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Abstract

In this paper, an SI epidemic model with stage structure is investigated. In this model, impulsive biological
control which release infected pest to the field at a fixed time periodically is considered, and obtained the
sufficient conditions for the global attractivity of pest-extinction periodic solution and permanence of the
system. We also prove that all solutions of the model are uniformly ultimately bounded. The sensitive analy-
sis on the two thresholds and to the changes of the releasing amounts of infected pest is shown by numerical
simulations. Our results provide a reliable tactic basis for the practice of pest management.
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1. Introduction

Pests outbreak often cause serious ecological and eco-
nomic problems, and the warfare between human and
pests has sustained for thousands of years. With the de-
velopment of society and the progress of science and
technology, a great deal of pesticides were used to control
pests, because they can quickly kill a significant portion of
pest population and sometimes provide the only feasible
method for preventing economic loss. However, pesticide
pollution is also recognized as a major health hazard to
human beings and beneficial insects. At present, more and
more people are concerned about the effects of pesticide
residues on human health and on the environment [1].

In natural world, there are many insects whose indi-
vidual members have a life history that takes them
through two stages, larva and mature. Pathogens may not
be effective against laver, that is, the disease only attacks
the susceptible mature pest population. For example,
saltcedar leaf beetle is such a pest. Pest control strategies
have been attracted many experts over the past years.
Recently, stage-structured models have received much
attraction [2,3]. However, the epidemic models with
stage-structure have been seldom studied. Zhang et al. [4]
introduced the pest based on the stage-structure model
which incorporates a discrete delay and pulses in order to
investigate how epidemics influence the pest control
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process. An SI model with impulsive perturbations on
diseased pest and spraying pesticides at fixed moment is
proposed and investigated in [5], which obtained the suf-
ficient conditions of the global attractivity of pest-ex-
tinction periodic solution and permanence of the system.

Incidence plays a very important role in research of
epidemic models, bilinear and standard incidence rates
have been frequently used in classical epidemic models
[6]. Several different incidence rates have been proposed
by researchers. Anderson et al. pointed out that standard
incidence is more suitable than bilinear incidence [7,8].
Levin et al have adopted the incidence form like
BSI P or BSI7 / N [9]. Lindstrom pointed out the crow-
ed incidence AS(r)/(1+aS(t)+bS*(t)) [10]. However
there are seldom authors have concerned the stage-
structured models under the simultaneous effect of dis-
ease and crowed incidence. A stage-structure model with
the crowed incident rate is considered in [11]. According
to the facts of pest management, we take the crowded
effect as the incidence rate. Therefore, in this paper, a
pest management epidemic model which with time delay
and stage-structure is considered.

The present paper is organized as follows. In the next
section, we formulate the pest management model. In
Section 3, some essential lemmas which will be used to
prove our main results are introduced. In Section 4,
global attractivity of the susceptible pest-eradication pe-
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riodic solution and the permanence of the model is ana-
lyzed. In the final section, we present some numerical
simulations to illustrate the results and point out some
future research directions.

with initial conditions

2. Model Formulation

In this paper, we study the pest management epidemic
model:

L'(t)=B(SW)S(1)—yL({t)—e " B(S(t-1))S(t - 1),
I B . PSOI®
S'®)=e”"B(S(t-1))S(t—1) T aS() 16520 nS@), pt#nT, o
I'(t)= M_d](ﬂ’
1+aS(t)+bS*(¢)
Al)=1t")-1()=p, t=nT, neZ,

(0, (), 0,®),0,()) € C;* for te[-7,0], ¢,(0)>0,i=1,2,3,

0.0 = & B(p,(0)p,(0)d0,

where all the coefficients of model (1) are nonnegative
and L(t), S(¢), 1(¢) represent the larva, mature susceptible
and infected pest population at time ¢, respectively. The
model is derived from the following assumptions.

(H,) The death rate of larva population is proportional
to the existing larva population with proportionality con-
stant y , the death rate of mature susceptible and infected
pest population is proportional to the existing mature
susceptible and infected pest population with proportion-
ality constants 7 and d , respectively.

(Hy) Only the susceptible pest population can repro-
duce. B(S) is a birth rate function of the susceptible pest
population for S € (0,00) with B(S) is monotonically
decreasing, ;13010 B(S) = B(w) exists and B(0")>n>

2

& > B(w), where & :%min{n, 7,d} .

(Hs) 7 represents a constant time to maturity, the pro-
duct terme™” B(S(¢ —71))S(¢ — ) describes that immature
pest who were laid at time ¢ — 7 and survive at time ¢ .

(Hy4) The incident rate is the crowded effect.

BS(@)
1+aS()+bS*(t)

(Hs) u 1is the releasing amounts of infected pest at
t=nT,n=1,2,---, and T is the period of the impulsive
effect.

Before going into any detail, we simplify model (1)
and restrict our attention to the following model:

o BSOIM)
S0 =¢ TB(S-e)S(-0) -1 = S ()
SO1(0) (7l 3)
r=—"L3010 4,
1+aS(t)+bS"(¢t)
Al(t)=pu, t=nT.

The initial conditions for (3) are
(2,0, p,(1) € C* = C([-7,0],R}), ,(0)>0, i = 2,3. (4)

3. Some Useful Lemmas

The solution of system (1), denoted by x(¢)=(L(¢),
S(),I(t))" is a piecewise continuous function
x:R, — R, x(¢) is continuous on (nT,(n+1)T),
neZ, andx(nT") = lim x(7) exists. Before demonstra-
ting the main resulfs,"we need to give some lemmas
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which will be used as follows.

Lemma 1. (see [11]). Let (¢,(¢),0,(),,(t)) >0 for
—7<t<0. Then any solution of system (1) is strictly
positive.

Lemma 2. Let the function m e PC'[R",R] satisfies
the inequalities

m'(t) < p(Om@)+q(t), t2t,,t #t,, k=12,---,
m'(&))<d,m(t,)+b,,t =1,

where p, g € PC[R*,R] andd, 20, b, are constants.
Then
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m(e) <m(iy) [T d, exp(f; p(s)ds)

ty <ty <t
t

> [ [T 4 exp( p(s)ds)]nk
to<ty <t\ ty<t;<t 0

+,[,; I1 4 eXp(IjP(G)da)q(s)ds, 121,

s<tp<t

The proof of this lemma is given in [12].

We now show that all solutions of (1) are uniformly
ultimately bounded.

Lemma 3. Any solution (L(2),S(¢),1(¢)) of system
(1) is uniformly ultimately bounded. That is, there exists

ST
a constant M =—=+ #He

el -1

S(t) <M, I(t) <M for sufficiently large ¢.

Proof. Define V(t)=L(t)+S()+1(t). By simple
computation whent # nT, we calculate the derivative of
V along the solution of system (1)

D'V (t)= B(S)S —yL—-nS —dl < B(S)S 28 (L+S+1),

for te(nT,(n+DT).
Then we derive

D'V()+6V <B(S)S-35S, tenT,(n+DT).

>0 such that L(t)<M,

Obviously, from conditions (H,) and (H,), we are easy
to know that there exists a constant A > 0 such that

DV ()+6V <A, tenT,(n+1T),

for n large enough.
When ¢ =nT, we get

V(nT")=VnT)+ .
According to Lemma 2, we derive

VO <V©Oe™ +[ 27 Vds+ Y pe?
0<nT<t
ﬂ, 5T
5 eﬁ T -1
Therefore by the definition of V(¢), we obtain that
each positive solution of system (1) is uniformly ulti-
mately bounded. This completes the proof.
Lemma 4. Consider the following delay differential
equation:

EM as t > o,

xX'() = ayx(t —7) — a,x(2). %)

where a;, a, and 7 are all positive constants and
x(t)>0 for te[-7,0]. We have:

DIf a <a,, then limx(+)=0;

X—>0

2)If a, >a,, then limx(t)=+o.

X—>0

The proof of this lemma is given in [13].
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Lemma 5 (see [11]). Consider the following impul-
sive system:

V'(t) = —dv(t),
v(inT")=v(nT)+ u,

t#nT,

(6)

t=nT, n=12,---,

where d, ¢£>0. Then there exists a unique positive
periodic of system (6)

W)y=ve ", temT,(n+)T], neZ,,
u

l_ede .

which is globally asymptotically stable, where v =

4. Main Results

In this section that follows we determine the global at-
tractivity condition of the susceptible pest-extinction
periodic solution and the permanence of the system (3).

4.1. Global Attractivity of the Susceptible
Pest-Extinction Periodic Solution

Denote
. (B —n)(1+aM +bM*) (e -1)
R é( ) @)
Hp
ST
where M=i+ 'Lfe
T -1

Theorem 1. Let(S(¢),(¢)) be any solution of system
(3), the susceptible pest-extinction periodic solution
(0,1(r)) of (3) is globally attractive provided that
R < 1.

Proof. Since R < 1, we can choose ¢, sufficiently
small such that

e B pe "
B <o o)t ®

Note that I'(t) > —dI(¢), from Lemma 2 and Lemma
5, we have that for the given g, there exists an integer &,
such that for n7T <t<(n+1)T ,n>k

10)>1(0)-¢, > (1”6_0” - 80] 2, ©)

From condition (H;), (3) and (9), we yield

% <B0)e”"S(t-71)

3 B
(l+aM+bM2p+77jS(t)’

for t>nT+7, n>k.
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Consider the following comparison differential system

PO _ goyeye-0)
dt

5 (10)

S 1),

[1+aM+bM2p "Jy()

for t>nT+7, n>k .
- B

From (8), we have B(0)e " <—————p+7.
®) © 1var+o02 "

According to Lemma 4, we have lim y(¢) = 0.
t—oo

By the comparison theorem, we have limsupS(¢) <

t—w

lim y(¢) =0 . Incorporating into the positivity of S(¢),
—x
we know that

limS()=0

—x

Therefore, for any & >0 (sufficiently small), there
exists an integer k, (k,T > kT +7) such that S(¢) <g
forall ¢>k,T .

Form system (3) and Lemma 5, we have

—dI(t) < % <(=d+pe)I).

Then we have z(1)<I(f)<z,(f) and z(t) > I(1),
z,(t) > I(¢) ast— oo, whilez (¢) and z, (¢) are the solu-
tions of

z)(t) = —dz, (1),
2zt =z, @)+ u, t=nT,

z,(07)=1(0"),

t#nT,

and
zy(t) = (—d + Pg)z,(t), t#nT,
2, ) =z,() + 4, t=nT,
z,(07) =1(0"),

pexp((—d + pe )t —nT))

1—exp((—d + pe)T)
<t <(n+1)T . Therefore, for any ¢, >0, there exists an

r nl

respectively, Z,(?) =

integer k;, n > k; such that
I[(t)—¢, <I(t)<Z,(t)+¢&,.for t>nT.

Lete, > 0, we get Z,(¢) > I() Hence I(t)— I(¢)
as ¢ — oo . This completes the proof.

4.2. Permanence

Persistence (or permanence) is an important property of
dynamical systems, in this section, we focus on the per-
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manence of system (3).
Denote

R 2 (B(O)e™ —m)(1— e(ﬁs**‘“T) .
up

where S*=i d+lln 1—L > 0.
s r B(0)e ™ —n

Theorem 2. Suppose R. >1. Then there is a positive
constant ¢ such that each positive solution (S(¢),1(¢))
of (3) satisfies S(¢) > ¢ , for sufficiently large ¢.

Proof. Let (S(¢),1(¢)) be the solution of system (3)
with initial condition (4). Note that the first equation of
(3) can be rewritten as

o ¢ BEOSO-nSO- T
d

EJ.HB(S(H))S(H)dH.

In the following we define:

an

-y

—e

W(t)=S@O)+e [ B(S©O)S©)d0.

Then the derivative of W (¢) with respect to the solu-
tion of system (3) is governed by

aw (. o PL)
d _(e BE@) =7 1+aS(;)+b52(t)]S(t)'

Since R. >1 , we can choose sufficiently small

S*(<%) and & such that

e”B(S*>—n—ﬂ[ z

1— e(ﬁs*-d)r

+§j>0. (12)

We claim that for any ¢, >0, it is impossible that
S(t)<S" for allt>1¢,. Suppose that the claim is not
valid. Then thereisa #, >0 such that S(t)<S" for all
t > t,. It follows from the second equation of system (3)
that for

di(t) BS@)1(1)

di 1+aS(t)+bS* (1)

Consider the comparison impulsive system fors > ¢, ,
2'(t) = (=d + pS)z(t), t#nT,
{z(t*) =z(t)+ u, t=nT,

According to Lemma 1, we get the unique positive pe-
riodic solution of system (13)

—dI(t) < (~d + BSHI(2)

(13)

Zt)y=z P D wT <t <(n+1T,

7

is globally asymptotically stable, where z = W.
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By the comparison theorem in impulsive differential
equations, we know that for any sufficiently small ¢ >0,
there exists a #,(>¢,+7) such that

IH)<z +¢20, (14)

forall >t It follows from (12) that ¢ 7" B(S")—n— o > 0.
Further,
W'(t)> (€7 B(S")—n— fo)S(t) for 1>1,. (15)
Set
S, = mints[tl el S(1),

We will show that S(¢)>S,,. forall t>¢ >¢,. Oth-
erwise, there is a h>0 such that S()>S, for
t<t<t+t+h, Sit,+r+h)=S, and S'(t, +7+h)<0.
Accordingly, from the first equation of (3) and the ine-
quality (14) we yield

S'(t,+7+h)=B(S{, +h)SE, +h)e™”
3 BSE, +r+h)I(t, +1+h)
1+aS(t, +T+h)+bS*(t, +T+h)
-nS(t, +7+h)
>(B(S")e " - Bo-n)S, >0

which leads to a contradiction. Therefore S(¢)>S, for
all ¢>¢, . As a consequence, (15) leads to

W'(t) > (B(S)e ™ — fo—n)S, >0

for t>t, which implies that W(¢f) > as t — .
This contradicts W (¢) < M (1+ B(0)re™”). The claim is
proved.

By the claim, we need to consider two cases.

Casel. S(1)>S" forall large ¢.

Case 2. S(r) oscillates about S* for that ¢ is lar-
ge enough. Define

= min s
q 2 9ql .

where ¢, =S e #7""  We want to show that S(t) > ¢
for all large ¢ . The conclusion is evident in the first case.
For the second case, let >0 and v >0 satisfy

StH)=8St +v)=S" and S(t)<S",

for all re(¢',¢ +v), where ¢ is sufficiently large
such that

I(H)<o fort <t<t +v,

S(¢) is uniformly continuous. The positive solutions
of (3) are ultimately bounded and S(¢) is not affected
by the impulses. Hence, thereisa g (0<g<7 and g
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s

is dependent of the choice of ¢ ) such that S(z) > S? for

£ <t<t +g.

If v<g, there is nothing to prove. Let us consider
the case g<v<r. Since S'(¢t)>—(Bo+n)S() and
S()=S", hence S(t)>q, for £ +g<t<t +r7.

If v>r, itisobvious that S(¢)>¢q for te[t,t +1].
Then proceeding exactly as the proof for the above claim,
we see that S(1)>¢ for te[t +17,t +v], because the
kind of interval ¢e€[t,¢ +v] is chosen in an arbitrary
way (we only need ¢  to be large). We concluded that
S(t)>¢q for all large?. In the second case, in view of
our above discussion, the choice of ¢ is independent of
the positive solution, and we proved that any positive
solution of (3) satisfies S(f)>¢ for all sufficiently
large ¢ . This completes the proof.

Theorem 3. Suppose R, >1. Then system (1) is per-
manent.

Proof. Denote (L(¢),S(¢),1(¢)) be any solution of
system (1). From the second equation of system (3) and
Theorem 2, we have

0, o),

dt 1+aM +bM

Let LéA, it is easy to get I(f) > oo if
1+aM +bM*

A>d, so we can always obtain the positive lower
boundary by the theorem of differential equations. Oth-
erwise, by the same argument as those in the proof of
Theorem 1, we have liminf /(¢) > p, where

t—o0
AT

y7,

p= 1— AT —¢.

In view of Theorem 2, the first equation of system (1)
becomes

dL(t)
dt

It is easy to obtain

liminf L(£) > &

t—©

>B(M)q—MB(0)e™ —yL(t).

B(M)q —MB(0)e™

e
the above discussion, system (1) is permanent. The proof
of Theorem 3 is complete.

where 6 =

—&. By Theorem 2 and

5. Numerical Analysis and Discussion

We have studied a delayed epidemic model with stage-
structure and impulses, theoretically analyze the influ-
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ence of impulsive releasing for the infected pest popula-
tion, and also obtained that the pest-extinction periodic
solution of system (1) is globally attractive if the control
variable R" <1 given by (7), and the system is perma-
nent with R, >1 which is given by (11). We know that,
besides the release amount of infectious pests each time,
the period of impulsive vaccination and the effective
contact rate play an important role in the dynamical be-
havior of the system. In the following, we will specially
analyze the influence of the release amount of infectious
pests to the dynamical system. We assume B(S)=e*,
and consider the hypothetical set of parameter values as
y=045 7=1a=0.1 b=0.01, £=0.75 1n=0.5,
d=06, T=4, A1=0.001.

By Theorem 1 and Theorem 3, we know that when
R'=09929 <1, the pest-extinction periodic solution of
system (3) is globally attractive and the susceptible pest
population becomes extinct (see Figure 1). When the
release amount of infected pest reaches a certain value
4#=01such that R, =1.6681>1,the system (3) is per-
manent (see Figure 2). So far we have only discussed
two cases: R <landR.>1. But for R, <I1<R’, the
susceptible pest population either becomes extinct (see
Figure 3) or coexists to the infect pest population (see
Figure 4). According to the above numerical simulation,
we think there exists a threshold parameter to decide the
extinction of the susceptible pest population and the
permanence of the system. These issues will be consid-
ered in our future research.

From Figure 5(a), we can observe that: R.is sensitive
to u value as wu is small enough, whereas not sensi-
tiveto u valueas g >1.5. We can also get the similar
phenomenon from Figure 5(b). We hope that our results
will provide an insight to pest management practicing.

5
45t
4t
351
3|
251
2t
1.5}

1
0 10 20 30 40 50 60 70 80
t

Values of S(t) and I(t)

Figure 1. Dynamical behavior of system (3) with u=3.8,
R =0.9929<1.
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0.25

Values of S(t) and I(t)
(=]
"

0 10 20 30 40 50 60 70 80
t

Figure 2. Dynamical behavzior of system (3) with x=0.1,

R.=1.6681>1.

1.5

. I(t)

5 1t

(=]

[

7

G

o

7]

3

§ 0.5
0 ksu). . . .
0 20 40 60 80 100 120

t

Figure 3. Dynamical behavior of system (3) with u=1,
R.=01669<1 and R =2.2026>1.

0.5
0.45
0.4
0:35
0.3
0.25
0.2

‘.IHH H\ | S(t):
-

0 20 40 60 80 100 120
t

I(t)

Values of S(t) and I(t)

0.05

Figure 4. Dynamical behavior of system (3) with x£=0.2,
R =0.8343<1 and R =9.5212>1.
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1.8

1.6
1.4
1.2

Values of R,

0.8
0.6
0.4
0.2

20
18}
16}
14} ¢

Values of R

S N A N 0 O

05 1 15

=N

(b)
Figure 5. The sensitive analysis of z to R, and R . (a)

4-R;(b) u—-R.
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