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ABSTRACT

We will present some restrictions for a rigidity sequence of a nontrivial topological dynamical system. For instance, any
finite linear combination of a rigidity sequence by integers has upper Banach density zero. However, there are rigidity
sequences for some uniformly rigid systems whose reciprocal sums are infinite. We also show that if F is a family of

subsets of natural numbers whose dual F* is filter, then a minimal F" -mixing system does not have F, -rigid factor

for FeF.
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1. Introduction

A topological dynamical system (TDS) is a pair (X,T)
such that X is a compact metric space and T is a homeo-
morphism. Our main concern is rigidity. This notion was
first introduced by Furstenberg and Wiess for measure
theoretical dynamical system (MDS); then Glasner and
Maon defined the topological version of this notion [1].

A comprehensive study for rigidity in MDS has been
done in [2]. In MDS, these are interesting; because, it is
well-known that a generic transformation is rigid [3]. In
this respect and in TDS, Glasner and Maon [1] estab-
lished examples to show that even in minimal weakly
mixing systems, there are plenty of examples with uni-
formly rigidity.

Let us recall the main definitions. An MDS (X, 3, 11,T )
is rigid along {nt}:il if ”f oT™ — f" —0,as t—>o for

all fel,(X,u).ATDS (X,T) is called rigid if there
exists a sequence {n}" , called the rigidity sequence,
such that T"x— x for any xe X ; it is called uni-
formly rigid if lim, ., T™ =id uniformly on X.

Let AcC N, then

[Ax[Ln]

d (A)=limsup, .

(1.1)

is called the upper density of A and it is called lower
density or density if we replace limsup in (1.1) with li-
minf or lim respectively. We call

AN

d"(A)=limsup, .. N
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the upper Banach density ofaset Ac N.
In a TDS, the return time set is defined to be

N(U.V)={neZ:T"(U)NV # B} where U and V are

opene (nonempty and open) sets. A TDS (X,T) is
transitive if for any two opene sets U and V , we have
N(U,V)=; and it is weak mixing if the product sys-
tem (XxX,TxT) is transitive. A TDS (X,T) is
mild mixing if for any transitive (Y,S), the product sys-
tem (X xY,TxS) is transitive; and it is strong mixing
if N(U,V) is cofinite for opene sets U,V .

A collection of subsets of integers F is called family
if it is hereditary upward: if F, € F and F cF,, then
FeF.

It is well-known that mild mixing systems do not have
uniformly rigid factors while minimal equicontinuous
systems have comparatively large rigidity sequences.
Therefore, one expects to have rigidity along large se-
quences is system with low complexity. In this note, we
define some other classes of mixings. These are defined
when {N(U ,V):U,V are opene} generates a certain
family of integers F . In particular, we use this concept
and define A" -mixings and we show that minimal A*-
mixings do not have any rigidity factor.

2. Main Results

It is well known that in a transitive TDS, any almost
equicontinuous is uniformly rigid [1]. In [4] the authors
showed that a uniformly rigid mild mixing dynamical
system is trivial. Also in [1], Glasner and Maon con-
structed a generic minimal uniformly rigid weakly mix-
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ing. On the other hand, any system with rigidity sequence
has zero entropy [1]. Therefore, a uniformly rigid TDS
with zero entropy is generic. However, there are some
restrictions for a sequence to be a rigidity sequence. The
following shows some of these restrictions which are
compatible with the rigidity sequences in MDS [5,
Proposition 2.20 (b), 2.24 and 2.26].

Theorem 2.1. Let A={n} be an increasing sequence
in N and suppose that forany keN, T*=id.

1) If T is rigid along A, then A has gaps tending to
infinity.

N
2) Suppose F(x,,---,Xy)=Y.¢X where ¢; e Z\ {0}.
i=1

If for each M >1, there is (t1,~~~,tN)e(N\{l,---,M})N

such that F(ntl,---,ntN):d, then A is not a rigidity

sequence for any TDS.

3) Suppose A has the property that for some integers
C,.Cyyee+,CLbd (G A++-+C A)>0. Then A cannot be a
rigidity sequence for a TDS. In particular, d*(A)=0.

Proof. We prove only (1) and the two others follow
similarly. Let (X,T) berigidalong {n} . Then
T%"x — x for every Xe X . By the dominated conver-
gence theorem for every invariant measure and in par-
ticular for ergodic measure 4 and any fel,(u) we
have limT™f = f . This shows that (X,T,y) is rigid
along {nt} in measure theoretical sense. By [5, Propo-
sition 2.20(b)], if {n,} is a rigidity sequence for ergodic
(X,T),then {n} has gaps tending to infinity.

Note that the second part of the conclusion in (2) fol-
lows from the fact that sets having positive upper Banach
density have a certain distance appearing infinitely many
times.

If A={n*:n>0}, then {2n+1:neN}c A-A and
so it has positive density. Therefore, A cannot be a
uniformly rigidity sequence for any (X,T) . This is also
true for sequence of prime numbers and polynomial se-
quence with integer coefficients.

Let

Ez{AcN:leoo}. 2.1

aeAa

From largeness point of view, X is next to the family
of positive upper density, that is, if d(B)>0 then
BeX [6]. This family has many interesting properties
and it is a long standing conjecture by Erdds that any
member of this family has arbitrary long arithmetic pro-
gression. In the following example we show that there
are some uniformly rigid TDS whose rigidity sequence is
in X.

Example 2.2. Let X =S' and T the irrational rotation

on S' (or consider any equicontinuous minimal system).

Note that for any X =Xe€ X and any opene set U, the
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return time set N(X,U) is syndetic and if rigidity is
established for a point X, , that is if there exists {n,}
such that T™ (XO) — X, , then rigidity is established for
all points. Also rigidity and uniform rigidity are equiva-
lent for our system.

First we construct a rigidity sequence {nt} and then
we will show that A={n,, —n} which is trivially a
rigidity sequence is in X. So let x, =0 and let {f,}
be a decreasing sequence to zero and set {bi} to be the

sequence with b the maximum gap for N (0, B, (O)) .

Set l,:=0, k, =1 —I,>b, and pick consecutive
n,Ny,,n €N (0, B, (0)) .Forany 1<i<I|_, wehave

4 K =
n,—n<p and —< .
i+1 i bl bl |Z:1: ni+1 _ ni
Use induction argument and let

n,, €N (0, B, (0)) such that k=1, -1 >h,, .

FIERERP)

km liiio k. 1
So <y and thus Y S <) )

bi+1 t=lj+1 nt+1 - nt i1 M 1 Ny — Ny

n,

But for any i,ﬁ >1 which implies )’ =o.
bi i>1 r']H—l _ni

Remark 2.3. 1) Let D(A)=A—A. Then
D?(A)=D(D(A)) and in general D"(A) can be de-
fined for any neN. In [7], for any ne N, an explicit
subset of N such as AeX depending on n is given
such that d*(D”(A) =0. Now the existence of such
sets is established by the above example and Theorem
2.1(3). In fact, we have more: there is Be X such that
forany neN, d*(D"(B))=0.

2) If T%(x)—>1(x) along a subsequence {n},
then T is rigid along A={n,,—n} and it is uniform
rigid if T"(x)—>z(x) is uniform. If S is also rigid
along A, then T xS is rigid and it is uniform if both
T and S are uniformly rigid along A.

Theorem 2.4. Suppose (X,T) is rigid along {n}
and (Y,S) aTDS. Then (X xY,TxS) is rigid if there
exists c,---,c,eZ and N,,N,,---,N, e NU{0} such

k
that (Y,S)is rigid along {ZcinI +N,
i=l t21

Proof. If (X,T) is rigid along {n,}, then it is also

K
rigid along {Zci n + Ni}
i=l t

N,,N,,--,N, € NU{O}.
Corollary 2.5. Let (G,p) be a rotation and (X,T)
a rigid (resp. uniformly rigid) system. Then
(Gx X, pxT) is rigid (resp. uniformly rigid).
Proof. Suppose (X,T) is rigid along some sequence
gnt%. Let p(x) =X+a be the rotation map. For any
N ¢ , by passing to a subsequence if necessary, we have

for any c,,---,¢c, €Z and

>1
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na — B for some B eG. This means that p™ — S
where S(X)=x+f. Hence p""'™ —S0S™" =id uni-
formly and (p™'™,T)— (idp,idT ) .

Theorem 2.6. Suppose (X,T) is rigid. Then any
factor is rigid.

Proof. This is clearly true for the trivial factor. So let
(X,T) be rigid along {nl}tez and (Y,S) a nontrivial
factor with factor map n: X —Y . We show that
(Y,S) isrigid along a subsequence of {n,} . To this end,
let y be an arbitrary point in Y, X=n"'y and V
an opene set containing Y . Since (X ,T) is rigid there
exists N eN such that for any t>N,T™" (X)en’]V .
Thus n(T”’X) eV andso S"yeV.

Let F be a family of nonempty subsets of Z . The
dual of F , denoted by F~, is defined to be all subsets
of Z meeting all setsin F :

f*:{GcZ:GﬂF;t@,VF e]—"}.

A family F is called partition regular if FeF is
partitioned to finite sets F=F U---UF,, then there is
1<i<k such that F, eF . An example of a family
with partition regularity is the family X defined as (2.1).
A nonempty family closed under finite intersections is
called a filter. It is known that if F is partition regular,
then F~ is a filter. A filter which is partition regular is
called an ultrafilter.

Now let A={a,}  be an increasing sequence of

neN
integers. Then FS(A):{ail +a ety ;< ijﬂ} is

the finite sums of A. A set F = Z is called an IP-set if it
contains the finite sums of some sequence of integers. A
set FcZ is called a A-set if a sequence of integers
S=(s,),., existssuch that the difference set

A(S)={s;=s;:i>jjcF. Let A be the family of all

A-sets. Any IP-set is a A-set for let
S={a,a +a,,8 +a,+a,, -} . Let TP (resp. A) be
the family of all IP-sets (resp. A-sets). It is known that
the families ZP" and A" are filters [8].

Definition 2.7. A TDS (X,T) is called F -transitive
if for any two opene sets U,V < X we have
N(U,V)e F, and it is called F-mixing if the product
system (X xX,TxT) is F-transitive.

Theorem 2.8. [9] Let (X,T) be a TDS. The follow-
ing conditions are equivalent:
1) (X,T) is F-mixing;
2) EX,T; is weak mixing and F -transitive;

3) N(U,V)NN(U,U)e F forany opene sets U, V.

For a family F and keZ, the shifted family is
definedas F+k={F+k:F eF} where
F+k={n+k:neF}. If F+k=F for any keZ,
then F is called a shift invariant family. For instance,
if Z={FcZ:|F|=w}, then both 7 and I are
shift invariant families. But not all families are shift in-
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variant. There are two ways to build a shift invariant fa-
mily from a given F [8]. These are F, and F,
where

F. :=Ukez(.7:+k), F ::ﬂkez(}'+k).
We have 7 cF cF, and both F and F, are
shift invariant families with 7 =(Z, )* [8]. Also, if

4
FcF' then F,cF' and F”" cF" which implies
that F™“ < F".If F is a filter so is any shift of F
and since the finite intersections of filters are again filters
F. 1is afilter.

Theorem 2.9. 1) (X,T) is F -transitive if and only
ifitis F -transitive.

2) Suppose F is a filter. Then (X,T) is F -mix-
ing if and only if it is F -mixing.

Proof. 1) We have F, < F, so F, -transitive is F -
transitive. Conversely, suppose (X,T) is F -transitive.
Then for any opene U and V, we have N (U ,V) eF.
Since T U is opene fork e Z,

N (T"‘U V)=N(U,V)+keF . This means that for
keZ, N(U,V)+keF which in turn implies
N(U,V)eZ.

2) This is a direct consequence of the first part and
Theorem 2.8.

Theorem 2.10. Let F be a filter and (X,T) an F-
mixing system. Then any non-trivial factor of (X,T) is
also F-mixing.

Proof. Suppose (X,T) is F -mixing and (Y,S) a
non-trivial factor and ¢ the factor map: @goT =Sog.
For any two opene sets U, V < X,
N(U,V)NN(U,U)eF. We will show that this will
hold for (Y,S) as well.

Let UV’ be two opene sets in Y and let U,V < X
such that U'=¢(U),V'=¢(V). Then

N(U.V')={n:S"(gU)NgV =2}
:{n:¢(T”U)ﬂ¢V ¢®}
;{n:¢(T”U mv)¢@}
={n:TUNV #B}=N(U.V)eF.

Since F is a family, so N(U’,V')e F. Also, since
F isafilter N (U ',V')ﬂ N (U ',U') e F which implies
(Y,S) is JF -mixing.

Let F be a family of subsets of integers closed under
finite intersections (in general like a filter). Then we say
that a sequence {Xn} is F -convergent to X if for
any neighborhood U of X we have

{neZ:T”(x)eU}e}' and we write F —limx, =X.

n—oo
A family is called an ZP—-Z7ZP family if any member
contains the difference set of an IP-set.
Theorem 2.11. Let (X,T) be uniformly rigid along
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A={a,} , .Then (ZP-ZP)-lim , T"=id.
Proof. First we prove that ZP—1limT" = id. Let
(X,T) be uniformly rigid along AZ {an} . Fix

nx1
e>0 and let N, e N be an increasing sequence and

each N, sufficiently large so that
d (7™ id) <zik

Hence for any i,,---,i,. we have

d (T )

<d (TaNil (T ay, ++any )’(TaNiz ray, ))

+d (T an, (T any, +-+a, )’ (T a,, +rany, )) (2.2)

+---+d(TaNik ,id)
k
€
<§2in <e.

Now set B:= FS(aNi ) Then {n :d (T”,id)<f} con-
tains B and so is an IP-set.

To see that (ZP—-ZP)-lim, ,, T"=id, note that if
{n} is a rigidity sequence so is {-n}. Then an ine-
quality such as (2.2) implies that d (T e ,id) <€ where
a,feB.

Now we investigate the existence of rigidity (not nec-
essarily uniform) in minimal systems with some sort of
mixings. Recall that a minimal system is mild mixing if
and only if it is TP" -mixing if and only if it is
(IP-1IP) -transitive [10].

Apair (X,y)e X xX is said to be a proximal pair if

liminf d (T" (x),T"(y))=0

and (X,T) is proximal system if any pair of X x X is
a proximal pair. A TDS (X,T) is called distal if
liminf, ,, d(T"(x),T"(y))>0forevery x#y and
(x,y)e XxX . In [1], the authors showed that any
minimal strong mixing system admits only trivial rigid
factors. An extension of that result is the following.

Theorem 2.12. Suppose F~ is a filter. Then a minimal
F" -mixing system does not have F, -rigid factor where
FeF.

Proof. Let (X,T) bea minimal F -mixing. Then by
Theorem 2.9 and Theorem 2.10, every factor of (X,T)
is E -mixing. Thus it is sufficient to show that if
(X,T) is F, -rigid, then it must be trivial. Assume that
(X,T) is rigid with respect to an F, sequence {n,}.

Let (x,x')e(U,,V,)c XxX , where Uk:B(x,%j
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and V, :B(x',%) Note that N(U,.V,) is F and

s0
|N(Uk,Vk)ﬂ F+|:oo. Therefore, there exists a subse-
quence {n.} of {n,} such that

X €T™(THU NV, ). % —x and T¥x —X'. Which

implies that (x,X') is a proximal pair. Since (X,X')
was arbitrary the system is proximal. But in a minimal
system, (X,Tx) is distal for any x and this in turn im-
plies that (X ,T) must be trivial.

Corollary 2.13. 1) A minimal A"-mixing system does
not have any rigid factor.

2) Aminimal (A-A) -transitive system is not rigid.

3) Any A’-mixing, IP"-mixing or (A-A) -transitive
system does not have a non-trivial uniformly rigid factor.

Proof. 1) By Theorem 2.10, it suffices to show that a
minimal A" -mixing (X,T) is not rigid along any
{n,} . Assume the contrary and let {¢} be a sequence
decreasing to zero. Let(X,X') € (U,,V, ) = X x X , where
U,.V, are ¢ -balls containing X and X' respectively.
Then there exists M, >0 such that for any

aeA(:zA({nt}ka), d(TaX,X)<€k. Since (X,T) is

A", N(U.V)NA =D . Now if ¢ — 0, then there
exists a subsequence {a },a €A and a sequence
X, — X such that T*x, —> X" and T*Xx—>Xx. Now
an argument as in the proof of Theorem 2.12 gives the
proof.

2) The proof is similar to (1).

3) Recall that any A*-mixing, IP"-mixing and
(A- A)* -transitive is trivially an (ZP — IP)* -transitive.
Now the conclusion follows from the fact that mild mix-
ing systems do not have non-trivial uniform rigid factors.
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