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ABSTRACT

A window reset option is a kind of reset options with continuous reset constraints. The issue is very important for ap-
plying to employee stock options in finance or reservation options on truck-only toll lanes in traffic management. Our
contribution of this study is that we proposed an accurate and simple method to price window reset options. The option
price is formulated as the solution of a boundary value problem of the Black-Scholes PDE. The problem is then trans-
formed into an initial-boundary value problem of the heat equation. Then Green’s function is applied to solve the heat
equation problem. Finally, the option price is calculated numerically. A numerical example and some discussions are

presented in this paper.
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1. Introduction

A reset option is a path-dependent derivative whose pay-
off depends on the historical prices of underlying assets.
The strike price can be adjusted according to pre-speci-
fied conditions during the specified discrete monitoring
dates or a continuous period. The main function of the
reset clause is to protect investors from downside risk
that affects the underlying prices during bear or uncertain
financial markets.

A window reset option is a reset option with a con-
tinuous reset period which is called the reset window.
The strike price of a window reset option is reset to a pre-
specified level provided the underlying asset price being
below the reset threshold during the pre-specified win-
dow period. This study presents a simple and effective
method for pricing window reset options under Black-
Scholes economy assumptions.

Derivatives with reset clauses are extremely popular.
For example, the Chicago Board Options Exchange
(CBOE) and the New York Stock Exchange (NYSE)
traded the S&P 500 index put warrants with a three-
month reset period in 1996. In June 1997, Morgan
Stanley issued a warrant containing a reset clause on the
Hong Kong stock market [1]. Furthermore, Grand Cathay
Securities issued six American-style reset warrants listed
on the Taiwan Stock Exchange from 1998 to 1999, all of
which were multiple reset warrants that possessed multi-
ple reset prices during the reset period.

Since Black and Scholes [2] and Merton [3] developed
the option valuation formula, the Black-Scholes model

has become the mainstream framework for option pricing.
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Most researchers have proposed various pricing methods
for the valuation of reset options with discrete monitor-
ing dates. Gray and Whaley [4,5] studied the S&P 500
index reset put warrant and obtained a closed-form solu-
tion for a reset warrant with a single reset date. Cheng
and Zhang [1] evaluated a reset option with multiple dis-
crete reset dates. They obtained a closed-form solution
by using probability method. Liao and Wang [6] built on
the work of Cheng and Zhang [1] and used multiple
normal distribution functions to price a reset option. Dai,
Fang and Lyuu [7] studied the analytics for geometric
average trigger reset options. Hsiao, Wang and Chen [§]
priced an arithmetic average reset option using the Green
function method.

In recent years, it became more and more popular for
companies to issue employee stock options with reset
constraints on a lock-up period. When the employee
stock option is embedded with a continuous reset period,
it is called the window reset option. However, there are
few studies about pricing continuous reset options since
there is no closed-form exact solution for the valuation of
window reset options. Liao and Wang [6] formulated the
price of a continuous reset option to be equal to the dif-
ference between the prices of a down-and-out barrier
option with an original strike price and a down-and-in
barrier option with a reset strike price. Their method
can’t solve the valuation of window reset options, since
the method is useful only when the end of reset date is
the maturity of the contract.

Our contribution of this study is that we proposed an
accurate and simple method to formulate window reset
option as the solution to a boundary value problem of the
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Black-Scholes PDE. The problem was simplified into an
initial-boundary value problem of a heat equation. The
solution could be represented explicitly via a boundary
integral representation [9]. Additionally, if we change the
reset clauses to a barrier condition, the method can also
apply to solve window barrier options [10]. Finally, the
numerical integration is employed to calculate the option
price. An example of a window reset option is presented
to demonstrate the influence of different levels of stock
volatility on option prices.

The rest of this paper is organized as follows. The win-
dow reset option is detailed in Section 2. In Section 3, we
formulate the mathematical model, while in Section 4,
we transform it into a boundary value problem of the
heat equation. The boundary integral representation of
the solution is then obtained. Next, in Section 5 we pre-
sent a numerical example. Finally, in the last section
there are conclusions and discussions.

2. Window Reset Options

A window reset option is a reset option with a partial
continuous reset window. The strike price of a window
reset option is reset to a new level if the price of under-
lying asset is below the threshold at a pre-specific period.
This period is called the reset window. The path of stock
value will determine the strike price of the option. In this
article, the period, the strike price and the reset level are
denoted by [#,,4,], E and «aE respectively. The reset
price is assumed to be the same as the reset level. There-
fore, at expiration T, the option price C(s,T) is

s—E", if s>E"

C(s,T):{ Q)

0, ifs<E

E, ifs>aFE forallte(t,t)

where E" = . .
aE, if s<aE forsomete(t,t)

3. Mathematical Modéel

In this section, we establish the mathematical model for a
window reset option. Under the Black-Scholes [2] eco-
nomy assumptions, when the stock price, s, follows a
geometric Brown motion, the price of the option, C, must
satisfy the Black-Scholes PDE as follows:

%O'ZSZCSS +rsC +C, =r,C 2)

where o is the stock’s volatility, 7, is the risk-free in-
terest rate, and ¢ is the time.

At the end of the reset window, the strike price is de-
termined. Thus, by the Black-Scholes formula, the price
has to be

C(s,t)=sN(d,)-Ee""N(d,), for s >aE (3)
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where N(.) is the standard normal cumulative distribution
function,

2
ln(;j+(rf—62j(T—t)
d, = , dy=d —oT—1.
O'\/T—t

Let Cy(s,f) denote the option price with strike £ and
Cy(s,f) with strike a E . Then the formulae for Ci(s,) and
Cy(s,?) are as follows:

G (s.1)=sN(d)-E""IN(d,) (&)

ln(2)+(rf —o;](T—t)

G\/T—t

where d,, =

d,=d,—oNT—t.

G (S»t) = SN(dzl)_aEeirf”(Tit)N(dﬂ) ®)

o 2 -2 )i

where d,, = )

dy, =d,,—oNT—t.

During the reset window, if the stock price has
touched the reset level, the strike price is reset to aF
and never changes until expiration. In this situation, the
option price can be expressed by the Black-Scholes for-
mula, i.e. C(s,f) = Cy(s,f). Thus, we only need to evaluate
the option price C(s,f) before the stock price touches the
reset level during the window. The option price C(s,f)
fulfills the Black-Sholes Equation (2). When the stock
price touches the reset level, the price C(s,¢) = Cy(s,f) . If
the stock prices do not touch the reset level through the
window, at the end of the window, the price has to be
Ci(s,). Therefore

C(aE,t)=C,(aE,t)=C,(t),t €(t,.1,), (6)

B

and
C(s,tl)zCl(s,tl)zCO(s),s>aE @)

In the domain of s>aF and te(f,,t ). Equation (2)
is the PDE, Formula (6) is the boundary condition and
Formula (7) is the initial condition.

4. Variables Transformation and I ntegral
Representation

In this section, we employ a variables transformation to
simplify the boundary value problem established in the
last section. After the variables transformation as in Equ-
ation (8), the Black -Scholes PDE will be simplified into
the homogeneous heat equation as Equation (9), and the
time variables, #,, ¢, and T will be transformed into time
to maturity as z,, 7,,and0.
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Let

r=T-t

0_2
lens+[rf—7 T (®)

u(x(s),r) =¢""C(s,T-7)

The Black-Scholes PDE becomes

02
N uXX = uT
2
The boundary condition becomes:

u(B(z'),T): C, (T—r)-erf’r,

®

2

where B(7)= ln(aE)+[rf —%)r, 7, <r<7,.
The initial condition becomes

02 T
u(x,rl)zCo[ex (rf z)lj-e’f'” , for

2
x> ln(aE)+(1ff —%Jrl .

The transformed boundary value problem is an initial-
boundary value problem of the heat equation. The solu-
tion to the problem can be represented by Shen and
Wang [9].

Let u,(7)=C,(T-7)-¢"",

u('anTo):_%2.[:]f(T)G(B(Z‘)’z';xO’TO)dT
+%.[rrloub(T)Gx(B(T)aT;xo,To)dr (10)
+L’0uh(r)G(B(T),T;xO,TO)B’(z—)dr

+J-B(Tl)”0 (x)G(x,7,5%),7, ) dx

2
where B(r):ln(aE)+[r/- —%jr, 7, <7<7,.

The function G(.) is a fundamental solution of the heat
equation. The formula (10) is called the integral repre-
sentation of the heat equation. There exists a fundamental
solution G such that G is banished on the boundary
B(7), ie. G(B(r),r;)_c,z_')zo. The fundamental solu-
tion G is called Green’s function with boundary B(7).
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(x—2b + )_c)2
— expl:—m+ a]}

where b, is the transformed reset threshold at 7,

2[0 —O;j(bl -x)

2
blzln(aE)+(rf—%J?, o= 5
: o

H(7,—7) is the Heaviside step function and is defined
in Equation (12).
I, ifr,-720
H(ry—7)=1" 0 12
(70-7) {0, if 7,-7<0 (12)
The partial derivative of the Green function about the
variable x is as follows.

G, (x,7;%,7)

=%{ex{_ 2?(21)}(“;(_:)J

2|2
(x—2b1+x)2+ (r,

267 (?—z’) o’

()

When we use the characteristics of the Green function
at the boundary condition, we can further simplify the
integral representation (10) to equation (14). Therefore,
we substitute Green’s function with boundaryB(z') into
the integral representation (10), and the integral repre-
sentation is as follows.

+exp| —

©

u(f,?) = .[B(T )uo (x)G(x,rl;)?,?)dx
s (14)
+%J:| u, (z’)G)C (B(T),T;f,?)dr

2

where B(r)zln(aE)+(r/.—%Jr, r,<r<z,, and

7 e[7,,7,]. The solution u is expressed explicitly in
formula (14).

The first term of Equation (14) is the contribution of
initial data, and it can be calculated easily via Simpson’s
rule. The second term of Equation (14) is the contribu-
tion of boundary data, and we use the Gaussian quadra-
ture', which is a simile accurate method to approach the

'David Kincaid and Ward Chency [11], “Numerical Analysis,” Brooks/
Code Publishing Company, Pacific Grove, p. 460.
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solution of the integration, to calculate it as follows:
J:uh (B(r),z') G, (B(r),r;f,?)dr

) ;ub (é)j::([:r)m G, (B(T)sT;f,f)dr

(15)
T-1 At .
where Az = , h=—, &=1,+(i-05)A7r ,

i=12,---,n.
Thus, we obtain the transformed valuation of window
reset option, u(x,,7, ). The option price is

C(So’to):”(XOvTO)'e_rﬂo (16)

5. Numerical Example

Considering a window reset option, the original strike
price E = 100, the reset rate a =90%, the risk-free rate
ry=0.02. Option life begins at time . The reset period is
the interval [#, #], t; = t, + 0.25 year. The time to matur-
ity of the contract is 7= ¢, + 1 year. The accuracy, calcu-
lation time and numerical orders of option price with
respect to the volatilities 0.25, 0.5 and 0.75 are showed in
Table 1-3. The integration results would be accurate at
least to the fourth decimal place in all tables. If we dou-
ble the partition numbers, the calculation time increases
around four folds. It shows that our method is useful to
price the window reset option.

On the other hand, we compare the valuation of win-
dow reset option with different volatility to vanilla option
in Figures 1-3. The value of a window reset option in-
creases with the current stock price. Figure 4 presents
the differences between the value of a vanilla option and
a window reset option with stock volatility 0.25, 0.5,
0.75 respectively. We can tell that the difference is sig-
nificant when the volatility of stock price is at a low level
and the current stock price is close to the reset threshold
aE , 90. When the volatility of stock price is low, the
difference curve varies violently and decreases quickly to

2
where 7, =T-t, and x, =1n(s0)+[rf —%]TO.
zero in Figure 4.

Table 1. The accuracy of the option pricing with the volatility 0.25.

Partition Number of x Partition Number of 7 Option Price Calculation Time (s) Numerical Order

64 512 12.4423302951149 0.000 3.9551
128 1024 12.4423213941089 0.062 3.8256
256 2048 12.4423208239143 0.218 3.4641
512 4096 12.4423207845684 0.921 2.8854
1024 8192 12.4423207811784 3.978 2.6252
2048 16384 12.4423207807338 15.558 *
4096 32768 12.4423207806478 60.057 *

Note: The current stock price Sp = 100, the original strike price £ = 100; the reset rate a = 90%; the risk-free rate ry= 0.02; option life begins at time #y; the reset
window is from # to #; = #, + 0.25; time to maturity 7= ¢+ 1.

Table 2. The accuracy of the option pricing with the volatility 0.5.

Partition Number of x Partition Number of 7 Option Price Calculation Time (s) Numerical Order
64 512 23.1489383687899 0.015 3.9807
128 1024 23.1489197908478 0.047 3.9125
256 2048 23.1489186179280 0.265 3.6968
512 4096 23.1489185409322 1.186 3.2252
1024 8192 23.1489185351864 4.695 2.8503
2048 16384 23.1489185345938 17.318 *
4096 32768 23.1489185344984 71911 *

Note: The current stock price Sy = 100, the original strike price £ = 100; the reset rate a = 90%; the risk-free rate = 0.02; option life begins at time #; the reset
window is from 7 to #; = #p + 0.25; time to maturity 7= ¢+ 1.
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Table 3. The accuracy of the option pricing with the volatility 0.75.

Partition Number of x

Partition Number of 7

Option Price

Calculation Time (s)

Numerical Order

64 512 32.6615235692113 0.000
128 1024 32.6614991873055 0.062
256 2048 32.6614976653689 0.281
512 4096 32.6614975675389 1.284
1024 8192 32.6614975607290 4.976
2048 16384 32.6614975601293 18.814
4096 32768 32.6614975600482 80.230

3.9985
3.9496
3.8135
3.4598
3.0694

*

*

Note: the current stock price Sy = 100, the original strike price £ = 100; the reset rate a = 90%; the risk-free rate ry= 0.02; option life begins at time #y; the reset

window is from # to #; = #, + 0.25; time to maturity 7= ¢+ 1.
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Figure 1. The valuation of a vanilla option and window reset option with a stock volatility 0.25 under different stock prices.
Note: The original strike price E = 100; the reset rate & = 90%; the risk-free rate r, = 0.02; option life begins at time #,, the

reset window isfrom #yto ¢, =t + 0.25; timeto maturity T=1¢,+ 1.
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Figure 2. The valuation of the vanilla option and window reset option with a stock volatility 0.5 under different stock prices.
Note: The original strike price E = 100; the reset rate a = 90%; the risk-free rate r, = 0.02; option life begins at time #,, the

reset window isfrom #yto #; =t + 0.25; timeto maturity T=1¢, + 1.

Copyright © 2013 SciRes.

JMF



Y.-L. HSIAO 101

110 T T T T
100+

90

(=) - o)
(= (=] (=)
T T T

Option Price

W

(=]
T

\

N,

40}

30—

Window Reset Option
— — Vanilla

1 L

20 I ! 1
90 100 110 120 130
The Current Stock Price

I I I
140 150 160 170 180 190

Figure 3. The valuation of the vanilla option and window reset option with a stock volatility 0.75 under different stock prices.
Note: the original strike price E = 100; the reset rate & = 90%; the risk-free rate r, = 0.02; option life begins at time #,, the
reset window isfrom ¢y to ¢, =t + 0.25; timeto maturity T=1¢,+ 1.
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Figure 4. The difference between a vanilla option and window reset option with stock volatility 0.25, 0.5, 0.75 under different
stock prices. Note: the original strike price E = 100; the reset rate a = 90%; the risk-free rate r, = 0.02; option life begins at
timety; thereset window isfrom #yto ¢, = #, + 0.25; timeto maturity T =1, + 1.

6. Conclusions and Discussions

Emerging derivatives are more and more popular in re-
cent years. In this paper, we focus on the valuation of a
window reset option which is a kind of reset options with
continuous reset constraints. The issue is very important
for applying to employee stock options in finance or re-
servation options on truck-only toll lanes in traffic man-
agement. Our contribution of this study is that we pro-

Copyright © 2013 SciRes.

posed an accurate and simple method to price window
reset options. We use the efficient integral representation
of PDE to present the valuation of window reset option
and use the numerical method, Simpson’s rule and Gauss
integral method, to calculate it.

Our pricing method is useful to obtain accurate nu-
merical results fast. The difference between a vanilla
option and a window reset option is significant when the
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stock volatility is at a low level and the current stock
price is close to the reset threshold. In our numerical
example, when the current stock price is about more than
twofolds standard deviations, the price of window reset
option is close to the value of vanilla option. The nu-
merical result is related to the reset period and the vola-
tility of stock price, since a short reset period or a low
level of stock volatility will decrease the effect of the
reset constraints. Therefore, the price difference volati-
lizes when the stock volatility is at a low level as shown
in Figure 4.
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