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ABSTRACT

Let G=(V, E) be a simple graph. A set Sc V is a dominating set of G, if every vertex in V-Sis adjacent to at least one
vertex in S Let Pn2 be the square of the Path P, and let D(PnQ,i) denote the family of all dominating sets of Pn2

n

with cardinality i. Let d(Pnz,i) = ‘D(Pnz,i)‘ . In this paper, we obtain a recursive formula for d (Pnz,i). Using this re-

cursive formula, we construct the polynomial, D ( F’n2 , X) = Zn {
i=|

P’ and obtain some properties of this polynomial.

n

1d (Pn2 N ) X', which we call domination polynomial of
5

K eywords. Domination Set; Domination Number; Domination Polynomials

1. Introduction

Let G =(V, E) be a simple graph of order |V| = n. For any
vertex V € V, the open neighbourhood of v is the set
N(v)={ueV/uveE} and the closed neighbourhood
of vis the set N [V] = N(V)U{V} . For aset Sc V, the

open neighbourhood of Sis N(S)=U, _(N(v) and the
closed neighbourhood of Sis N[S]=N(S)US. A set S

c Vis a dominating set of G, if N[S] =V, or equivalently,
every vertex in V-Sis adjacent to at least one vertex in S
The domination number of a graph G is defined as the
minimum size of a dominating set of vertices in G and it
is denoted as 7(G) . A simple path is a path in which all
its internal vertices have degree two, and the end vertices
have degree one and is denoted by P, .

Definition 1.1.: Let D(G,i) be the family of domi-
nating sets of a graph G with Cardinality i and let

d(G.i)=|D(G.i)

Then the domination polynomial D(G, X) of G is
defined as

D(G.x)=Y%) d(G.i)x .

where y(G) is the domination number of G.
Result 1.2. [1]: If a graph G consists of m components
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G, ,G,, then
D(G,x)=D(G;,x)--D(G,,x).
Result 1.3. [1]: Let G, and G, be graphs of order
n and n, respectively. Then
D(G v Gy, x) = ((1+ )" ~1)((1+%)™ -1]
+D(G,,x)+D(G,,X).
Result 1.4, [1]: Let G be a bipartite graph with biparti-
tion (X,Y). Then G contains a matching that saturates

every vertex in X if and only if for all Sc V| N (S)| >|g.
Result 1.5. [1]: Let G be a graph of order n. Then for

every 0<i Sg,wehave d(G,i)<d(G,i+1).

Result 1.6. [1]:
7(GoK,)=n.

Result 1.7. [1]: For any graph G of order n and
n<m<2n, we have

d(Go Kl,m):[mrl njzmm.

Hence D(GoK,,x)=x"(x+2)".

Definition 1.8: The Square of a graph with the same
set of vertices as G and an edge between two vertices if

For any graph G of order n,
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and only if there is a path of length at most 2 between
them. The second power of a graph is also called its
Square.

Let P’ be the square of the path P, (2nd power )with

n vertices. Let D(Pnz,i) be the family of dominating
sets of the graph P} with cardinality i and let

d(Pf,i):‘D(Pnz,i)‘ .
We call the polynomial

D(Fﬁ,x)zzi”ﬂd(az,i)x‘

5

the domination polynomial of the graph P [2].

In the next section, we construct the families of the
dominating sets of the square of paths by recursive
method.

As usual we use LXJ for the largest integer less than

or equal to X and [x—| for the smallest integer greater
than or equal to X. Also, we denote the set {1,2,'--,n}
by [n], throughout this paper.

2. Main Result

Let D(Pnz,i) be the family of dominating sets of P’
with cardinality i. We investigate the dominating sets of
P’>. We need the following lemma to prove our main
results in this section.

Lemma 2.1. [3]: )/(Pnz):[g—‘ By Lemma 2.1 and
the definition of domination number, one has the follow-
ing Lemma:

Lemma 2.2. D(Pnz,i):d) if and only if i>n or

i< [g—‘ . A simple path is a path in which all its internal

vertices have degree two, and the end vertices have de-
gree one. The following Lemma follows from observa-
tion [2].

Lemma 2.3. [2]: If a graph G contains a simple path
of length 5k — 1, then every dominating set of G must
contain at least K vertices of the path.

In order to find a dominating set of P;, with cardinal-
ity i, we only need to consider

D(P?,.i-1), D(R,.i-1),
D(P?,.i-1), D(R,.i-1)
and D(Pn{ 5ol —1) . The families of these dominating sets
can be empty or otherwise. Thus, we have eight combi-
nations, whether these five families are empty or not.

Two of these combinations are not possible (Lemma
2.5(1), & (ii)). Also, the combination that

D(P,.i~1)=D(RL,.i~1)=D(Rl,,i-1)=®
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D(RL.,

i-1)=D(P/,.i-1)=®

does not need to be considered because it implies that
D(Pnz,i) =® (See Lemma 2.5 (iii)). Thus we only need
to consider five combinations or cases. We consider
those cases in Theorem 2.7.

Lemma 24.: If Ye D(Pi(,,i —1), and there exists X

€ [n] such that YU{X}e D(Pnz,i),then
YeD(R,.i-1).
Proof: Suppose that Y ¢ D(Pnz_s,i—l). Since
YeD(IDH{G,i—l),

Y contains at least one vertex labeled n — 6, n — 7 or
n-_§.

If n-6€Y, then YeD(P’,,i —1), a contradiction.
Hence n — 7 or n — 8 € Y, but then in this case,
YU{x}¢D ( P ) , for any Xe [n], also a contradiction.

Lemma2.5.:

1) If
D(P,.i-1)=D(P:.i-1)=a
then
D(R,.i-1)=a
2) If
D(R}i~1)#®, D(Ri-1)®
then
D(Rf,z,i—l)qtd),
3)If
D(P.i-1)=®, D(PL.i-1)=a,
D(P,,i-1)=®, D(P,.i-1)=0,
D(P?s.i—1)=®,then D(R},i)=®
Pr oof:

1) Since D(P?,,i~1)=D(P’,.i-1)=®, by Lemma
22, i-1>n-1 (or) i—1< nT_f‘ In either case, we

have D(R7,,i-1)=® .
2) Suppose that D ( P, 1) =®d , soby Lemma 2.2,

wehave i—1>n-2 or i—1-<[n%2—‘ If i-1=n-2,

then i—1>n-3. Therefore D(Pn2_3,i —1) =®, a con-
tradiction.

3) Suppose that D(P.,i)=® , Let YeD(R.,i).
Thus, at least one vertex labeled norn—1orn—2isin Y.

If n € Y, then by Lemma (2.3), at least one vertex labeled
n-1,n-2,n-3,n-4orn-5isinY.Ifn—-1 e Yor
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n-2eY,then Y-{n}e D(PH{I,i —1) , a contradiction.
Ifn—3 e Y, then Y-{n}e D(Pnz_z,i—l), a contra-

diction. Now, suppose that n — 1 € Y. Then, by Lemma
2.3, at least one vertex labeledn—2,n—3,n—4,n—5or
n—-6isinY.Ifn-2 e Yorn-3 €Y, then

Y—{n—l}e D(Piz,l—l) a contradiction. If n—-4 € Y,
then Y—{n-1}e D(F{;,i—1),acontradiction.

Ifn-5eY,then Y-{n-1}eD(R/,,i-1), a con-
tradiction

Ifn—-6 e Y, then Y—{n—l}eD(Pnis,u
tradiction. Therefore, D ( P ) =d

Lanma26;H‘D(ﬁJ)¢®,ﬂmn

1) D(R?,.i-1)=D(R,.i-1)=D(R,.i-1)
=D(R/,i-1)=® and D(R/,,i~1)#® ifand only
ifn=5kand i =k forsomek € N;

2) D(Rl,.i-1)=D(Rl,.i-1)=D(R,.i-1)
=D(P’,,i-1)=@ then D(P?,,i~1)#® ifand only
ifi=n;

3) D(R,.i
D(P7.i
D(P? .
:[5I<T+2—‘ for some keN;

—1), a con-

~1)=®, D(R,.,i-1)=®,
)¢<I) D(P2 )¢CD
—1)¢<D,1fand0nly1fn:5k+2and

4) D(Rl,i-1)=®, D(R,,i-1)=®,
D(R.i-1)=®, D(R,.i-1)#®,and
D(P?,.i-1)=a ifand onlyifi=n-3.
5) D(R.i-1)=®, D(R’
D(R,i-1)=®, D(R.,,i
D(P’s.i-1)=® ifand only if

{n—_l—‘+1§i£n—4.
5

2,i—l);at(lb,
—1)¢®,and

Proof:
D)
Since
D(R:,i-1)=D(RL. >
=D(RL,i-1)=D(RL,i-1)=0
by Lemma 2.2,

i—-1>=n-1 or i—1<{n%2—‘

If i-1>n-1, then i>n and by Lemma 2.2,
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D ( Pn2 i ) = ®, a contradiction.

So i<{n%2—‘+l, and since D(Pnz,i);tCD , we have

5
for some ke N.

(<) If n= 5k and i = k for some keN, then by Lemma
2.2,

{E—‘ <i< ’7%2—‘ +1, which implies that n = 5k and i = k

D(R?,.i-1)=D(R},.i-1)
=D(P2,,i-1)=D(PZ,.i-1)=a

and D(PQS,'
2) (=) Since
D(P?,.i-1)=D(R},.i-1)

=D(RL.i-1)=D(RLi-1)=0

by Lemma 2.2,

i-1>=n-2 or|—1<{n531

i—1-<’7n—_3-‘ then |—1-<[n 1—‘
5 5

and hence D(F’nz_Q,i—l =&, a contradiction.
So i—1>=n-2.Also, D(Rf_l,l—l);eq).

Therefore i>n. But i<n.

);td)

If

Therefore i>n-1.
Hence i =n.
(<) Ifi =n, then by lemma 2.2,

D(R?,.i-1)=D(R?,.i-1)
=D(R,.,i-1)=D(Rl,,i-1)=@
then D(P,,i-1)=®d.
3) (=) Since D(Pn{I,i 1)=®, by Lemma 2.2,
{n—l
i—1>n-1 or i—-1< .
5
If i-1>n-1,then i—-1>n-2,by Lemma 2.2,
D(P?,.i~1)=D(Rl,.i-1)
_D(Pan-_) D(Pnzs». ):CD,
a contradiction.

Therefore i-<{nT_l—‘+l.
But i—lz{ngz—‘ because D(P = 1)¢CD.

Therefore i > {n%z—‘ +1.
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Hence, P‘;z—‘ﬂsi <(n—_1—‘+1.
5 5

This holds only if n= 5k + 2 and
i=k+1={5k+2w,
5

for some k € N.
Sk+2

(<) Ifn=5k+ 2 and i:{ -‘ for some k € N,

then by Lemma 2.2,

D(Pnil,i—l):cb, D(F;{z,u—l);eq),
D(F{f3, —1)¢q>, D(Pn2_4,i—1)¢cp

and

D(Rs.i-1)=®.

4) (=) Since D(Rl,,i-1

i—-1>n-5 or|—1<{n55w

Since D(Ff12_2,i —1) #® by Lemma 2.2,

P‘;ﬂﬂgiSn—l.
5

Therefore i_l<[nT_5—I is not possible. Therefore

) =@, by Lemma 2.2,

i—1>=n-5.Therefore i =n—-4.
Therefore i >n-3.
Since D(F>n2_3,i—1)=cp, i—1<n—4.
Therefore i <n-3.Hence i=n-3.
(<)if i=n-3 then
By Lemma 2.2,

D(F;{l,i—l);tcb, D(Pniz,u—l);tq),
D(Pn23, —1)=q>, D(Pn2_4,|—1)¢CD
and
D(R,.i-1)=.
5) (=) Since D(Rl,.i-1)=®, D(P,.,i-1)%®
D(Pn23,' 1);&(1) and D(F’rI 5,I—l): , then by ap-

plying Lemma (2.2),

{n 1W<|—1<n 1, {n;ﬂsi—lsn—z,
5 5

[n—_ﬂsi—lsn—& P‘—_ﬂsi—lsn%
5 5

and
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So

and hence (nTl—|+1 <i<n-4.

(o) If ’V s 1—‘+1 <i<n-4, then the result follows

from Lemma 2.2.

Theorem 2.7.: For every n>6 and iz[ﬂ,

1) If
D(P?,.i—1)=D(R.,.i-1)
=D(R,,i-1)=D(R,,i-1)=@
and
D(Rl,.i-1)=®
then
D(R?.i)={{3.8-.,n-7,n-2}}.
2) If
D(PR?,.i-1)=D(R7.i-1)
=D(R?,.i-1)=D(R’.i-1)=
and
D(R,,i-1)=®
then
D(Rri) ={[nl}-
3)If
D(R,i-1)=®, D(R,.i-1)=®,
D(R.i-1)=®, D(R,.i-1)=®
and
D(R,.i-1)#®
then
D(R1)
={{3.8,---,n-4,n-2}, X, U{n}, X, U{n-1},

X, U{n-2} /x eD(R2,.i-1), @1

X, eD(Pn24,'—1),X3eD(Pn2_5,i—l)}
4)1f D(R,,i-1)=®, D(R,,i-1)=®

D(R,i-1)= @,
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then

D(P2i)={[n]-{x}, x<[n]}.

D(R.i-1)=®, D(P,.i

n

then

D(R2i)={X U{n}, X, U{n-1}, X, Uf

{{H—Z}U(X4—X3)},{{H}U(X4ﬂX3)},{{H—I}U(X5—X4),/X4 eD I:)nzwl

Proof:
1) Since

o(Fi1)-0(F2i-)
D(R2i-1)= (R 1)=0

P2
and D(Pns, );tCD by Lemma 2.6 i) n= 5k, and i =
k for some k € N.

n
Clearly the set {3,8,---,n—7,n—2} has S elements.

By the definition of P’, 3 has joining with 1, 2, 4, 5,
and 8 has joining with 6, 7, 9, 10. Therefore 3 and 8 cov-

ers all the vertices up to10for n = 10. Proceeding like this,

we obtain that {3,8,---,n—7,n—-2} covers all Vertices
. .. n
up to n. The other sets with cardinality 3 are

{2,7,12,'--,n—3} , {4,9,--~,n—1} etc. In the first set,
n-3 does not cover the vertex N. The second set does
not cover the vertex land so on.

Therefore {3,8,--~,n—7, n—2} is the only dominat-

ing set of cardinality 2:k:i.

2) We have
D(R% )=D(Pﬁz'1)
=D(Rui-1)=D(Ri-1)=

{{3.8--5k=2,5k+1}, X, U{n}, X, U{n-
X, eD(Rl,,i-1),X, e D(Rl5i-1)}

Now let Y e D(I:’52k+2,k+l). Then 5k + 2, or 5k + 1 is
in Y. If 5k + 2 €Y, then by Lemma 3, at least one vertex
labeled 5k + 1, 5kor 5k—1isin Y. If 5k+ 1 or 5kisin Y,
then

Y —{5k+2} e D(Py.,.k).
a contradiction; because D ( P k) =0,

Hence 5Sk—1 € Y,5k ¢ Yand 5k+1 ¢ Y.
Therefore, Y = X U{5k+2} forsome X e D(Pﬁk,k);
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~1)=®, D(P,

nZ/XeDP

5)If

n

D(R.i-1)=®, D(R.,.i

,i—1)¢<D

i-1).X, e D(R2,.i-1),X,eD(R,.i-1),
i-1),X; e D(Rl,,i-
and
D(R.i-1)= .

By Lemma 2.6 (ii), we have i =n. So,

D (1) = [}

3) We have
D(Pnzl,'— )=0, D(R,.i-1)z®,
D(R’.i-1)=®, D(R,.i-1)%®
and
D(F{fs, 1)¢c1>.

By Lemma 2.6 (iii), n = 5k + 2 and

:Fk+2—‘:k+l
5

X ={3,8,,5k=2} e D(P}.k),

for some k € N.
Since

XU{5k+2} e D(Pi,,k+1).
Also, if X e D(P;.;.k) then
X U{5k+1} € D(Py.,.k+1)

Therefore, we have

1}, X, U n—2/XleD P2,.i-1),
( k+2,k+1)

that is Y = {3,

~1)#=®,

2.2)

2.3)

8,-+-,5k—2,5k+1} . Now suppose that 5k

+1 eYand 5k+2 ¢ Y. By Lemma 2.3 at least one vertex

labeled 5k, 5Sk—1 or 5k—2 is in Y. If 5k € Y then
-,5k-2},

—{sk+1} e D(R;.k)={3.8,

a contradiction because 5k ¢ Xforall X e D( PL, k) .

Therefore 5k— 1, or 5k—2 is in Y, but 5kegV.

Thus Y =XU{5k+1} for some XeD(Pszkwk).

So
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D(Psimkﬂ)g{{3,8,---,5k—2,5k+1},X1 U{n}, X, U{n-1},X,U{n-2}/X, e D(RZ,,i-1),

(2.4)

X, eD(P2,.i-1), X, e D(P.i —1)} < D(P.,.k+1)

From (2.3) and (2.4),

D(Pnz,i)={{3,8,---,n—4,n—2},

X, U{n}, X, U{n-1}, X,U{n-2}/X, € D(RZ,,i-1), X, e D(R? .i-1), X, D(Pnis,i—l)}.

4)1f
D(R,.i-1)=0,

n

D(R,.i-1)=®,

n

D(R,i-1)= @,
by Lemma 2.6 (iv) i =n—1.

Therefore D(Pnz,i)z{[n]—{x} Xe[n]}.

5) D(Rl.i-1)=®, D(R,.i-1)=®,
D(R,.i-1)=®, D(R,.i-1)#,
D(F>n2_5,i—1)¢q>.

Let X, eD(F{f_z,i—l), so at least one vertex labeled
n—-I,n-2orn-3isin X;. Ifn—-1,n-2o0rn-3 eX
then

X,U{n} e D(R..i).

{X,Ufn} X, Ufn-1}, X, U{n-2}/X, e D(R2,,i-1), X, € D(R,.i~1), X; € D(R?,.i -1)|

Let X, e D(Ff12_2,i—1),thennf2ornf3 orn—4is
il’lX2.
Ifn-2,n-3orn—4 € X, then
X,U{n-1}e D(RL.i).

Now let X, e D(R]z_3,i—1 thenn—3,n—4orn-5
isin Xs. Ifn—-3orn—4orn—->5 e X;, then

X,U{n-2} e D(R.i).
Now let X4eD<Pi4,i—l),then n—4,orn—5orn
—61sin X,.
Ifn—4 e X, then X,U{n}eD(P,i).Ifn-5 e X,
then
X,U{n-1}eD(Ri).
Ifn—6 e X, then X,U{n-2}eD(P’,i). Thus we
have

U{{{n—z}u(x4 =X)L NU(X N X)) =11 U(X - X,)} /X, € D(P2,.i-1), X, € D(P2,.i —1)} < D(Pi)

Now suppose that n— 1€ Y, n € Y then by Lemma 2.3,
at least one vertex labeled n—2, n—3orinY.Ifn-2 ¢
Ythen Y =(X,-X;)U{n-2} forsome

X,eD(R,.i-1), X;eD(Rl.i-1) .
Now suppose that, N — 5 €Y & n — 4 € Y, then by

D(pnz,i)g{xlU{n},xzu{n—1},x3U{n—z}/xl eD(R,,i-1),X, € D(RZ,,i-1), X, e D(RZ.i-1)}

U{{{n=2}U(X, = X)L {nfU(X, N X)L {{n-1}U( X, —x4)}/x4 eD(R2,.i-1),X, e D(Rlyi-1)|

From (2.5) & (2.6)

(2.5)
Lemma 2.3 one vertex labeled n—6,n—7,in Y.
Ifn—4 e Y, then Y =(X;-X,)U{n-1} for
X,eD(P,.i-1), X;eD(R,,i-1),
So
(2.6)

D(Ri) ={X Ufn}. X, Ufn=1},X,U{n-2}/X, € D(RLyi ~1). X, € D(P.ui~1). X, € D(RL,i 1)}
U{{{n=21U(X, = X)L {{nfU(X N X)L {{n=1HU(Xs = X,)} /X, € D(R2,.i-1), X € D(RL i -1)}

3. Domination polynomial of P?

Let D(R\Z,X):thd(ﬁf,i)xi be the domination
s

polynomial of a path P;. In this section, we derive the

Copyright © 2013 SciRes.

expression for D ( P, X) :
Theorem 3.1.

a) If D(Pn2 ,i) is the family of dominating sets with

cardinality i of P?, then
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d(R2i)=d(R?,.i—-1)+d(R,.i-1)+d(R.i-1)+d(R7,.i-1)+d(R,.i-1)

where d(Pnz,i)z‘D(Pnz,i)‘.
b) Forevery n>6,

D(R?.x)=X| D(R2,,X)+D(R:,,x)+ D(R2,x)+D (R, )+ D(Rs.X) |

with the initial values

D(Plz,x):x, D(Pzz,x):x2+2x ,

D(Pj,x) =% +3%° +3X,
D(Pf,x): X' +4x +6X7 +2x,
D(Psz,x) =% +5x' +10X" +8%° +X.
Proof:
a) Using (i), (ii), (iii), (iv) and (v) of Theorem 2.7, we
prove (a) part.

1) Suppose (i) of Theorem 2.7 holds.
From (v), we have

D(R2i)={@U{n-1}U(X;) X; eD(Rli-1)}.

Since

5
Therefore, in this case d ( P2i)=d ( P>_i— 1) holds.
2) Suppose (ii) of Theorem 2.7 holds.
From (v), we have

D(Rf,i):{qDU{n}U(Xl) X]eD(Rf_,,i—l)}.
Since D(R?,.i-1)=D(PR7,.i

n-1>" "

D(R?,.i-1)=D(Rl,,i-1)=a
‘D(F;{z,i—l)‘=‘D(F>n{3 |—1)‘=0
ID(RL,.i-1)|=|p(R2s.i-1)=0

Therefore ‘D(ﬂz,i)‘z‘D(Pﬂ{l,i—l)‘
Therefore d(Pnz,i): d(F’nz_1 i —1) :
Therefore, In this case d (Ff,i ) =d (F’nz_1 Ji— 1) holds.

3) Suppose (iii) of Theorem 2.7 holds.
From (v), we have

D(R.i)={oU{n-11U(X,).{n-2}U(X,).U(X, - X;)U{n-2},(X, N X;)U{n},
(xs—x4)u{n—1}/x2 e D(P?,.i-1),X,eD(R.,.i-1),X, e D(R.i—-1)and X, € D(Png,i—l)}'

Since
D(Ry,.i-1)=®, [D(R?,.i-1)=0.
Therefore
D(R.i)|=[p(Re. i~ 1| Ulp (Rl -1)
ulp (R, i-1|ulp(Rs.i-1)

Therefore
d(R7i)=d(R,.i-1)
+d (P2 ,i-1)+d(R7,.i-1).

+d(P2,i-1).

4) Suppose (v) of Theorem 2.7 holds.
From (v), we have

D(Pnz,i):{{n}U(Xl),{n—l}U(Xz),{n—Z}U(X3),U(X4 —X3)U{n—2},(X4ﬂ X3)U{n}’
(X, —X4)U{n—1}/xl eD(P?,.i-1). X, e D(R,.i-1),X; € D(R!,.i-1),

X, eD(R.,i-1)and X; e D(RZ,,i-1)}.

Therefore
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‘D(Fﬁ,i)‘:‘D(Pn{l,i—1)‘U‘D(Pn{2,i —1)‘U‘D(Pn{3,i—1)‘U‘D(Pn{4,i —1)‘U‘D(Pn{5,i—1)‘,
Therefore

Sd(R,i)=d(R,,i-1)+d(RZ,,i—1)+d(R,,i—1)+d(R,.i-1)+d(Rl,,i-1).

Therefore, we have the theorem.

b)
d(Ri)X =d(R?,,i—1)X +d(R7,.i—1)X +d(P,,i—1)x +d(R.,,i—-1)X +d(Rl,,i-1)X
Td(RLi)X =Xd(R,i-1)X +Xd(R7,.,i-1)X +Xd(P.i- 1)x+Zd(F;f4i )X +Xd(Pg,i-1)X
d(P |)x= Zd(P2 i— 1)x'1+x2d(Pn22| 1)x'1+x2d( - 1)
+x2d(F{i4 |—1)x' 1+de( |—1)

Zd(R2i)X =x[Zd(R,.i-1)x + Xd(R2,,i~1)X" + Zd(RZ,,i-1)X”
+Zd<F’n{4,i—l)x"1+Zd<F’n{5,|—1)x"1]
D(R?,x) =X D(R2,,x)+D(R:,,x)+ D(R,X) +D (R, x)+ D(Rls, x) |

with the initial values In 'Ehe following Theorem, we obtain some properties
2 _ 2 W2 of d ijnz,i
D ( R X) =% D ( R X) =X 42X, Theorem 3.2. The following properties hold for the

1

Table1. d(P?.i),thenumber of dominating set of P with

coefficients of D ( P, X)

X +3%° +3%
1) d(Pz,n)zl for every n € N.

D(F,

x)=
(R‘z X)=X T4 +6X° 42X, 2) d Pz,n)zl foreveryne N
(

n

p2
D(R".x

We obtain d(P? i) for 1 <n <10 as shown in Table

n

X +5xX" +10X° +8X° +X. 3) d(P’,n- 1)—n forevery n>2

4) d for every n>3

nC -2 forevery n>4

(
(
(R
5) d(R;.n- 3)
d
(

cardinality i. 6) P’ ,n- 4) Zn 6 forevery n>5
1 2 3 4 s s 1 5 9 10 7) d(P.,, n)=n+1 for every n e N.
Proof
" 1) Since D(P;,,n)={3,8,-+,5k-2}, we have
11 d(P;.n)=1.
PP 2) Since D(P,f,n):{[n]},wehave the result
3003 3 1 3) Since D(Pnz,n—l):{[n]—{x} xa[n]}, we have
4 2 6 4 1 d(R7.n-1)=n
5 1 8 10 5 1 4) By induction on n. The result is true for n= 3.

LHS.=d(P’,1)=3 (from table)

3x2
7 0 8 27 33 21 7 1 R.H.S=( 2 j=3

Therefore, the result is true for n=4.
9 0 3 37 93 114 8 36 9 1 Now suppose that the result is true for all numbers less
than “n” and we prove it for n.

10 0 1 34 126 206 196 118 45 10 1
By Theorem 3.1,

Copyright © 2013 SciRes. OJDM



68

A. VIJAYAN, K. L. GIPSON

5) By induction on n. The result is true for n = 4.

d(R’.n-2)=d(R,.n-3)+d(R’,,n-3
()l OB e

(850307 03] (B3
— 2 — _
_(n- )( )(n 241 RHS=d(P},1)= 2
Therefore the result is true for n = 1. Now suppose the
_ N’ —3n+2+2n-4+2 _ n’-n _ n(n-1) result is for all natural numbers less than n.
2 2 2 By Theorem 3.1,

d(R7.n=3)=d(R},.n=4)+d(RL;.n-4)+d(R%,.n=4)+d(RL,.n-4)+d(R,.n-4)
)

Lm00e2)03) (000D gy

6
:-[n 1)(n-2)(n-3)+3(n-2)(n-3)+6(n-3)-12+6]

L (n=3)[(n-2)(n+2) +6]-6] =L [(n-3)[r ~4+6] 6]

=%[n3 +2n-3n’ —6—6]=%[n3 -3n? +2n—12]

6) By induction on n. Let n=>5
LHS=d (F’52 ,1) =1 (from table)

R.H.S=n(n_l)(n_z)(n_3)—(2n—6)=M—(2x5—6)=5—4=1
Ix2x3x4 Ix2x3x4

Therefore the result is true for n=1.
Now suppose that the result is true for all natural numbers less than or equal to n.

d(P’.n-4)=d(R?,,n-5)+d(R},.n-5)+d (R}, ,n-5)+d(R’,,n-5)+d(P’,.n-5)
:n(n—l)(n—2)(n—3)(n—4)(2(n_1)_6)+(n—2)(n—3)(n—4)2+(n—3)(n— )+(n—4)+1
24 6 2

:%[(n—l)(“—2)(n—3)(n—4)—12(n—2)(n—3)(n—4)+24(n—4)+4(n—2)(n—3)(n—4)+48n+192—48+24]

=i[(n—z)(n—3)(n—4)[n—1+4]+12(n—4)[n—3+2]—48n+168]

24
=2—14[(n—2)(n—3)(n—4)(n+3)+12(n—4)(n—1)—48n+168]

4[ n-3)(n+3)+12(n-1)-48n+168]]

1 1
:Z[ [ (n*~9)+12n-12-48n]] - 24[(n—4)(n3—9n—2n2+18)—36n+156]

[n4—9n2—2n +18n—4n’ +36n+8n’ +72— 36n+156]=i[n“—6n3+11n2—54n+144]
24

_T_)higc;rgnt]hg;ableitistrue. d( n+1,]+1) d(Pnz,j+1)=d< n’]) d( 5aj)
1 and<R2’ ) ZSnS ( % n— 1) 3) If § = Z H ( n,j), then for every n > 6,
2) For every 12{2—‘, S$=S,+S.,+S.,;+S_,+S,; with initial values S
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=1,5=3,5=7,S=13and §=25.

Pr oof:

> 'd(R.2)=45=5)"" d(P.1)
> d(R k) =Y d(PLk=1)+ > d (P,

=L d(RMKk-1)

We have the result.
2) By Theorem 3.1, We have

d(Rl,.i+1)-d(R,j+1)=d(R}

K=1)+ 3 d (R k=1)+ 3
=53 g (P k- 2)+5Z.k1 (R k= 2)+5Z.k1 (

1) Proof by induction on n
First suppose that n =2 then,

d(R, )+Z.5kd( Yssk=1)

P|23,k 2)+52|k1 (924’k 2)+52|5 (P'25’k 2)

')+d(P21,J)+d<P22, )+d<P23,j)

#d(RL 1)+ d(RY.J)-d(RY. ) -d (R 1) ~d(Rl. 1) ~d(RL. i) -d (R )

d(RZ,.j+1)-d(Rj+1)=d(R.,j)-d(Ps. )

Therefore we have the result
3) By theorem (3.1), we have

sn=Zi“:md(P:,j)
S :Zin_m[d(Pnz—wj‘ )+d(Rl. i~

Zlfy o ey R

5

5

S=S.+S. ""Sn-s +S. +Sq-5-

4. Conclusions

In [2], the domination polynomial of path was studied
and obtained the very important property,

d(P2.i)=d (P2, i-1)+d(P2,.i~1)+d(P?,.i-1).

It is interesting that we have derived an analogues re-
lation for the square of path of the form

d(R7.i)=d(RZ,.i-1)+d(R,.i-1)+d(P,.i-1)
+d(|:,n{4 )+d(Pn25,' )

One can characterise the roots of the polynomial
D ( P2, X) and identify whether they are real or complex.

Copyright © 2013 SciRes.

1)+d(R75, j—1)+d(R2,,

i=1)+d (R, -1

n (R —1)+Z:’h_ld (Rrs —1)+Z.”‘fn1_ld (R i-1)

Another interesting character r to be investigated is
whether D ( P2, X) is log concave are not.
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