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ABSTRACT

In this work, a compact finite-difference time-domain (FDTD) algorithm with a memory-reduced technique is proposed
for the dispersion analysis of rectangular waveguides either fully or partially loaded with longitudinally-magnetized
ferrite. In this algorithm, the divergence theorem is used to eliminate the longitudinal components of the electric and
magnetic flux densities. The mobius transform (MT) technique is applied for the first time to obtain the equations relat-
ing the magnetic field to the magnetic flux density in a ferrite medium. Some examples are presented to validate the
obtained algorithm with numerical results: good agreement is obtained with a significant reduction in the memory space

requirement compared to the conventional algorithm.
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1. Introduction

The compact 2D FDTD method was introduced for the
aim of reducing the computational costs of the conven-
tional 3D FDTD method. It appeared in two versions:
complex [1,2] and real [3]. The later version was intro-
duced to improve the efficiency of first; nevertheless, it
was proved [4] that it does not apply to some cases of
anisotropy.

The compact FDTD method has been applied to iso-
tropic, dispersive [5-7] and leaky media [8-10]. Ferrite-
loaded waveguides have been analyzed by the complex
version in [11]. In [12], it is shown that the real valued
version applies also to ferrite materials. The method is
based on the three fields D, B and H, i.e, nine field
components are involved which requires large memory
space for the storage of all field variables, especially in
the case of a very large structure and a fine mesh.

On the other hand, a memory-efficient FDTD method
was introduced in [13]. In this method, the divergence
theorem is used to eliminate the longitudinal field com-
ponents leading to a significant reduction in memory
space requirements. This approach has been used to im-
prove the efficiency of many other recent FDTD methods
[14,15].

In this paper, the memory reduced technique described
above is used in an attempt to improve the efficiency of
the compact FDTD algorithm applied to rectangular
waveguides loaded either fully or partially with longitu-
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dinally-magnetized ferrite. The linearity of the constitu-
tive relation of these materials in the direction of propa-
gation (which is also the direction of magnetization) al-
lows the elimination of the longitudinal components of
the electric and magnetic flux densities. The mobius
transform technique is applied for the first time in this
paper to obtain the equations relating the magnetic field
to the magnetic flux in the longitudinally-magnetized
ferrite medium using two different approaches. Some
examples are given to validate the obtained algorithm
with numerical results.

2. Derivation

From the curl Maxwell equations we obtain the follow-
ing expressions for the transverse components of the
electric and magnetic flux densities
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where ¢ is the permittivity of the medium.

Two other expressions can be obtained for the longitu-
dinal components from the divergence theorem of a
charge free longitudinally-magnetized ferrite
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Eliminating D, and H, from (1)-(4) using (5) and
(6), we obtain four complex valued equations for the
transverse components
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To transform them to real-valued equations, we intro-
duce a phase shift between the group of TE mode com-
ponents and the group of TM mode components as pro-
posed in [3]; the following equations result
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The goal of the next section is to derive a suitable fi-
nite difference form for these equations. The equations
relating the magnetic field to the magnetic flux density
will be given later in Section 4.

3. Discretization and Boundary Treatment

Let’s take the Equation (13) for the B, component as
an example. To obtain the descretized form of (13) we
start with the descretized form of (3), which is
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Here At and Ay are the time and space increments
respectively.

From the descretized form of (5) we obtain for
D;(i,j) and D] (i,j+1) the expressions
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Substituting (16) and (17) into (15) to eliminate D,,
applying the phase shift between the TE and TM mode
components and after some arrangements we obtain

B (1, 1)= B (1 ])
+S-(D (i, j) - Dy (i, j +1)
+D;(i-1,j+1)-D7(i-1,j)-Dy (i, j+1)
D} (i, j—1)+5Dj (i, }))
(18)
which is the discretized form of (13). Here we have:
s=Ay*f* and S=At/pAy’s.
For a guiding structure with perfectly conducting walls,
the tangential electric and the normal magnetic flux den-
sities are null at these walls. Suppose that the wall is lo-

cated at the cell of index | : since D, (i, j) is null at this
wall, the expression (15) reduces to
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Substituting (17) into (19) we obtain the following ex-
pression
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which is the modified form of (18) at the considered wall.

Similarly we obtain the remaining expressions at the
other walls of the guiding structure.

4. Mobius Transform For mulation

Dispersive media were studied in the 1990°s and many
methods have been presented for the integration of their
characteristics in the FDTD code. The most known
among them are the recursive convolution (RC), the aux-
iliary differential equation (ADE) and the z transform
(ZT).

A new technique was presented by Pereda and his
co-workers in [16]. It consists in writing the frequency-
dependent constitutive relation of the dispersive media in
the Laplace domain then maps it in the z domain using
the mobius transform (MT). This technique was applied
to chiral media in [17]; no application of this technique
to ferrites is reported in literature so far.

In the following, the mobius transform technique is
applied to obtain the equations relating the magnetic field
to the magnetic induction in a ferrite medium following
two different approaches. For the sake of clarity, the spa-
tial indexes i and | are omitted from the expressions
of the fields.

4.1. First Approach

Starting with constitutive relation of the longitudinally-
magnetized ferrite in the frequency domain

B(®)=pu, it(w) H(w) (1)

M, 1s the permeability of vacuum and iz is the Polder
tensor of the ferrite defined as:
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where y is the gyromagnetic ratio of the ferrite; Mg
and H, are magnetization to saturation and the static
applied magnetic field respectively.

Writing the Polder tensor components in the La Place
domain using: —jw — S, we obtain
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The constitutive relation in this case yields for the
transverse components
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To map these equations in the z domain, we use the
mobius transform
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Apply to (29) and (30) the relationz™-F(z) »> F™"
( F denotes any field variable) to get to the sampled time
domain and then separating the unknown entities (H,
and H ;) from the known ones
( HY L HY 2, H)  and H)™ ) , we obtain
Hl
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+f - H) T H T+ HY
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with: f,=2-0,-0,+F,;f,=0,-0,+F;f,=2-0,.

Finally, the magnetic field can be obtained by solving
(33) and (34) for the unknowns Hand HJ
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4.2. Second Approach

Starting with the frequency-dependent constitutive rela-
tions of ferrites

%a)):y(a))-Hx(a))Jrk(a))-Hy(a)) 67
2O o) (@) lo) W (@)

Developing the expression above then using the in-
verse Fourier transform —jw — 0, to get back to the
time domain, we obtain
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In [16], it is shown that the application of the mobius
transform to the frequency-dependent relation of the me-
dium is equivalent to the differentiation of this relation
using the following approximating formulas [16]

m 1 -mcm
athF,uM = 41)

Here F denotes any field component, M the order of
the dispersive medium (equals 2 in our case) and
0<m<2.

Using (41), we obtain the following approximating re-
lations for the zero’th, the first and the second differen-
tiation
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Using these formulas to approximate the time deriva-
tives in (39) and (40) then solving these two equations
for the two unknowns, we obtain the same algorithm
obtained by the first approach.
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5. Numerical Results

To show the validity of the algorithm above, we propose
to calculate the dispersion characteristic of the dominant
mode for the waveguides shown in Figure 1.

The first is a rectangular waveguide of height
a=6.89 mm and width b=3.06 mm, completely-filled
with longitudinally-magnetized ferrite of relative permit-
tivity &, =11 (Figure 1(a)). The static magnetization of
the ferrites 4nM, =1071G and the applied magnetic
field is of strength H, =5000e.

For the simulation of this waveguide, a rough mesh
resolution AX=Ay=0.255mm has been used, i.e.,
27x12 grid points in the X-Yy plane. A Gaussian
pulse was chosen for the excitation. The value of the time
step depends on the chosen value of the phase constant
and the number of time iterations was set at 5000 for
each simulation. The results obtained for the dominant
mode of this waveguide are shown in Figure 2(a); good
agreement with those found in literature [18].

The second is a WR90 rectangular waveguide, par-
tially filled with a symmetric ferrite slab
(H, =0,47M =95.5G) of relative permittivity & =13
and of width w (Figure 1(b)).

Similarly, a uniform grid with the dimensions 45x20
was used for the simulation of this waveguide which
correspond to a grid size AX=Ay=0.508 mm . The
source of excitation was a Gaussian pulse and the num-
ber of time iterations is 9000 for each simulation. The

A

< >

@

+—>
w

(b)

Figure 1. Different longitudinally-magnetized ferrite-loaded
waveguides: (a) Completely-filled waveguide; (b) Partially-
filled waveguide.
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results obtained for the dispersion characteristic of the
dominant mode for two values of the slab width are
shown in Figure 2(b). Phase constant and frequency are
normalized with respect to the vacuum wave number and
the magnetization frequency respectively as described in
[19] and the results obtained are in good agreement with
those presented in the same reference.

A surface plot of the y-component of the electric field
is shown in Figure 2(c). The field distribution of this
field forms one lobe along the X-direction which corre-
spond to the dominant TE10 mode.

The simulations were performed on Pentium III com-
puter using Matlab 7.1.
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A comparison of efficiency in calculating the disper-
sion curve of the dominant mode in the simple structure
of Figure 1(a) between the present method and the nine-
component is shown in Table 1.

As can be seen in the comparative table above, the
time needed for the simulation is practically the same in
the two methods, however, the memory space is reduced
significantly (about 28.57%) in this method compared to
the nine-component one.

In fact, much more efficient compact FDTD methods
have been introduced recently, for instance: a compact
FDTD method based on the alternating direction implicit
(ADI) in which the time step is not limited by the CFL

26
_ 25}
% 2.4}
S 23}
Q

é 22}
821t
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w/a=0.4H

L7 4 45
Normailzed Frequency
(b

Figure 2. Obtained results: (a) Phase constant versus frequency of the dominant mode of the completely-filled waveguide; (b)
Normalized phase constant versus normalized frequency of the dominant mode of the waveguide of Figure 1(b) for two
different values of the ferrite slab width; and (c) Surface plot of the D, component of the dominant mode for the fully filled

waveguide of Figure 1(a).
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Table 1. Comparison of this method and the nine-compo-
nent method.

This 9-Component Method
Memory Space (byte) 25,920 36,288
CPU Time (s) 53 51
Code Complexity Medium Low

criterion was presented in [20,21], a compact pseudo
spectral time domain (PSTD) method in [22] and a com-
pact FDTD method with weighted Laguerre polynomials
in [23,24]. They have been applied to isotropic and ani-
sotropic media; nevertheless, no application of these
methods to anisotropic dispersive media characterized by
a permittivity or permeability tensor with frequency-
dependent components (such as ferrites) has been re-
ported, which make of this work the first to deal with this
issue.

One of the limitations of the method presented here is
that it does not apply to charged media and conductors
because the divergence of the electric flux density is not
null; nevertheless, an extension of this method to include
these media is possible using the same approach pre-
sented in [13].

A null value for the phase constant can not be used
also (Sbecomes singular); nevertheless, a sufficiently-
small value can be used instead. For the waveguide of
Figure 1(a), we have taken B=0.001rad/m for the cal-
culation of the cut-off frequency.

As can be seen in the comparative table above, the
code complexity in this method is slightly increased
compared to the conventional method. This is due to the
boundary treatment of the fields. Consequently, a slight
increase in the computational time results.

6. Conclusions

In this paper, an efficient compact FDTD algorithm was
proposed for the dispersion analysis of waveguides
loaded with longitudinally-magnetized ferrite. The di-
vergence theorem is used to eliminate the longitudinal
field components reducing hence the total number of
field components. The obtained equations for the electric
and magnetic flux densities are suitably descretized and a
correction of the obtained equations at the perfectly con-
ducting walls of the waveguide is given.

The mobius transform technique was applied for the
first time in this paper to obtain the equations relating the
magnetic field to the magnetic flux density following two
different approaches. In the first, the constitutive relation
written in the Laplace domain is mapped in the z domain
using the mobius transform. The obtained equations are
decoupled and the expressions for the transverse mag-
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netic field components are obtained. In the second, the
constitutive relation written in the frequency domain is
transformed to differential equations in the time domain.
The obtained differential equations are discretized using
suitable approximating formulas. Both approaches lead
to the same result.

The algorithm was applied for the calculation of dis-
persion of some rectangular waveguides partially or to-
tally filled with longitudinally-magnetized ferrite. The
obtained numerical results were in good agreement with
those found in the literature and memory space require-
ments are reduced compared with those of the conven-
tional compact FDTD algorithm.
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