
Advances in Pure Mathematics, 2012, 2, 450-456 
http://dx.doi.org/10.4236/apm.2012.26068 Published Online November 2012 (http://www.SciRP.org/journal/apm) 

Approximation of Common Fixed Points of Pointwise  
Asymptotic Nonexpansive Maps in a Hadamard Space 

Safeer Hussain Khan1, H. Fukhar-ud-din2 
1Department of Mathematics, Statistics and Physics, Qatar University, Doha, Qatar 

2Department of Mathematics and Statistics, King Fahd University of Petroleum and Minerals, Dhahran, KSA 
Email: safeer@qu.edu.qa, safeerhussain5@yahoo.com, hfdin@kfupm.edu.sa 

 
Received July 18, 2012; revised September 18, 2012; accepted September 27, 2012 

ABSTRACT 

We establish weak and strong convergence of Ishikawa type iterates of two pointwise asymptotic nonexpansive maps in 
a Hadamard space. For weak and strong convergence results, we drop “rate of convergence condition”, namely  

, to answer in the affirmative to the open question posed by Tan and Xu [1] even in a general setup.   1
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1. Introduction 

A metric space X d

.

 is a length space if any two 
points of X are joined by a rectifiable path (that is, a path 
of finite length) and the distance between any two points 
of X is taken to be the infimum of the lengths of all recti-
fiable paths joining them. In this case, d is known as 
length metric (otherwise an inner metric or intrinsic met- 
ric). In case, no rectifiable path joins two points of the 
space, the distance between them is taken to be   

A geodesic path joining x X  to y X  (or, more 
briefly, a geodesic from x to y) is a map c from a closed 
interval  0, l    to X such that   c x0 ,   ,c l y  
and    ,d c t c t t t   for all  ,t t

 , .y l
0, l . In par-

ticular, c is an isometry and  The image d x   
of c is called a geodesic (or metric) segment joining x and 
y. We say X is: 1) a geodesic space if any two points of X 
are joined by a geodesic and 2) uniquely geodesic if there 
is exactly one geodesic joining x and y. for each 

,x y X , which we will denote by  , ,x y  called the 
segment joining x to y. 

A geodesic triangle 1 2 3 , ,x x x  in a geodesic metric 
space  ,X d

 1 2 3, ,

 consists of three points in X (the vertices 
of Δ) and a geodesic segment between each pair of verti-
ces (the edges of Δ). A comparison triangle for geodesic 
triangle x x x  in  ,X d  is a triangle  
   1 2, , 3 : 1, 2 3,x x x x  x x  in  such that  2
 2 i jd x x 

  , 1, 2,3

 0

 , ,i jd x x  for i j  and such a tri-  

angle always exists (see [2]). A geodesic metric space is 
a  space if all geodesic triangles of appropriate 
size satisfy CAT  comparison axiom: Let Δ be a 

geodesic triangle in X and let 

CAT
 0

2    be a comparison 
triangle for Δ. Then Δ is said to satisfy the  0

,x y
CAT  

inequality if for all   and all comparison points 
, ,x y  we have 

   , ,d x y d x y . 

 0,1  , , , and xFor any y z X  Dhompongsa and 
Panyanak [3] modified the (CN) inequality of Bruhat and 
Tits [4] as 

   
         

2

2 2 2

, 1

, 1 , 1 , .

d z x y

d z x d z y d x y

 

   

 

    
 (1.1) 

If 
1

= ,
2

  then (1.1) reduces to the original (CN) in- 

equality of Bruhat and Tits [4]. 
Let us recall that a geodesic metric space is a 0CAT  

space if and only if it satisfies the (CN) inequality (see [2, 
p. 163]). Complete  0CAT  spaces are often called Ha- 
damard spaces (see [5]). Moreover, if X is a  0


CAT  

metric space and , , , 0,1x y z X    then there exists 
a unique point   x 1 ,y x y     such that  

        , 1 , 1 ,d z x y d z x d z y       

C

. 

 0CAT  space A subset  of a X  is convex if for 
any , ,x y C  we have  x, .y C

T C

 
In 2008, Kirk and Xu [6] studied (in Banach spaces) 

the existence of fixed points of asymptotic pointwise 
nonexpansive selfmap  on  defined by: 

        , ,n n
nd T x T y c x d x y ,x y C for all   

where  lim 1.sup nn c x   
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Their main result ([6], Theorem 3.5) states that every 
asymptotic pointwise nonexpansive selfmap of a non-
empty closed bounded convex subset C of a uniformly 
convex Banach space has a fixed point. This result of 
Kirk and Xu is a generalization of Goebel and Kirk fixed 
point theorem [7] for a narrower class of maps, the class 
of asymptotic nonexpansive maps, where (using our no-
tation) every function n  is a constant function. In 2009, 
the results of [6] were extended to the case of metric 
spaces by Hussain and Khamsi [8]. As pointed out by 
Kirk and Xu in [6], asymptotic pointwise maps seem to 
be a natural generalization of nonexpansive maps. The 
conditions on n  can be, for instance, expressed in 
terms of the derivatives of iterations of T for differenti-
able T. 

c

c

 0,C  
T is said to be asymptotic pointwise nonexpansive map 

if there exists a sequence of maps :  such 
that  for all x, 

na
  , ,na x d x y  n nd T x T  y   y C , 

, where . Denoting  1n  limsup
   maxc x a x

  1a x 


n

n n  Then note that without any loss 
of generality, T is an asymptotic pointwise nonexpansive  

n
,1 .

map if         ,c x d y Cx y,n nd T x T y  n  for all x,  , 
, where  and  More-

over, we recall that  is uniformly L- 
Lipschitzian if for some  we have that  

 for 

1n    1nc x 

L
   , ,n nd T x T y Ld x y

  1.
C

lim
:T C 
0

, ,

n nc x

x y K  and  as- 
ymptotic nonexpansive if there is a sequence 

1;n 
 nk 

n

 
 with  such that   1, lim 1n nk 

   ,n nd T x T y k d x y , ,  for all ,x yC 1n 



 and ;  

semi-compact (completely continuous) if for any bounded 
sequence nx  in C with  , 0n nTx d x ,n  as  
there is a subsequence  inx  of  nx  such that  

inx 
x C

  1a x 
 1

   as .i  
C CLet  be asymptotic pointwise nonexpan-

sive maps with function sequences  n  and 
 satisfying  and  

, :S T

  nb x 1 li  mn na x 
 lim 1,b x n n

   , .n na x b x  

 respectively. Set  

  maxnc x   Then  

      1.n nb x lim lim limn n n nc x a x    

Therefore throughout the paper, we shall take  C

  1c x 
  1c x  .C

, : C C
1n 

 n

n n

 n

 as 
the class of all pointwise asymptotic nonexpansive self 
maps T on C with function sequence n  with 

n n  for every  Also F will 
stand for the set of common fixed points of the two maps 

 We assume that cn is a bounded function 
for every  and all the functions cn are not bounded 
by a common constant, therefore a pointwise asymptotic 
nonexpansive map is not uniformly Lipschitzian. How-
ever, an asymptotic nonexpansive map is a pointwise as- 
ymptotic nonexpansive as well as uniformly Lipschit- 
zian.   

lim

S T

 T 

A strictly increasing sequence  of natural num-

bers is quasi-periodic if the sequence  1i i  is 
bounded or equivalently if there exists a natural number 
q such that any block of q consecutive natural numbers 
must contain a term of the sequence i  The smallest 
of such numbers q will be called a quasi-period of 

i

 n

 1k


i

Hussain and Khamsi [8] have shown that if X is a Ha-
damard space and C a nonempty bounded closed convex 
subset of X, then any pointwise asymptotic nonexpansive 
selfmap on C has a fixed point. Moreover, this fixed 
point set is closed and convex. The proof of this impor-
tant theorem is of the existential nature and does not de-
scribe any algorithm for constructing a fixed point of an 
asymptotic pointwise nonexpansive map. This paper 
aims at complementing their paper. It is also well known 
that the fixed point construction iteration processes for 
generalized nonexpansive maps have been successfully 
used to develop efficient and powerful numerical meth-
ods for solving various nonlinear equations. 

. 

Several authors have studied the generalizations of 
known iterative fixed point construction processes like 
the Mann process (see e.g. [9,10]) or the Ishikawa proc- 
ess (see e.g. [11]) to the case of asymptotic (but not 
pointwise asymptotic) nonexpansive maps. There is huge 
literature on the iterative construction of fixed points for 
asymptotic nonexpansive maps in Hilbert, Banach and 
metric spaces, see e.g. [1,3,7,9-25,27-32] and the refer-
ences therein. Schu [32] proved the weak convergence of 
the Mann iteration process to a fixed point of asymptotic 
nonexpansive maps in uniformly convex Banach spaces 
with the Opial property [28] and the strong convergence 
for compact asymptotic nonexpansive maps in uniformly 
convex Banach spaces. Tan and Xu [1] proved the weak 
convergence of Mann and Ishikawa iteration processes 
for asymptotic nonexpansive maps in uniformly convex 
Banach spaces either satisfying the Opial condition or 
possessing Fréchet differentiable norm. Moreover, the 
rate of convergence condition namely 

1 nn
  

k

 1k


 
has remained in extensive use to prove both weak and 
strong convergence theorems to approximate fixed points 
of asymptotic nonexpansive maps in uniformly convex 
Banach spaces. Also Tan and Xu [1] remarked: we do 
not know whether our Theorem 3.1 remains valid if n  
(the sequence associated with the asymptotic nonexpan-
sive map T) is allowed to approach 1 slowly enough so 
that 

1 nn


 1

 diverges. 
Recently Kozlowski [23] defined Mann type and Ishi-

kawa type iterative processes to approximate fixed points 
of pointwise asymptotic nonexpansive maps in Banach 
spaces. We follow his idea and the concept of unique 
geodesic path denoted by x y    of two points 

x, y in geodesic space and define Ishikawa type iterative 
process of two pointwise asymptotic nonexpansive maps 
in a geodesic space. 

Let C be a nonempty and convex subset of a geodesic 

Copyright © 2012 SciRes.                                                                                 APM 
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, :S T C Cspace X Let  be pointwise asymptotic 
nonexpansive maps and let 

Using (2.1) and (2.2) in (2.3), we have 
 nk

0
 be an increasing se-

quence of natural numbers and k



Copyright © 2012 SciRes.    

 1., k 
 , , , ,k k k

 Then the 
Ishikawa iteration process denoted by I S T n 

 1 1 .

k

k

n
k k

n
k k

S y

T x k 

 , , , ,k k k

 
in a geodesic space X is as under: 

1lim , 0.k k
k

d x x 


     
   
   
   

      

   

1

1

1

1

1 1 1

1 1 1

1 1 1

1 1 1
1

1
1 1 1 1

1 1

, , ,

, ,

, ,

, ,

, 1 ,

, ,

k

k

k

k k k

k

k

n
k k k k k k

n
k k k k

n
k k k k

n n n
k k k k

n
k k n k k k

nk
k k

d x Sx d x x d x S x

d x x d x S x

d x x d x S x

d S x S x d S x Sx

d x S x c x d x x

c x d S x x









  

  

  

  



   

 

 

 

 

  



limsup

                (2.4) 

Since 

 
 

1 1k k k

k k k

x x

y x

 

 
   

  
      (1.2) 

We say that I S T
  1.sup n kk k

c x 
n 

, .S T  n

 is well-defined if 
 lim  (2.5) 

2. Fixed Point Approximation 

Following the investigations of Hussain and Khamsi [8], 
the existence of the fixed point of pointwise asymptotic 
nonexpansive map can not be achieved without its 
bounded domain. We shall follow them for the purpose. 
We start with proving the following lemma. 

therefore taking  on both the sides of inequality 
(2.5) and using (2.1) and (2.4), we get  

 limsup , 0k k kd x Sx  and hence 
Lemma 2.1. Let C be a nonempty, bounded, closed 

and convex set in a geodesic space X and let  
 Let k  be such that the sequence C

 lim , 0k k
k

d x Sx


 .  
 kx  

in (1.2) is well defined. If the set  
is quasiperiodic and 

 1: 1j jj n n  

 , ,k kn n
k kd x T x

 , 0.k kn n
k kT x 

k kc d  , .kn
k k kx S x


, 0 as ,

kn
k kT x

k

 



 , 0.k kd x y 


 ,

.

k

k k

k

n n
k k

x

S x S y

  Similarly 

 lim , 0.k k
k

d x Tx


  

 lim , 0 limk k
k k

d x S x
 

      (2.1) 
That is, 

then     lim , 0 lim , .k k k k
k k

d x Sx d x Tx
 

 

C

 
 lim , 0 limk k

k k
d x S x d x

 
 

n

 
Remark 2.2. Lemma 2.1 extends the corresponding 

Lemma 3 of Khan and Takahashi [22] from Lipschitzian 
to non-Lipschitzian maps.  

Proof. Set  and   , k
kx S x d d

From 

   
 

, , 1

k

k k k k k

n
k k k

d x y d x x

d x T x

 

 
 

Lemma 2.3. Let  be a nonempty, bounded, closed 
and convex subset of a Hadamard space X  and let  

we have 
lim
k

             (2.2) 

Also 

   
   

     

1, , 1

, ,

, ,

k k

k

k

n
k k k k k k

n n
k k k k k

n
k k n k k k

d x y d x x S

d x S x d x S x d

d x S x c x d x y

 



   

 

 

 (2.3) 

 . Let ,S T C  , ,1k k      for some 
1

0,
2

   
 

  

 k  be such that the sequence n  and kx  in  1.3
 1: 1j jj n n

 is 
well-defined. If the set    

,F
 is quasi- 

periodic and   then   

   lim , 0 lim , .k k k k
k k

d x Sx d x Tx
 

 

.p F

 

Proof. Let   Then use (CN) inequality (1.1) for 
the scheme (1.2) to have 

 

              
           
            

      

2 2 2 2 2

2 2 2 2

2 2 2 2

4 2 2

, 1 , , 1 , 1 ,

, 1 , 1 ,

1 , 1 , 1 ,

1 1 ,

k k k

k

k

k k

k k

n n n
k k k k k k k k k k k k k

n
k n k k k k k k k

n n
k k k k k k k k k k

n n k k k

d x p d x S y p d S y p d x p d x S y

c p d y p d x p d x S y

c p d x T x p d x p d x S x

c p d x p

     

   

     

 

       

    

      

    

       
        

       

2 2 2

4 4 4 2

2 2 2

1 , 1 ,

1 1 ,

1 , 1 , .

k k

k k k

k k

n n
k k k k k k k

n n k k n k

n n
k k k k k k k

d x T x d x S y

c p c p d x p

d x T x d x S y

  

 

  

 

    

 

1

 
kk n

k k nc p   

 

 

 

k

k

k n k

k k n

k n k

c p

c p

c p

 

  

 

 

 

 
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Since  is bounded, there exists  C
    0 0  such that = :rB x x X ,d x x r  0r  

for some Therefore the above inequality becomes 
C B x

 
 2

1

, , .k kn n
k kd x S y



  


2 4 1

, ,

k

k

n

n
k k

r c p

S y



  
 

2 4 1

, .

k

k

n

n
k k

r c p

S y



 , .k kn n
k k

k
d x T x

> 0r

     

 

2 2 2 4
1

3 2 2

, ,
kk k n

k k

d x p d x p r c p

d x T x 

  

 
(2.6) 

From (2.6), the following two inequalities are obtained 

   



2 2
1

2 2

, ,k kd x p d x p

d x

  


     (2.7) 

and 

   2 2
1

3 2

, ,k kd x p d x p

d x

  


     (2.8) 

Now, we prove that 

 lim , 0 limk k
k

d x S y
 

      (2.9) 

First assume  , > 0kn
k kS y



limsupk d x  Then there 
exists a subsequence(use the same notation for subse-
quence as for the sequence) of  kx  and 0 

    

 

 such 
that .  , 0kn

k kd x S y  
From (2.7), it follows that 

   

    

        

24

2

2

2 2

2

1

.
2

n p2 2 2
1

2 2 4

2 2 4

, ,

, 1
2

, 1
2

k

k

k
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k n

k n

d x p d x p r c

d x p r c p
r

d x p r c p
r





 

 

 
 
 
 
 
  
 
 

4

kn

 

  

  

  

 

Since  and   1c p 
2

2
> 0,

2r



 

 so there exists 

 such that 0 1k    
2

2
1 <

2r
4

knc p


 0 .k for all k  

Hence the above inequality reduces to 

   
2

2

2
d x p


   2

1, , .k kd x p

0l k

      (2.10) 

Let  be any positive integer. Then from (2.10), 
we have 

     
 

0

0

2

0

2

2

k

l k d x p

d x p


   2 2

1, ,

, < .

k ld x p

 

l 

 0
, < ,kd x p 

   (2.11) 

Letting  in (2.11), we get 

2   

a contradiction. 

Hence 

 , 0.limsup kn
k k

k

d x S y


  

Consequently, we have 

 lim , 0.kn
k k

k
d x S y


           (2.12) 

Following the similar procedure of proof with (2.8), 
we conclude 

 lim , 0.kn
k k

k
d x T x


         (2.12.1) 

Since 

     
     

, , ,

, , ,

k k k k

k

k

n n n n
k k k k k k

n
k k n k k k

d x S x d x S y d S x S y

d x S y b x d x y

 

 
 

therefore with the help of (2.2) and (2.12), we get 

 lim , 0.kn
k k

k
d x S x


  

Finally, Lemma 2.1 appeals that 

   lim , 0 lim , .k k k k
k k

d x Sx d x Tx
 

     (2.13) 

 kLet x  be a bounded sequence in a metric space X. 
For  x X  define ,   im , .supk kkx d x x  The

ptotic radius 

, lr x  

asym  kr x  of  kx  is given by: 

       inf , : .k kr x r x x x X   

A bounded sequence  kx  in .X  is regular if  
     k kx r u  for ev ubse ence r ery s qu  ku  of  kx  
The asymptotic center of a bounded sequence  kx  

with respect to C X  is defined 

       


,

for any .

C k k k: ,A x x X r x x r y x

y C

  


 

If the asymptotic center is taken with respect to .X  
then it is simply denoted by   . kA x  

A bounded sequence  kx  in X. is said to be regular 
if      =k kr x r u  fo ery subsequence r ev  ku  of 
 kx  Recall that a sequence  kx  converges weakly to 

ritten as kw (w x w ) if and only if  
     , in , ,k x kr w x x  where C

e bounded sequence 
f C r x  is a closed and 

convex subset containing th  kx  
Moreover, a sequence  kx  (in X.) Δ-converge  s to
x X  if x is the unique asymptotic center of  ku  for 

subsequence every  ku  of  kx In this case, write 
limn n

we 
x x    and imit of  .n x is called Δ-l x  

 space setting, Δ-convergeIn a Banach nce coincides 
with weak convergence. A connection between weak 
convergence and Δ-convergence in geodesic spaces is 
characterized in the following lemma due to Nanjaras 
and Panyanak [26].  
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 Propo Let  kLemma 2.4. ([26], xsition 3.12).  be a 
bounded sequence in a  0CAT  space .X  let C  
be a closed and conv t of .

and 
ex subse X  and contai  

 k

ns
x . Then 

lim1) k kx x   implies that ,kx x  
2) the converse of (1) is true if  kx  is regular. 

Next, we state the demiclosed principle in  0  
sp  the next

 be a nonempty, bounded, closed 
an C

otic no  Let 

CAT
aces due to Hussain and Khamsi [8] needed in  

convergence theorem. 
Lemma 2.5. Let C
d convex set in a  0AT  space X. and :T C C  

be a pointwise asympt nexpansive map.  kx  
be a sequence in C  such that  kx   and  

 lim , 0k k kd x Tx  Then  T .   
nvergence hNext, we prove our weak co  t eorem. 

closed 
an

Theorem 2.6. Let C be a nonempty, bounded, 
d convex set in a Hadamard space X. and let  

 ,S T C . Let  , ,1k k      for some 
1

0,
2

   
 

  

and  kn  be such that que kthe se nce  x  in  1.2  is 
well defined. If the set  1: 1j jj n     is si- 
periodic and ,F    the

n   qua
n  kx  converges w

 Let w k

eakly to a 
point in .F  

Proof.  x  be the weak  -limit set of 
 kx  given by 

       or .
i ik kx x  

Since C is a nonempty bounded closed convex subset 
of

: fw k kx y C x y 

 a Hadamard space, there exists a subsequence  ikx  
of  kx  such that  k w ki

x p x  as i   
vice a. This show .  A

 and
 v s 

ikers s that   w kx x p   

and  lim , 0 ,i d x Sx x Tx     i ii k kd  (by

a 2.1), therefore by Sp p

lim
i ik k 

Lemm .TpLemma 2.5,    
That is,   .w kx F   Next, we follow the id  
et al. [14   ,w kp x  there exists a subse- 

ea of Chang 
]. For any 

quence  ikx  of  kx  such that 

             (2.14) 

Hence from (2.12) and (2.14), it follo

   (2.15) 

Now from (1.2), (2.14) and (2.15), we get that 

ik   (2.16) 

Also from (2.12) and (2.14), we have that 

   (2.17) 

Again from (1.2), (2.14) and (2.17), we

i ik k

as .p i 
ikx

ws that 

as .ki
n

p i         
ikT x

 1 as .ki
n

x p i      
i i i ik k k ky x T

as .ki
n

p i         
ikS y

 conclude that 

  .ki
n

1 1
i i ik k kx x S y p       

Continuing in this way, by induction, we can prove

th

.
ik l

 

at, for any 0,l   

x p   

By induction, one can prove that  0 jk ll
x


  con- 

ve t  rges weakly to p  as ;j   in fac

   
1 0 1jk k lk k l j

x x
 

  
  gives that kx p  as .k   

Remark 2.7. If  kx  is regular in esic sp ,  a geod ace
then  kx  is Δ-con ent. 

Ou ong convergence th
verg

r str eorem is as follows. We do 
not use the rate of convergence condition namely  

  1
1nc x



kk
    in its proof. 

Theorem 2.8. Let pty, bounded, closed 
an

 C be a nonem
d convex set in a Hadamard space X and let  

 ,S T C . Let  , ,1k k      for some 
1

0,
2

   
 

  

and  kn  be such that the sequence k   in x 1.2  is 

1j jnwell defined. If the set  : 1j n    is si- 
periodic, F

  qua
   and eith i-compact 

(completely continuous), then  k

er S  or T  is sem
x  onverges strongly 

to a point in F. 
Proof. Let S be sem

c

i-compact. As  
 ik m , 0k k kd x Sx xli  , there exists a subsequence  

of  kx  such that  

.
ikx p  

Using 
ik kx x  in (2.13) and continuity of S  and 

T tain tha, we ob t .p F  The rest of the proof f llows 
 replacing    in Theorem 2.6 and we, 

therefore, omit 
Finally, we state a theor

o
by with 

the details. 
em due to Nanjaras and Pan-

ya

9. Let C be a nonempty, bounded, closed 
an

nak [26] proved in Hadamard spaces in which rate of 
convergence condition is necessary for Δ-convergence of 
the sequence. 

Theorem 2.
d convex set in a Hadamard space X and let  T C  

with a sequence    1,kc    for which  
 1

1 .ka


  kk
   at 1 Suppose th x C  and   is a 

sequence in  ,b  for some  0,1 . n the 
sequence 

a ,a b The
 1k k k k1 k

kx x T   verges to a 
fixed point

We pose the fo

y  , Δ-con
 of T. 

llowing open question.  
we replace 

w
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