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Abstract

In this paper, the existence and nonexistence of nonnegative entire large solutions for the quasilinear elliptic
equation div(l Vu |m‘2 Vu) = p(x) f(u)+q(x)g(u)are established, wherem>2, f and g are nondecreasing

and vanish at the origin. The locally H 6 Ider continuous functions p and q are nonnegative. We extend results

previously obtained for special cases of f and g .
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1. Introduction

In this paper, we consider the problem
{div(Wu "2 Vu) = p(x) f (u)+q(x)g(u), in R"(N >3)

u(x) >, as |x}>w
1)
where m>2, f,geC([0,),[0,%))NC*((0,),[0,x)),
the locally H 6 Ider continuous functions p and g are
nonnegative on R" . In addition, we assume that
f(0)=g(0)=0; f'(t)>0,9'(t) 20, )
f(t)g(t)>0, for vt>0 @)
We call nonnegative solutions of (1) entire large
solutions. In fact, this problem appears in the study of
non-Newtonian fluids [1,2] and non-Newtonian filtration
[3,4], such problems also arise in the study of the
sub-sonic motion of a gas [5], the electric potential in
some bodies [6], and Riemannian geometry [7].
Large solutions of the problem

{Au(x) = f(u(x)), xeQ,

o0

- @)
u |OQ_ !

where Q is a bounded domain in R“(N >1) have
been extensively studied, see [8-20]. A problem with

f(uy=e" and N =2 was first considered by Bieber-
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bach [13] in 1916. Bieberbach showed that if Q is a
bounded domain in R* such that 6Q is a C* sub-
manifold of R?, then there exisSts a unique u e C*(Q)
such that Au=e" in Q and |u(x)-In(d(x))?| is
bounded on Q. Here d(x) denotes the distance from a
point x to 6Q. Rademacher [17], using the idea of
Bieberbach, extended the above result to a smooth
bounded domain in R®. In this case the problem plays
an important role, when N =2, in the theory of
Riemann surfaces of constant negative curvature and in
the theory of automorphic functions, and when N =3,
according to [17], in the study of the electric potential in
a glowing hollow metal body. Lazer and McKenna [6]
extended the results for a bounded domain Q in
RY(N >1) satisfying a uniform external sphere condi-
tion and the non-linearity f = f(x,u) = p(x)e", where
p(x) is continuous and strictly positive on Q. Lazer
and McKenna [12] obtained similar results when A is
replaced by the Monge-Ampere operator and Q is a
smooth, strictly convex, bounded domain. Similar results
were also obtained for f = p(x)u® with a>1.
Posteraro [16], for f(u)=-€e" and N >2, proved the
estimates for the solution u(x) of the problem (1,2) and
for the measure of Q comparing with a problem of the
same type defined in a ball. In particular, when N =2,
Posteraro [16] obtained an explicit estimate of the
minimum of u(x) in terms of the measure of Q:

minu(x) =In(8z/| Q).
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The existence, but not uniqueness, of solutions of the
problem (3) with f monotone was studied by Keller
[18]. For f(u)=-u® with a>1, the problem (3) is of
interest in the study of the sub-sonic motion of a gas
when a=2 (see [15]) and is related to a problem
involving super-diffusion, particularly for 1<a<?2
(see [21,22]). Pohozaev [15] proved the existence, but
not uniqueness, for the problem (1.2) when f(u) = -u®.
For the case where f(u) = —u®™"2'™N-2(N > 2) | Loewe-
ner and Nirenberg [20] proved that if 6Q consists of a
disjoint union of finitely compact C” manifolds, each
having co-dimension less than N/2+1, then there exists
a unique solution of the problem (3). The uniqueness was
established for f(u)=-u® with a>3, when 0Q is
a C? -submanifold and A is replaced by a more
general second-order elliptic operator, by Kondrat'ev and
Nikishkin [19]. Marcus and Veron [14] proved the
uniqueness for f(u)=-u® with a>1, when 8Q is
compact and is locally the graph of a continuous function
defined onan (N —1) -dimensional space.

In [23], the authors considered the problem of
existence and nonexistence of positive entire large
solutions of the semilinear elliptic equation

Au = p(x)u” +q(x)u”, 0<a<p.

Recently [24], which is to extend some of these results
to a more general the problem

Au=p(x)fU+q(x)gu) inRY, N>3,
u(x) > as|x|— .

Quasilinear elliptic problems with boundary blowup
{div(l vu"? vu) = f(u(x), xeQ,

U s =0,

(4)

have been studied, see [9,25,26] and the references
therein. Diaz and Letelier [10] proved the existence and
unigqueness of large solutions to the problem (4) both for
f(u)=u”,y >m-1(super-linear case) and oQ being
of the class C?. Lu, Yang and E.H.Twizell [25] proved
the existence of Large solutions to the problem (4) both
for f(u)=u”’,y>m-1,Q=R" or Q being a boun-
ded domain (super-linear case) and y <m-1,Q=R"
(sub-linear case) respectively.
Recently [27], which is to extend some results of [28]
to the following quasilinear elliptic problem
div(| Vu [ Vu) = p(x) f (u), in Q )
u(x) - o, on oQ
where Q < R", the non-negative function p(x) e C(Q),
and the continuous function f satisfies (2) and the
Keller-Osserman condition

[TFOI""ds =0, F(s)= [ f(t)dt (6)
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then the author also consider the nonexistence for the
non-negative non-trivial entire bounded radial solution
on R" of (5)when p satisfies

L. "M dt=e, p.0=mino(. (@)

On the other hand, if f does not satisfy (6), that is
J‘:O[F(s)]‘l’m ds <o, we can obtain from Lemma 2.4 in
[29] that

o 1
L mds < oo (8)

which is also shown in [30]. In this paper, we will
require the above integral to be infinite, that is

. 1 _

[. T ds = oo 9)
which is a very important condition in our main results.
Furthermore, motivated by the results of [24], we also

admit the following condition which is opposite to (7),
that is

J; @' @ dt< oo, p ) =maxp(9.  (10)

As far as the authors know, however, there are no
results which contain the existence criteria of positive
solutions to the problem (1). In this paper, we prove the
existence of the positive large solutions for the problem
(1). When p =2, the related results have been obtained
by A.Lair and A.Mohammed [24]. The main results of
the present paper contain extension of the results in [24]
and complement of the results in [10,25,26].

The plan of the paper is as follows. In Section 2, for
the convenience of the reader we give some basic
lemmas that will be used in proving our results. In
Section 3 we state and prove the main results. Section 4
contains some consequences of the main theorems, and
other results. In Section 5 we present an Appendix where
we state and prove three lemmas needed for proofs in
previous sections.

2. Preliminary

In this section, we give some results that we shall use in
the rest of the paper.

Lemma 2.1.(Weak comparison principle)(see [25])
Let Q be a bounded domain in R" (N >2) with
smooth boundary 6Q and &:(0,:0) — (0,) is con-
tinuous and non-decreasing. Let u,,u, eW""(Q) satisfy

jﬂ | Vu, "% Vu,Vwdx+ fge(ul)y/dx
<[ 1VU, "% VU,V prdx + [ 6(u, )y dx
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for all non-negative w €W, " (€2) . Then the inequality
u, <u, on oQ
implies that
u <u, in Q
Lemma 2.2. Let f verify (9), and p:[0,00) — [0,0)
be continuous. Then
("o, () =r" () f(v), r>0 (11)
viO)=«a, V' (0)=0
admits a non-negative solution v defined on [0,),
where @ _(s)=|s|™*s. Ifinaddition f isnondecrea-
singand p satisfies (7), then v(r) »>© as r—»w.
Proof. First we note that (11) has a solution v e C*(0,R)
for a maximal 0 <R <o . As a consequence of (7) we
claim that R=o . By way of contradiction, let us
suppose that 0<R <o instead. Then we must have
v(r) >o as r— R . Let

o) :=sup{p(s):0<s<t}, t>0

Then ¢ is nondecreasing, and clearly p(t) <4(t)
for t>0 . Integrating Equation (11) from 0 to r
yields

,, (v(1) = 1" 18" p(s) f (v(s))ds

From (12) we see that v'(r) >0, therefore, v is a
non-decreasing function and we can obtain from (12)

(12)

that @, (v'(r)) < %(p(l’) f (v(r)) . Then we can obtain
r V'(t) ()Y 1/(m-1)
Lmdtﬁk(ﬁ} g (Dt
That is

1/(m-1)
v(r) 1 r(t _
| <|, (—j @™ (s)ds

a fl/(m—l) (S) S N

Letting r —> R, and recalling that v(r) > , we
conclude that

. 1 R 1/(m-1) R v
J.a—fll(m‘l)(s)dss(ﬁj [ 0" P (s)ds

which is an obvious contradiction. Thus, indeed v is
defined on (0,).

We now show that v(r) - as r — co. For this we
will use (7) on p . Integrating the equation in (11) we
find

r t 1/(m-1)
v =a+] (tl’N [[s"p(s) f (v(s))ds) dt

1/(m-1)
(19 [anyreva

That is
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v(r)=C(m,a,N)[ (tp.©)"" dt, r>0

and as a consequence of (7) we conclude that v(r) — «
as r—o.

3. Main Theorems

In this section, we will state the first of our main results.
Theorem 3.1. Under the following hypotheses

(RO ()= —=ds. 150,

(s)
H2L ()" - (" ()
(tf (¢(ﬁ(t))))u(m_l) dt <o, B(t) = [} sp. (s)ds,

where ¢ isthe inverse of v ;

(H3)[ (17" (Vg (¢(P(V)))) " dt<ee

Let f and g satisfy (2). Furthermore, assume that (9)
and (10) hold. If p satisfies (7), then (1) admits a
solution.

Proof. Let v be an entire radial large solution of
div(| Vv |™"? Vv) = p.( x|) f(v) such that v(0)=a for
some 0<a <1. This is possible by Lemma 2.2, since
f satisfies (9) and p. satisfies (7). Thus v is a
super-solution of (1). We proceed to construct a
sub-solution u of (1) such that u<v on R"“. Then
by the standard regularity argument for elliptic problems,
it is a straight forward argument to prove that (1) would
have a solution w such that u<w<v on R". For
each positive integer n, let u, be a solution of

div(| Vu|™? Vu)
=p (IxDf+q (Ix)g(u)0.4cm in B,
u(x) =v,0.4cmon 0B,

/(m-1)

(13)

where B, = B(0,n) is the ball of radius n centered at
the origin. That such a solution exists is shown in
Lemma 5.2 of Appendix. Then we note that each u, is
a radial solution and that

O<u,,<u,<v, on B,.

n+l

Let
u(x) := limu, (x),x € R".

n—oo

Since each wu, is radial, it follows that u is radial as
well. By a standard argument we can show that u is a
solution of the differential equation in (1). Clearly u<v
on R"“.So We only prove that u is nontrivial and that
u(x) > as |x|»>ow.

Recalling that u, and v are radial and that
u,(n) =v(n) we see that
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u, (0) + J;(tl—N J';SN—l( p*(s) f(u)+ q*(s) a ))dS)ll(m_l) dt

=v()+ [ (tl-N [N p.(s) f (v)ds)ll(m_l) dt > v(0) + j;(tl-N [is"p.(s) 1 (un)ds) 't

for ¥x>0,m> 2, we can use the inequality

1/(m-

1/(m-1

1+ XYM <14 x¥™ D then we obtain
1/(m-1)

u (0)+ jo”(tl-N [ls"p ()t (un)ds) Y+ jo”(tl-N j;s“-lq*(s)g(un)ds) dt

(e s (st )ds) > v(o) =
(NS i) fu)ds|  dt2v(0)=a

that is

Uy )+ [ (5" p(5) (U, )s) ™ = (]38 pu(9) (0, ) k)™ ¥ )

N N 1(m-1)
o (tl’N [is"q (s)g(un)ds) dt>v(0) = «

Since p’(s) isincreasingand p.(s) is decreasing, so

1/(m-1)

jont“‘”)’ (m-1) (( j';sN‘l p'(s)f (un)dS)U(m_l) - ( j;s““l p.(s) f (un)ds) jdt

< Jont(l—N -1 (" YWD (g (J‘;SN f(u, (s))ds)ﬂ(m_l) —(p )™ (1) (.[(:SN L (u, (s))ds)V ™ ) dt

1/(m-1)

< Jon(( p*)ll(m—l) t)—( p*)ll(m_l) (t))t(l—N)/(m—l) (.[(:SN_l f(u, (s)ds) dt

< J‘On((p*)l/(m—l) (t) = (p.)V ™D (t))(ﬁf (Un(S))ds)l/(m_l) "

< Cl(m)J'(;1 (( p*)ll(m—l) (t) _ ( p*)ll(m—l) (t)) (tf (un (t)))l/(m—l) dt

and
1/(m-:

(e f;s”’lq*(S)g(un)ds)

Therefore we get

1) n/ow
dt<C, () (ta" 9 (u,®)

)l/(m—l) it

0, (0)+C, (M, N) (P2 () — ()™ (1)) (tf (u, )™ Pt + C, (m,N) [ (19" (Mg (u,))  dt>a  (14)

Now, let ¢(t) be the inverse of the increasing
function defined in (9). We note that ¢(t) >1 for all
t > 0. Furthermore, we have

¢'(t) = £(¢(1). 4" (t) = £'(¢(1)) F(4(1)),t > 0.

Let w be an entire large solution of Aw = p.(| x|)
such that w(0)=0. Set a(x):=¢(w(x)). Then
Aa> p.(| x])f(a). Since

a(0) = g(w(0)) >1> a =v(0) >0, we invoke Lemma
2.1 in [24] to conclude that v(x)<a(x) for all
xe RV.

Moreover, w(r) < p(r):= jortp*(t)dt, we have
v(x) < (p(l x1)) .

Now, recalling that u, <v forall ne N we see that
9" ()9 (u, (1) <tg" (9 V(D) <ta” O (A(P())).
(PP (O = (p) PO (u, @)
(PP O~ (p) PO ()"
(PO - (p) TP O)H (BB

Copyright © 2010 SciRes.

Take note of (9) and (10), we invoke the Lebesgue
dominated convergence theorem to infer from (14) that
u(0)

+C1(m, N )J'; (( p*)ll(m—l) ) —( p*)ll(m—l) (t)) (tf (u))l/(m—l) dt
S, (m N[ (tg )W) " dtza>o.

This shows that u is nontrivial. Now we note that
u,(r)=u,(0)

o (E s (P F )+ ()au,) ) ds

1/(m-1)
) dt

1(m-1)
) dt.

r _ t _ *
> ! (tl VISVt (s) f (u,)ds
Recalling that u, <v for all n, we invoke the
Lebesgue dominated convergence theorem again, on
letting n — o

u(r) > J:(tl’N.[;sN’lp*(s) f (u)ds

1(m-1)
) dt.
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. . . r
Since u is nontrivial we see that u(->)>0 for
some r,>0.Thus for r>r,, we have

u(r)> £ l’(u( )jj ( - NJ‘SN 1 (S)ds)“(m&)dt

then
1 1/(m-1) .
u(r)> f“‘m-“[u( )j[ j [} (o) " Ve

Therefore, as a consequence of (7) we see that
u(x) > as |x|—»>owo.
To show our next main result, now we set p is c-

positiveon Q (i.e., forany x, e Q satisfying p(x,)=0,

there exists a domain Q, such that x, € Q,,Q, cQ,
and p(x)>0 for all xe0Q,.) we know that p is
c-positive on R" if and only if there is a sequence
Q, of smooth bounded domains with Q 6, cQ,,, for
each n such that U..Q,=R" and p is c-positive
oneach Q. Itiseasy to see that if y isanon-negative
and locally H 6 Ider continuous function in RM that
satisfies (10), then the following problem admits a

positive solution.

—div(| Vw |"? VW) = »(X),
w(x) >0, |X|>w

N
xeR (15)

In fact

o 1n (LN - 1/(m-1)
v(x)=.|"xl(t [s"y (s)ds) dt.

is a super-solution of (15) such that v(x) >0 as
| X]— o0 . On the other hand, 0 is a sub-solution of (15),
(See [31], Lemma 3) the assertion follows.

Theorem 3.2. Suppose f and g satisfy (2). If (1)
has a solution, f satisfies (8) and p is c-positive in

N, (3) admits a solution. Conversely, if f+g
satisfies (8), (15) admits a non-negative solution with
7(x) = p(x) +q(x) and £(x) := min{p(x), a(x)}
is c-positive, then (1) has a solution.

Proof. Let {Q,} be a sequence of bounded smooth
domains in R" as provided in the definition of the
c -positivity of p.

Suppose (1) has a solution, say v is a solution. For

each n, the problem
div( Vu["™* Vu) = p(x) f (u), xeQ, (16)
u(x) =, xe0Q,

has a solution( see [29]). For each positive integer n, let
u, be a solution of (16). Then by Lemma 2.1 it follows
that

v(X)<u,,, () <u,(x), xeQ,.

A standard procedure (for example, see [30]) can be
used to show that

u(x):=limu,(x), xeR",

n—owo

Copyright © 2010 SciRes.
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is the desired solution of (3). For the converse, we let u,
be a solution of the problem

{diV(I vu["? vu) = p(x) f (u)+q(x)g(u), x e Q,

u(x) =, xedQ, ()

The existence of such a solution is demonstrated in
Lemma 5.3 of Appendix. It easily follows that the
sequence {u,} is a non-increasing sequence. Let

u(x) = limu, (x), xeR".

n—oo
A standard argument shows that u is a solution of
the quasilinear equation in (17). Thus we need only show
that u is nontrivial and that u(x) >« as |x|—>x.
For this we consider the foIIowing function

v®) =] s, >0, (18)

hl/(m 1) (S)
where h(t):= f(t)+g(t). Obviously, (18) is finite for
all t>0.We also notice that

1 n -
Wm—% <0, y"(t)= (m
Now fix &>0, and let
v,(X)=wu,(X)+¢&), xeQ,.Note the sequence v, is
nondecreasing. Moreover, a simple computation shows
that

—div(| Vv, ["* Wv,) =l (u, + &) [ div( Vu, | Vu,)
~(m-1)|y'(u, +&) "
Sy (u, +&) " (p(0) f (u,) +a(x)g(u,))
_ PO f(u,)+a(x)9(u,)
h(u, +¢)

We can also note that v, =0 on 0Q,. Let w be a
solution of (15). Thus by Lemma 2.1 we see that v, <w
on Q. forall n, letting n— oo, and then ¢ >0 we

see that w(u)<w on R“. Thus w(u(x))—>0 as
| X|—> o, thatis u(x) >0 as |X|—>o.

h'(t)

w'(t) =- —1)(h™ D ()™

w'(u,+&)|vu, |

< p(x)+a(x)

4. Consequences and Related Results

We can obtain some consequences of the main theorems,
and other results that are of independent interest.
Theorem 4.1. Let f and g be continuous, nonde-
creasing functions such that f +g satisfies (9), and
Suppose p+q is nontrivial. If there is a solution to
div(| Vu|™? vu) < p(x) f (u) +q(x)g(u), xeR",N >3
U(x) >, as|x}—>oo
(19)
then p+q satisfies (7).
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Proof. Let u be a solution of (19). Let v be a
solution of the initial value (11) with p=(p+q)", f
replaced by f+g and a=¢«, where ¢, is chosen
such that ¢, >u(0). Since f+g satisfies (9), we
recall from Lemma 2.2 that v is defined on [0,) .
Then w(x) =v(| x]) isa solution of

div(| Vw[™* vw) = (p+a)" (| x )(f (W(x)) + g(w(x))) ,
and hence div(| Vw|™? Vw) > pf (w)+qg(w) on R".
Since Vv'(r)>0 we see that v(r) > A as r — o, for
some 0< A<oo . Assume that A<oo sothat w(x) <A
for all xeR". Since u(x) > as |x|>wo, we see
that for some R, we have w(x)<A<u(x),|x>R.
Thus w(x) <u(x) on |x|=R and therefore by Lemma
2.1 we find that w(x)<u(x) on B(0,R). But this
contradicts the choice that w(0) >u(0). So we have
A=o0, then w(X) > o,as|x|—> . From Equation (11)
we find

v = (N () O + 9)Oat]

1/(m-1)
. . 1/(m-1) (20)
<[P+ D (p+ o) @t
Dividing (20) through by (f +g)"™™®(v(r)) and
integrating the resulting inequality on (0,r) we have
Jr v'(t)
O (f+9) ™ (v(t)
< j;(tl‘N jgsN‘l( p+q) (s)ds
That is

U(m-1)
) dt

v(r) 1
—
Ly ™

1 U(m-1) X
S[WJ [NCCRNOIRRE

Letting r > and recalling that f +g satisfies
(9), the claim is proved.

As a consequence of Theorem 3.1 and Theorem 4.1
we also obtain the following corollaries.

Corollary 1. Suppose (2) and (9) hold for f . Further,
let p satisfy (10). (3) admits a solution if and only if
p satisfies (7).

Proof. If p satisfies (7) then Theorem 3.1, with
g(x) =0 shows that (3) has a solution. The converse
follows from Theorem 4.1 on taking q(x) =0 again.

The next corollary provides sufficient conditions for
the existence and nonexistence of solutions to (1) when
both p and q satisfy (7).

Corollary 2. Suppose f and g satisfy (2) and p
and q satisfy (7). If f+g satisfies (9), then (1) has
no solution. On the other hand, (1) admits a solution if
f +g satisfies (8) and the function
E£(x) =min{p(x),q(x)} is c-positiveon R".

Copyright © 2010 SciRes.

Proof. By way of contradiction,we can obtain the first
statement from Theorem 4.1. Since p+q satisfies (10)
and the remark noted just before Theorem 3.2 shows that
(15) admits a solution with b = p+q. Thus the second
part of the corollary is an immediate consequence of
Theorem 3.2.

5. Appendix

In this appendix we state and prove results that have
been used in the proofs of the main results of the paper.

We start by proving the existence of a solution to the
following Dirichlet problem on a bounded smooth domain
Q in R".

{div(| Vu|™? vu) = p(x) f () +q(x)g(u), inQ, 21)

u(x) = @(x), on oQ.

Lemma 5.1. Let Qc R" be a smooth bounded
domainand let f and g satisfy (2). Let ¢ C?(6Q)
be positive. If v is a positive super-solution of (21),
then the problem (21) has a solution u such that
O<u<v on Q.

Proof. Let f:=mingad(X) . Obviously,
Now we set

£>0.

o(t) = [[(h(s))"™ Vs,

where h(s)= f(s)+g(s) forall s>0. An application
of L'H 0 pital’s Rule shows that ¢(t)<t for all
O0<t<e and some &>0. Without of generality we
can suppose that 0<g(e)< g . Finally, let z be a
solution of the Dirichlet problem

div(|Vz|"? Vz) = p(x)+q(x), in Q,
z(X)=¢, on oOQ.

Then the maximum principle shows that 0 < z(x)<e&

on Q, we define w(x):=¢p(z(x)) for all xeQ, we

note that w(x) < z(x) for all x e . A simple computation

shows that
(D’(t) - hl/(rn—l) (t) > 0’ ¢7”(t) - h (t)

(m _1)(h1/(m—l) (t)) m-2

and
div(| Vw|™? Vw)
=g " div( Vz " V2) +(m=1) ¢ [T ¢ | V2 [
>/ " (p(X) +a(x)) = (f(2)+9(2))(p(x) +a(x))
2 (F(w)+g(W)(p(x) +a(x)) = p(x) f (W) +a(x)g(w)

and w(x) <o)< B<¢g(x) for xedQ. Thus w is a
sub-solution of (21) and v is a super-solution of (21)
such that w< g <von 8Q. By the maximum principle
we note that w<v on Q. Thus by lemma 1 in [31] we
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conclude that (21) has a solution usuch that w<u<v
which is what we want to show.

The following lemma was used in the proof of
Theorem 3.1.

Lemma 5.2. Let a,b e C([0,»),[0,)) and B be a
ball in R" centered at the origin. If f and g are
nondecreasing on [0,0), then given a positive constant
o , there exists a radial solution to the problem

{div(| vu|[™? vu)=a( x|) f (u)+b( x)g(u), in

B,
u(x)=9o, on 0B, (22)

Proof. Let {a,} and {b,} be decreasing sequences
of H¢ Ider continuous functions which converge uni-
formlyon B to a and b respectively(See [32]). Then
by Lemma 5.1, for each k there exists a nonnegative
solution u, of

div( Vu, |"* Vu,)

=a, (| x) f(u)+b (I xDa(uy),
Uy (X) =0, on OB.

Since the sequence {a,} and {b,} are decreasing,it
is easy to show that {u,} is increasing. Of course,it is
also bounded above by & . Thus it converges, and
assumeu, — u. Since u, satisfies the integral equation

U (r) =u (0)+

o (B 58" (3 (9) T (9)) +B, ()9, (5

the function u will satisfy the integral equation
u(r) =u(0)+

r ¢ 1/(m-1)
X (tl‘N [s"7 (als) f (u(s)) +b(s)g(u(s)))ds) dt.

Sinceu, (R) =6 for eachk, whereR is the radius of
the ball B, it is clear thatu(R)=¢6. Thusuis a non-
negative solution of problem (22) on B as claimed.

Finally we state and prove a lemma that was used in
the proof of Theorem 3.2.

Lemma 5.3. Let Qc R" be smooth. Suppose f
and g satisfy (2). If f satisfies (6) and p is c-positive
on Q, then the problem

{divq vu[™? vu) = p(x) f (u)+q(x)g(u), xe

in B,

1/(m-1)
) dt

* (23)
u(x) =, xedQ,

has a solution. Similarly, if instead of requiring f to

satisfy (6), we require only f +g to satisfy (6), and

require £:=min{p,q} totobe c-positive on Q, then

(23) has a solution.

Proof. Since p is c-positive and f satisfies (6), let
v be a large solution of div(|Vv|™2 Vv) = p(x)f (V)
on Q (see [29]). Now for each positive integer k, let
w, Dbe a solution (See Lemma 5.1) of
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div(| Vw|™? vw)

= (PO +a(x))(f (W) +g(w)), xeQ,
w(x) =k, xedQ,

By Lemma 2.1 we see that
W, (X) £w,,(X) <V(X), xeQ

If W(X) = limk_.W, (X) , then by a standard procedure
we conclude that w is a solution of
div( Vw|™* vw) = (p(x) + q(x))(f (W) + g(w)) on ©Q
such that w<v. Since w is a sub-solution, and v is
a super-solution of the differential equation in (23), we
conclude that (23) has a solution u with w<u<v
(See [31]).

Similarly.We can obtain the second part by defining
v in this case as a large solution of
div(| Vv |™ 2 Wv) = E(xX)(f (V) +g(v)) on Q and the
argument is as the same as the previous process.

6. References

[1] G. Astrita and G. Marruci, “Principles of Non-Newtonian
Fluid Mechanics,” McGraw-Hill, 1974.

[2] L. k. Martinson and K. B. Pavlov, “Unsteady Shear
Flows of a Conducting Fluid with a Rheological Power
Law,” Magnitnaya Gidrodinamika, Vol. 7, No. 2, 1971,
pp. 50-58.

[3] J. R. Esteban and J. L. Vazquez, “On the Equation of
Turbulent Filteration in One-Dimensional Porous Media,”
Non-Linear Analysis archive, Vol. 10, No. 3, 1982, pp. 1303
-1325.

[4] A.S. Kalashnikov, “On a Nonlinear Equation Appearing
in the Theory of Nonstationary Filtration,” Trudy Semi-
nara |.G. Petrovski, Russian, 1978.

[5] S. L. Phhozaev, “The Dirichlet Problem for the Equation
Au =u?,” Soviet mathematics-Doklady, Vol. 1, No. 2,
1960, pp. 1143-1146.

[6] A. C. Lazer and P. J. Mckenna, “On a Problem of Bie-
berbach and Rademacher,” Non-Linear Analysis archive,
Vol. 21, No. 5, 1993, pp. 327-335.

[7] K.-S. Cheng and W.-M. Ni, “On the Structure of the Con-
formal Scalar Curvature Equation on RN,” Indiana Uni-
versity Mathematic Journal, Vol. 41, No. 1, 1992, pp.
261-278.

[8] V. Anuradha, C. Brown and R. Shivaji, “Explosive Non-
negative Solutions to Two Point Boundary Value Prob-
lems,” Non-Linear Analysis archive, VVol. 26, No. 3, 1996,
pp. 613-630.

[9] S.-H. Wang, “Existence and Multiplicity of Boundary
Blow-Up Nonnegative Solutions to Two-Point Boundary
Value Problems,” Non-Linear Analysis archive, Vol. 42,
No. 1, 2000, pp. 139-162.

[10] G. Diaz and R. Letelier, “Explosive Solutions of Qua-

AM



300

[11]

[12]

[13]

[14]

[15]

[16]

[17]

[18]

[19]

[20]

[21]

H. X.QIN ET AL

silinear Elliptic Equations: Existence and Uniqueness,”
Non-Linear Analysis archive, Vol. 20, No. 1, 1993, pp. 97
-125.

A. C. Lazer and P. J. McKenna, “On a Singular Nonlinear
Elliptic Boundary-Value Problem,” Proceedings of Ameri-
can Mathematic Society, Vol. 111, No. 3, 1991, pp. 721
-730.

A. C. Lazer and P. J. McKenna, “On Singular Boundary
Value Problems for the Monge-Ampere Operator,” Jour-
nal of Mathematical Analysis Applications, Vol. 197, No.
2, 1996, pp. 341-362.

L. Bieberbach, “Au=¢" und die automorphen Funk-
tionen,” Mathematische Annalen, Vol. 77, No. 1, 1916,
pp. 173-212.

M. Marcus and L. Veron, “Uniqueness of Solutions with
Blow-Up at the Boundary for a Class of Nonlinear Ellip-
tic Equation,” Comptes rendus de I'Académie des sci-
ences, Vol. 317, No. 2, 1993, pp. 559-563.

S. L. Pohozaev, “The Dirichlet Problem for the Equation
Au =u?,” Soviet mathematics-Doklady, Vol. 1, No. 2,
1960, pp. 1143-1146.

M. R. Posteraro, “On the Solutions of the Equation
Au=¢" Blowing up on the Boundary,” Comptes rendus

de I'Académie des sciences, Vol. 322, No. 2, 1996, pp.
445-450.

H. Rademacher, “Einige Besondere Problem Partieller
Differentialgleichungen,” In: Die Differential-und Inte-
gralgleichungen, der Mechanik und Physikl, Rosenberg,
New York, 1943, pp. 838-845.

J. B. Keller, “On Solutions of Au = f(u),” Communica-
tions on Pure and Applied Mathematics, Vol. 10, No. 4,
1957, pp. 503-510.

V. A. Kondrat'ev and V. A. Nikishken, “Asymptotics,
near the Boundary, of a Singular Boundary-Value Prob-
lem for a Semilinear Elliptic Equation,” Differential Equa-
tions, Vol. 26, No. 1, 1990, pp. 345-348.

C. Loewner and L. Nirenberg, “Partial Differential Equa-
tions Invariant under Conformal or Projective Transfor-
mations,” In: Contributions to Analysis (A Collection of
Paper Dedicated to Lipman Bers), Academic Press, New
York, 1974, pp. 245-272.

E. B. Dynkin, “Superprocesses and Partial Differential
Equations,” Annals of Probability, Vol. 21, No. 3, 1993,
pp. 1185-1262.

Copyright © 2010 SciRes.

[22]

[23]

[24]

[25]

[26]

[27]

[28]

[29]

[30]

[31]

[32]

E. B. Dynkin and S. E. Kuznetsov, “Superdiffusions and
Removable Singularities for Quasilinear Partial Differen-
tial Equations,” Communications on Pure and Applied
Mathematics, Vol. 49, No. 2, 1996, pp. 125-176.

A. V. Lair, “Large Solutions of Mixed Sublinear/Superlinear
Elliptic Equations,” Journal of Mathematical Analysis
Applications, Vol. 346, No. 1, 2008, pp. 99-106.

A. V. Lair and A. Mohammed, “Entire Large Solutions of
Semilinear Elliptic Equations of Mixed Type,” Commu-
nications on Pure and Applied Analysis, Vol. 8, No. 5,
2009, pp. 1607-1618.

Q. S. Lu, Z. D. Yang and E. H. Twizell, “Existence of
Entire Explosive Positive Solutions of Quasi-linear Ellip-
tic Equations,” Applied Mathematics and Computation,
Vol. 148, No. 2, 2004, pp. 359-372.

Z. D. Yang, “Existence of Explosive Positive Solutions of
Quasilinear Elliptic Equations,” Applied Mathematics
and Computation, Vol. 177, No. 2, 2006, pp. 581-588.

J. L. Yuan and Z. D. Yang, “Existence of Large Solutions
for a Class of Quasilinear Elliptic Equations,” Applied
Mathematics and Computation, Vol. 201, No. 2, 2008, pp.
852-858.

A. V. Lair, “Large Solutions of Semilinear Elliptic Equa-
tions under the Keller-Osserman Condition,” Journal of
Mathematical Analysis Applications, Vol. 328, No. 2,
2007, pp. 1247-1254.

Z. D. Yang, B. Xu and M. Z. Wu, “Existence of Positive
Boundary Blow-up Solutions for Quasilinear Elliptic
Equations via Sub and Supersolutions,” Applied Mathe-
matics and Computation, Vol. 188, No. 1, 2007, pp. 492-
498.

Z. D. Yang, “Existence of Entire Explosive Positive Ra-
dial Solutions for a Class of Quasilinear Elliptic Sys-
tems,” Journal of Mathematical Analysis Applications,
Vol. 288, No. 2, 2003, pp. 768-783.

H. H. Yin and Z. D. Yang, “New Results on the Exis-
tence of Bounded Positive Entire Solutions for Quasilin-
ear Elliptic Systems,” Applied Mathematics and Compu-
tation, Vol. 190, No. 1, 2007, pp. 441-448.

A. V. Lair and A. W. Shaker, “Classical and Weak Solu-
tions of a Singular Semilinear Elliptic Problem,” Journal
of Mathematical Analysis Applications, Vol. 211, No. 2,
1997, pp. 371-385.

AM



