tel.

Proof: we suppose (X%,,U,)=(X,T) and exhibit a con-
tradiction. Since (xo,uo) is an optimal solution of (CP)
by theorem (Strong Duality) that there exist
(7.¥(t),Z(t)).tel where r e R and piecewise smooth
y:l - R™ and piecewise smooth y:| - R" and

solution for (FrCD), it follows that
[ f(t%up)dt> [ f(t,%,T)at
| |

By strict pseudo-convexity of_[ fdt gives, thisimplies
|
_[{(xo -%)" f (U -T)" fu}dt <0
|
and multiplying the aboveby r >0
{06 =%)"rf, + (v, ~0) rf
|

with strict inequality if r>0. From the constraints of
(CP) and (FrCD), we have

u}olt <0 (33)

jy g(t, %, Uy dt<jy (t,%,0)dt (34)
Also
fz(t)T(h(t,><0,uo)—7<0)dt
| (35)
<[z(t t,X,0)-X)dt

By semi-dirict pseudoconvexity of I y(t)T gdt and from

(34), we have
HOSSACEART

with strict inequality in the above if,
y(t)>0tel,ie{1,23 ,m

o) (v, )jdt<0 (30)
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242 Sufficient Fritz John Type Optimality Criteriaand Duality for Control Problems

By quasi-convexity of .[z(t)T(h—x)dt, and from
(35), we get
(37

+(up-1)" (' (t)h, )}t

Asearlier, this reducesto
HESSCORE0)
+(up=0)" (2()h, )|k <0

combining (33), (36), and (37), we have
-+, ()
+(up=0)" (rf, + () g, + 2(1) hJ)}dt<0

This contradicts the feasibility of (X,U,r,y,z) for
(F.CD), hence (X,U) isan optimal solution of (CP) and

(%,0) = (%)
Theorem 5 (Converse duality): Let (x,r,y,z) be
an optimal solution of (F,CD), Assume

(A) ff t)dt is pseudo-convex, fy Todt is

semi-strictly pseudo-convex and j z' (h—x)dt is quasi-

Convex.
(A;) Theset {y t) g,.z(t) h,

( h —z(t )} or
{ (1) g,,2(t)" } is linearly independent.
(A9 jv M (t)v(t)dt=0,=v(t)=0tel, for

some column vector v(t) and where

M (t) = [rfxx + Y(t)T O, + z(t)T h, rf,+ y(t)T O, + z(t)T h,,

M+ Y Oy + 2,

and (As) z(a)=0=z(b)

Then (X,U) isoptimal for (CP).

Proof: By Proposition 1, thereexist e RaeR,
PeREeR, piecewisesmooth 6:1 - R™ and
¢:1 > R" suchthat

of +0(t) (rfXX +y(t) gu+2(t) h(x)
() (fuc+ Y(1) G+ 2(1) ) (39)
+az(y(t)T gx)+,6'(z(t)T h, — z(t)) =0tel

f, +c9(t)T (rfux + y(t)T Ou + z(t)T hJX)

(1) (rfu + Y(1) 9y +2(1)" h, ) =0t e )
o) fo+g(t) 1, +£=0 (40)

0(t)" g, +4(t) g, +ag+n(t)=0tel (42)
0(t) h+4(t) h +B(h-x)+0(t)=0tel (42)
a_[y(t)T gdt =0 (43)

ﬁj (h—-x)dt=0 (44)

gr=0 (45)

n(t) y(t)=0tel (46)
(r.a.8.£1(t))20tel (47)
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rf, + y(t)T O + z(t)T hJJ

(r.0,B.£,0(t).4(1),n(t)) Ot (48)

Multiplying (41) by y(t) and integrating, and then
using (43) and (46), we have

IJ{E'('[)T (Y(I)T Qx)+¢(t)T (y(t)T g, )} dt=0
which can be written as
!(ﬁ(t),¢(t)){§2; gjdt =0 (49)
Multiplying (42) by z(t), and then integrating we get

j(a(t)T (z(t) hx)+¢(t)T (2(t) m))dt

+[o(t)2( dt+ﬂj (h-x)dt=0tel,

WhereH:(i—tand x:%, using (44), thisyields

0=J(0(t)" (2(0)"h, )+ 4(t)" (2(0)" R, )t

+[o(t)z(t) ditel

Ozlj(ﬁ(t)T(z(t)T h)+ ()" (2(t)" R, ))e
o(t) . - Ije(t) 2(t)at

(by integrating by parts)
which inview of (Ag), implies
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Jle@" (20 = 2(0)+#(t) (2(0) 1) ot =0

This can be written as

T T z(t)Thx—z(t) ~
[(e®)9() )[ A, Jdt—

Using (13) in (38) and (14) in (39), we have

(ra=7)(y(t)" a,)+(rB-7)(2(t)

(50)

hJ)+r6(t)

243

g,)+(rp-7)(2(t) h - 2(1))
+2(t) hxx)
+r¢(t)(rfux+y() Oy +Z(t )

These can be combined as

(ra=7)(y(®)'

+r0(t) (rfe+ (1) g

' (rfux + y(t)T O + z(t)T hJX)

+r¢§(t)(rfuu + y(t)T Ouw + z(t)T h,u) =0

()[523 2*]+<rﬂ—r>[z<‘

gxx+z() h,,

[rf +y(t)
rf +y()

y hx—z(t)]
2(t)' h,
Mo+ V(1) Gue+2(t)" hy Jx[ra(t)j _

O t+ Z( ) hjx r.I:uu + y(t)T Ouw * Z(t)T hJu

ré(t)

Pre-multiplying this by (re(t) ,r¢(t) )andthenmtegratingwehave

Ox

(ra=o)f(rote) ,r¢(t)T){yE

+I{(r9(t)T,r¢(t)T) {I’f +y
Using (49) and (50) , thisimplies

I{(rH(I)T ,rgb(t)T)x[rfxx +y(t) g +2(t)" hy

| rfux + y(t)T gux + Z(t)T th

}dt-ﬁ- rg-

t)' gy +2(t)
t) O + z(t)T h,

which inview of (A,) implies

v(t)=(ro(t),rg(t))=0,tel implies

ré(t)=0,rg(t)=0,tel (52)
Inview of (As), the equality constraint implies
r=0i.er >0. Consequently, we have
6(t)=0,tel, g(t)=0tel, (52)

Using (52), along with r >0, we have

(a2 )y @)+ 5 )20 h~2(0)) -0

r r

This, inview of (Aj),

a—E:O,ﬂ—%:O (53)

r

If =0, (53), impliesa=0= /4. Thus
(r.a.B.£,0(t),4(t),n(t))=0, contradiction.

Copyright © 2013 SciRes.

2(t)" h, - 2(t)
At )[ 2(t)"h, Jdt

rf,, + y(t)T Jw +2(t) h,

o+ Y (1) Gyt Z(t): PLXJx(re(t)-rcﬁ(t)) }4‘ =0

Mo+ Y(t) Gy + Z(t): M ]x(ré’(t),m(t))kt =0

rfy, +Y(1) 0y +2(1)" hy

Hence >0 andconsequently >0 and S>0.
From (41) and (42), we have

g(t,x,u)<0Otel, h(t,xu)=xtel

These relations yield the feasibility of (X,T) for (CP)
and objective functionals of (CP) and (FrCD) are equal
there. Hence under the stated convexity hypotheses, by
Theorem 2, (X,U) isan optimal solution of (CP).

5. Mathematical Programming Problems

If the problems (CP) and (F,CD) are independent of t and
X, these problems reduce to essentially to the static cases
of nonlinear programming problem. Lettingb—a=1, the
problems (CP) and (F,CD) become the pair of dual non-
linear programming problems formulated by Husain and
Srivastav [9].
(CDo): Minimize f (u)
subject to
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244 Sufficient Fritz John Type Optimality Criteriaand Duality for Control Problems

g(u)<0,
h(u)=0.
(FrCD): Maximize f (u)
subject to

rf, (u)+y'g, (u)+2'h, (u)=0,
y'g(u)=0,
z'h(u)=0,
(r.y)=0,
(r.y,z)=0.

where f is pseudoconvex, y'g(-)is semi-strictly pseu-
doconvex and z'h is quasi-convex. If only inequality
congtraint in (CDy) is given, then (CP,) and (F,CDg) be-
come a pair of dual the nonlinear programming problems
considered by Weir and Mond [10].

6. Conclusion

In this paper, sufficient optimality conditions are derived
for a control problem which appears in various real life
situations under generalized convexity assumptions. In
order to formulate the dua to this control problem, Fritz
John optimality conditions are used instead of Karush-
Kuhn-Tucker optimality condition and hence the require-
ment of regularity condition is eliminated. Various dual-
ity results are obtained and the linkage of our duality
results to those of a nonlinear programming problem is
indicated. Our results can be seen in the setting of mul-
tiobjective control problems.
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