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ABSTRACT

We propose a new class of algebraic structure named as (m, n)-semihyperring which is a generalization of usual semi-
hyperring. We define the basic properties of (m, n)-semihyperring like identity elements, weak distributive (m, n)-
semihyperring, zero sum free, additively idempotent, hyperideals, homomorphism, inclusion homomorphism, congru-
ence relation, quotient (m, n)-semihyperring etc. We propose some lemmas and theorems on homomorphism, congru-
ence relation, quotient (m, n)-semihyperring, etc. and prove these theorems. We further extend it to introduce the rela-
tionship between fuzzy sets and (m, n)-semihyperrings and propose fuzzy hyperideals and homomorphism theorems on
fuzzy (m, n)-semihyperrings and the relationship between fuzzy (m, n)-semihyperrings and the usual (m, n)-semihyper-

rings.

Keywords: (m, n)-Semihyperring; Hyperoperation; Hyperideal; Homomorphism; Congruence Relation; Fuzzy

(m, n)-Semihyperring

1. Introduction

A semihyperring is essentially a semiring in which addi-
tion is a hyperoperation [1]. Semihyperring is in active
research for a long time. Vougiouklis [2] generalize the
concept of hyperring (R,®,[1) by dropping the repro-
duction axiom where @ and [J are associative hyper
operations and [J distributes over & and named it as
semihyperring. Chaopraknoi, Hobuntud and Pianskool [3]
studied semihyperring with zero. Davvaz and Pour-
salavati [4] introduced the matrix representation of poly-
groups over hyperring and also over semihyperring.
Semihyperring and its ideals are studied by Ameri and
Hedayati [5].

Zadeh [6] introduced the notion of a fuzzy set that is
used to formulate some of the basic concepts of algebra.
It is extended to fuzzy hyperstructures, nowadays fuzzy
hyperstructure is a fascinating research area. Davvaz
introduced the notion of fuzzy subhypergroups in [7],
Ameri and Nozari [8] introduced fuzzy regular relations
and fuzzy strongly regular relations of fuzzy hyperalge-
bras and also established a connection between fuzzy
hyperalgebras and algebras. Fuzzy subhypergroup is also
studied by Cristea [9]. Fuzzy hyperideals of semihyper-
rings are studied by [1,10,11].

The generalization of Krasner hyperring is introduced
by Mirvakili and Davvaz [12] that is named as Krasner
(m, n) hyperring. In [13] Davvaz studied the fuzzy hy-
perideals of the Krasner (m, n)-hyperring. Generalization
of hyperstructures are also studied by [1,14-16].
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In this paper, we introduce the notion of the generali-
zation of usual semihyperring and called it as (m, n)-
semihyperring and set fourth some of its properties, we
also introduce fuzzy (m, n)-semihyperring and its basic
properties and the relation between fuzzy (m, n)-semi-
hyperring and its associated (m, n)-semihyperring.

The paper is arranged in the following fashion:

Section 2 describes the notations used and the general
conventions followed. Section 3 deals with the defini-
tions of (m, n)-semihyperring, weak distributive (m, n)-
semihyperring, hyperadditive and multiplicative identity
elements, zero, zero sum free, additively idempotent and
some examples of (m, n)-semihyperrings.

Section 4 describes the properties of (m, n)-semihy-
perring. This section deals with the definitions of hy-
perideals, homomorphism, congruence relation, quotient
of (m, n)-semihyperring and also the theorems based on
these definitions.

Section 5 deals with the fuzzy (m, n)-semihyperrings,
fuzzy hyperideals and homomorphism theorems on (m, n)-
semihyperrings and fuzzy (m, n)-semihyperrings.

2. Preliminaries

Let #£ be a non-empty set and P"(#) be the set of
all non-empty subsets of H. A hyperoperation on H is
amap o:HxH—>P'(H) and the couple (H,o) is
called a hypergroupoid. If A and B are non-empty subsets
of #,then we denote AcB= [J acb,

aeA,beB
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xoA={x}oA and Aox=Ac{x}.

Let # be a non-empty set, P* be the set of all non-
empty subsets of 4 and a mapping f:H" > P’ (’H)
is called an m-ary hyperoperation and m is called the
arity of hyperoperation [14].

A hypergroupoid (#,c) is called a semihypergroup
if for all x,y,ze#H we have (Xxoy)oz=xo(yoz)
which means that

U uoz= | xov.
uexoy veyoz

Let f be an m-ary hyperoperation on # and
ALA,,---, A, subsetsof #.We define

H%%wu%F{{H&&wmw
forall 1<i<m.

Definition 2.1 (H,®,®) is a semihyperring which
satisfies the following axioms:

1) (H.®) isasemihypergroup;

2) (#H,®) isasemigroup and;

3) ® distributes over @,
Xx®(y®z)=(x®y)®(x®1z) and
(y®z)®@x=(y®x)®(z®x) forall x,y,zeH [3].

Example 2.2 Let (#,+,x) be a semiring, we define

1) x®y=(xy)

2) X®y=xxy

Then (#,®,®) isasemihyperring.

An element 0 of a semihyperring (#,®,®) is called
azeroof (H,®,®) if x®0=0®x={x} and
x®0=0®x=0 [3].

The set of integers is denoted by Z, with Z, and
Z_ denoting the sets of positive integers and negative
integers respectively. Elements of the set # are de-
noted by x;,y;, where ieZ, .

We use following general convention as followed by
[10,17-19]:

The sequence X;, X5+, X

The following term:
f(Xl"“!xivyi+1""vyjlzj+l""'zm) @

is represented as:

is denoted by x".

m

f (x4, e 20 @)

In the case when y,,=---=y, =y, then (2) is ex-

pressed as:
i(j_i) m
f Xl’ y !zj+1

Definition 2.3 A non-empty set A with an m-ary hy-
peroperation f :H" — P"(#) is called an m-ary hy-
pergroupoid and is denoted as (H, f ). An m-ary hyper-
groupoid (H, f) is called an m-ary semihypergroup if
and only if the following associative axiom holds:
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00 f () t) = £ (. 1 (37

forall i,je{1,2,---,m} and XX, -, %, €H [14].
Definition 2.4 Element e is called identity element of
hypergroup (%, f) if

Xe f(e,---,e,x,e,---,e
i-1 n—i

forall xeH and 1<i<n [14].

Definition 2.5 A non-empty set H with an n-ary
operation g is called an n-ary groupoid and is denoted by
(#.9) [19].

Definition 2.6 An n-ary groupoid (%,g) is called
an n-ary semigroup if g is associative, i.e.,

(.0 () ) = (o (). )
forall i,je{1,2,---,n} and Xx,%,,---,X,,, €H [19].

3. Definitions and Examples of
(m, n)-Semihyperring

Definition 3.1 (’H f,g) is an (m, n)-semihyperring
which satisfies the following axioms:

1) (’H f ) is a m-ary semihypergroup;

2) (’H g) is an n-ary semigroup;

3) g isdistributive over fi.e.,

(X (o). 50
= (900 (4 2k

Remark 3.2 An (m, n)-semihyperring is called weak
distributive if it satisfies Definition 3.1 1), 2) and the
following:

0(x (7). 4)
< f (g(xli_lvaivxin+1)""a g(x1i_11am7xin+1))-

Remark 3.2 is generalization of [20].

Example 3.3 Let Z be the set of all integers. Let the
binary hyperoperation @ and an n-ary operation g on
7 which are defined as follows:

X ©X, = {X, X, |
and

g(X17Xz1“‘vXn):Hin:1Xi-

Then (Z,®,9g) iscalleda (2,n)-semihyperring.

Example 3.3 is generalization of Example 1 of [1].

Definition 3.4 Let e be the hyper additive identity
element of hyperoperation f and e’ be multiplicative
identity element of operation g then

Xe f[e,~--,e,x,e,~--,ej
ST LEAETLE
i-1 m—i
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forall xe#H and 1<i<m and

y= g{e”...,e’,y’e’,...’e’J

forall ye# and 1<j<n.
Definition 3.5 An element 0 of an (m, n)-semihyper-
ring (#,f,g) iscalledazeroof (H,f,g) if

f(o,"',O,XJ: f[x,ol...,o\}:x
T T

forall xe®H.
g(o,...’olyj:g[yyoy...,ojzo
n-1 T
forall yeH.

Remark 3.6 Let (H,f,g) be an (m, n)-semihyper-
ring and e and e’ be hyper additive identity and multi-
plicative identity elements respectively, then we can ob-
tain the additive hyper operation and multiplication as
follows:

m-2

(xy)= f(x’u-yj

N
n-2

Definition 3.7 Let (’H f,g) be an (m, n)-semi-
hyperring.

1) (m, n)-semihyperring (%, f,g) is called zero sum
freeifand only if Oe f(x,X,, -+, X,) implies
X, =X, ==X, =0.

2) (m, n)-semihyperring (#, f,g) is called additively
idempotent if (£, f) be am-ary semihypergroup, i.e. if
f (X%, X)ex.

and xxy:g[x,e’,---,e’,yj forall x,ye®H.

4. Properties of (m, n)-Semihyperring

Definition 4.1 Let (#,f,g) be an (m, n)-semihyper-
ring.

1) An m-ary sub-semihypergroup R of H is called
an (m, n)-sub-semihyperring of H if g(a/)e R, for
all a,a,,--,a,eR.

2) An m-ary sub-semihypergroup Z of #H is called

a) a left hyperideal of . if g(a™i)eZ,
va,a,,,a,, €M and ieI.

b) a right hyperideal of # if g(i,a/*)eZ,
va,a,,,a,, €M and iel.

If Z is both left and right hyperideal then it is called
as an hyperideal of .

c) a left hyperideal Z of an (m, n)-semihyperring of
‘H is called weak left hyperideal of # if for ieZ
and X%, %, ;€ H then f(i,x"")cZ or
(i) Z implies %%, %, €T

Definition 4.1 is generalization of [21].

Proposition 4.2 A left hyperideal of an (m, n)-semi-

Copyright © 2013 SciRes.

hyperring is an (m, n)-sub-semihyperring.

Definition 4.3 Let (H, f,g) and (S, f',g') be two
(m, n)-semihyperrings. The mapping o:H — S is called
a homomorphism if following condition is satisfied for

all X, %, Xy Y Yours Yy €.
o( (XX %)) = F/(0(%),0(X), (%))
and

a(9(% Yo ) =" (0 (%), 0 (¥,). 0 (v,)).

Remark 4.4 Let (#,f,g) and (S,f',g’') be two
(m, n)-semihyperrings. The mapping o:H — S for all
Xi Xoy o X s Yo Yoo, ¥, € H s called an inclusion
homomorphism if following relations hold:

o(F (%% %)) F'(0 (%), (%),
and
a(9(¥i Yo ¥a)) 20’ (a() 0 (2) 10 (¥a))

Remark 4.4 is generalization of [7].

Theorem45Let (R, f,g), (S,f'.g') and
(7', fr, g”) be (m, n)-semihyperrings. If mappings
o(R,f,9)>(8,f',¢') and 5:(S,f',9")>(T,f".g")
are_ homomorphisms, then oo5: (R, f,g)—>(T,f",g")
is also a homomorphism.

Proof. Omitted as obvious.

Definition 4.6 Let = be an equivalence relation on
the (m, n)-semihyperring (#, f,g) and A; and B; be the
subsets of ‘H for all 1<i<m. We define A =B, for
all a €A there exists b B, such that a, =b' holds
true and for all b, e B, there exists a € A such that
a' =b, holds true [22].

An equivalence relation = is called a congruence
relation on # if following hold:

1) forall a,a,,--,a,, bbb, e#;if {a}={h}
then {f(aim)};{f(blm)},where 1<i<m and,

2) for all x,%X,,-, X, Y1, Yo, oo, ¥, € H i X, =y,
then g(x/)=g(y;), where 1<j<n [23]

Lemma 4.7 Let (H,f,g) be an (m, n)-semihyper-
ringand = be the congruence relation on H then

1)if {x}={y} then

{F(xar)i={f (va)]

forall x,y,a,a,,---,a,eH
2)if x=zy then following holds:

(%))

g (ali_lv X, ain+1) =9 (aii_l' Y, aiil)

forall x,y,a,a,,--,a,eH
Proof.
1) Given that

xp={y} €)
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for all x,yeH . Let e be the hyper additive identity
element, then (3) can be represented as follows:

f[x,e,---,e]; f[y,ex-',e} 4

do f hyperoperation on both sides of (4) with a, to get

(aze)aes

Q)
(o
f(f(x,ai,e,---,e],e,---,ej
m-2 m-1 (6)

ey S [ (R

do f hyperoperation on both sides of (7) with a, to get
the following equation:

( (X a1 e,- 9] az e, e]
m-2 m-2

®)
= ( (yaie e)aze eJ
m-2 m-2
f(f(x,ai,az,e,~~~,eJ,e,~~~,e]
m-3 m-1
9)
= f[f(y,ai,az,e,---,e),e,--‘,eJ
m-3 m-1
{f(x,al,az,e,m,eJ}
" (10)
= f(f(y,ai,az,e,u-,e}e,u-,eJ
m-3 m-1
Similarly we can do f hyperoperation till a, , to get

the following result:
{f(x,al,az, a8y 1)} { (y a8, ml)} (11)

Which can also be represented as:

{f (x, a{“’l)} = { f (y,a{“’l)} (12)

2) Given that
X=y (13)

for all x,yeH . Let e be the multiplicative identity

Copyright © 2013 SciRes.

element

g[x,e,‘-, J g[ye j (14)

do g hyperoperation on both sides of (14) with a, to get

g[g(x,e’,m,e’j,al,e’,m,e’j
n-1 n-2

(15)
= [g[ye jawe": J
g(g(X’aiye’,...’e’J,e',...,e’J
n-2 n-1 (16)

= g(g(y!aiie'v"'ue'Jle’!"'xe’J
n-2 n-1
g(xyaiie’l'”!e'JE g(ylaile’y"'!e’j (17)
n-2 n-2

do g hyperoperation on both sides of (17) with a, to get
the following equation:

( (x a,e,-, J az,e,m,e’)
n-2 n-2

(18)
= [ [y a,¢e, J az,e,---,e'J
n-2 n-2
g[g(Xlailazle’,...,e'}e’,...,e’J
n-3 n-1 (19)
;g[g(y,al,az,e’,...,e’],e'l...,e’]
n-3 n-1
g[x,al,az,e’,-n,e’]
n-3 (20)

= g[g(y,ai,az,e’,--ne’],e',---,e'J
n-3 ﬁf

Similarly we can do g operation till a, , to get the

following result:
g(xa)=g(y.a”).

Theorem 4.8 Let (H,f,g) be an (m, n)-semihy-
perring and = be the congruence relation on H . Then
if {a;}={b} and {xj}ziyj} forall a,b,x,y,eH
and i, je{l,m} then the following is obtained: for all

1<k<m
(o) = {1 (o i)

Proof. Can be proved similar to Lemma 4.7.
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Definition 4.9 Let = be a congruence on H . Then
the quotient of 4 by =, written as /=, is the al-
gebra whose universe is #/= and whose fundamental
operation satisfy

fﬂ/z(xi’xz’...'xm): fH(Xi,Xzf"-Xm)/E

where X, %,,---, X, € H [23].

Theorem 4.10 Let (#,f,g) be an (m, n)-semihy-
perring and = be the equivalence relation and strongly
regular on # then (H/=, f,g) isalso an (m, n)-semi-
hyperring.

Definition 4.11 Let (%, f,g) be an (m, n)-semihy-
perring and = be the congruence relation. The natural
map v.:H —H/= is defined by v.(a)=2a/= and
v.(b;)=b;/= where a,b;je# forall 1<i<m,
1<j<n.

Theorem 4.12 Let p and o be two congruence
relations on (m, n)-semihyperring (%, f,g) such that
pco.Then

o/p={(p(x).p(y))e H/pxH/p:(xy)ea)

isacongruenceon H/p and (H/p)/(c/p)=H/o.

Proof. Similar to [24], we can deduce that o/p is an
equivalence relation on #/p. Suppose (a,0)(c/p)(b.p)
forall 1<i<m and (ij)(a/p)(djp for all
1<j<n. Since o s congruence on H therefore
f(a")of(b") and g(c)og(dy') which implies
f(al")p(a/p) f(0])p and g(c)p(a/p)a(df)p re-
spectively, therefore o/p isacongruence on #/p.

Theorem 4.13 The natural map from an (m, n)-semi-
hyperring (%, f,g) to the quotient (#/=z, f,g) of
the (m, n)-semihyperring is an onto homomorphism.

Definition 4.11 and Theorem 4.13 is generalization of
[23].

Proof. let = be the congruence relation on (m, n)-
semihyperring (#, f,g) and the natural map be
V.:H—>H/=. For all a eH, where 1<i<m fol-
lowing holds true:

v.f¥(a,a,a,
— % (a,a, 4,
=f"*(a/=za,/=a,/=2)
== (Vzai’vzaz""'vzam)

In a similar fashion we can deduce for g, for all
b; e H,where 1< j<n:

v.g™ (by,b,,-,b;)
=g"(b,b,, b))/ =
=g"*(b/=b,/ = b,/ =)
= g™ (v.by, Vb, - v.b,)

Copyright © 2013 SciRes.

So v, isonto homomorphism.
Proof is similar to [23].

5. Fuzzy (m, n)-Semihyperring

Let R be anon-empty set. Then

1) A fuzzy subset of R isa function x:R —[0,1];

2) For a fuzzy subset x of R and te[0,1], the set
t ={xeR|u(x)=t} is called the level subset of x
[1,6,13,25].

Definition 5.1 A fuzzy subset x of an (m, n)-semi-
hyperring (H, f,g) is called a fuzzy (m, n)-sub-semi-
hyperring of ‘H if following hold true:

1) min{u(x), (%), (% )}
SANF ey 4(2))
forall x,X,,--, X, € H
2) min{y(xl),,u(xz),"',ﬂ(xn)}

< (906 %0 %,)),
forall x,X,,---,x, € H.
Definition 5.2 A fuzzy subset x of an (m, n)-semi-
hyperring (’H f,g) is called a fuzzy hyperideal of #
if the following hold true:

1) min{g(%),2(% ), (% )}
<NF L 4(2),

forall x,X,,---, %, € H,
2) u(%)<u(9(X %001, ), for all

X Xo,o0, X, € H,
3) p(%)< u(9(x %, %,)), forall
X, Xp,o0, X, € H,

4) (%) < (9%, %0+, %, ), for all
X1'X21"'1Xn cH.

Theorem 5.3 A fuzzy subset x4 of an (m, n)-semi-
hyperring (H, f,g) is a fuzzy hyperideal if and only if
every non-empty level subset is a hyperideal of # .

Proof. Suppose subset 4« is a fuzzy hyperideal of (m,
n)-semihyperring (#, f,g) and x4 is a level subset
of u.

If X%, X, € forsome te[0,1] then from the
definition of level set, we can deduce the following:

p(X) 2t (%) 2t (%) 2 t.
Thus, we say that:

min { (%, ), (%) -+ (% )} 2t

Thus:
iane X2 X9 40 X /Ll z
1) o
Zmin{u (%), 4(%,), 0 (X, )} 2t
So, we get the following:
AJCM
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u(z)=t, forall zef(x, %, %,).

Therefore, f (X, %, X,) < 44 -

Again, suppose that x,X,,---,x,€H and X € ,
where 1<i<n.Then, we find that z(x)>t.

So, we obtain the following:

t<p, < (%% %))

. (22)
> g 40X ) < 4

Thus, we find that , is a hyperideal of H .

On the other hand, suppose that every non-empty level
subset g, isa hyperideal of 7.

Let t, = min{yxl,yXZ,m,yxn} , for all
X, Xp, o Xy € H .

Then, we obtain the following:

(X)) 2t (%) 2t (X)) 2t
Thus,
L N
We can also obtain that:
f(xl,xz,---,xm)gyto.

Thus,

min {z(x). (%, ).+, 1%y )}

=t, < infzef(xl’xﬁwxm) u(z).

Again, suppose that y(xl) =t,. Then Xey, .
So, we obtain:

g(xl’XZ"”’Xn)elutl _)tigﬂ(g(xl,xz,"-,xn))

Thus, 2(%)<u(9(%. %, %,))-

Similarly, we obtain (%)< 4(g(%. %+, )), for
all ie{l,n}.

Thus, we can check all the conditions of the definition
of fuzzy hyperideal.

This proof is a generalization of [1].

Theorem 5.3 is a generalization of [1,11,26].

Jun, Ozturk and Song [27] have proposed a similar
theorem on hemiring.

Theorem 5.4 Let Z be a non-empty subset of an (m,
n)-semihyperring (#,f,g). Let x be a fuzzy set
defined as follows:

#.(X)={ts

where 0<t<s<1.Then g, isa fuzzy left hyper ideal
of # ifandonlyif Z isa left hyperideal of # .
Following Corollary 5.5 is generalization of [1].
Corollary 5.5 Let u be a fuzzy set and its upper
bound be t, of an (m, n)-semihyperring (H,f,g).
Then the following are equivalent:

(23)

if xeT,
otherwise,

Copyright © 2013 SciRes.

1) u isafuzzy hyperideal of H .

2) Every non-empty level subset of 4 is a hyperideal
of H.

3) Every level subset g, is a hyperideal of H
where te[0,t,].

Definition 5.6 Let (R,f’,g’) and (S,f".g") be
fuzzy (m, n)-semihyperrings and ¢ be a map from R
into S. Then ¢ is called homomorphism of fuzzy (m, n)-
semihyperrings if following hold true:

(1% %)) < 17 (0(%), (%) (%, )
and

P(9' (VYo ¥a)) 0" (2(1) 2(¥2) v 0(Y,))

forall X, X%, X,, ¥, Yo, ¥, € R

Theorem 5.7 Let (R, ., 4y ) and Es,y,”,,u /) be
two fuzzy (m, n)-semihyperrings and (R, f’,g’% and
(S,f",9") be associated (m, n)-semihyperring. If
@R — S is a homomorphism of fuzzy (m, n)-semi-
hyperrings, then ¢ is homomorphism of the associated
(m, n)-semihyperrings also.

Definition 5.6 and Theorem 5.7 are similar to the one
proposed by Leoreanu-Fotea [16] on fuzzy (m, n)-ary
hyperrings and (m, n)-ary hyperrings and Ameri and No-
zari [8] proposed a similar Definition and Theorem on
hyperalgebras.

6. Conclusion

We proposed the definition, examples and properties of
(m, n)-semihyperring. (m, n)-semihyperring has vast ap-
plication in many of the computer science areas. It has
application in cryptography, optimization theory, fuzzy
computation, Baysian networks and Automata theory,
listed a few. In this paper we proposed Fuzzy (m, n)-
semihyperring which can be applied in different areas of
computer science like image processing, artificial intel-
ligence, etc. We found some of the interesting results: the
natural map from an (m, n)-semihyperring to the quotient
of the (m, n)-semihyperring is an onto homomorphism. It
is also found that if o and o are two congruence
relations on (m, n)-semihyperring (%, f,g) such that
pco, then o/p is a congruence on H/p and
(H/p)/(c/p)=H/c. We found many interesting re-
sults in fuzzy (m, n)-semihyperring as well, like, a fuzzy
subset x of an (m, n)-semihyperring (H,f,g) is a
fuzzy hyperideal if and only if every non-empty level
subset is a hyperideal of H . We can use (m, n)-semi-
hyperring in cryptography in our future work.
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