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ABSTRACT

This paper presents some new results for the nonlinear transformations of the fractional integration process. Specifically,
this paper reviews the weight fractional integration process with the Hurst parameter, 3/2>d >5/6, and investigates

the asymptotics of asymptotically homogeneous functional transformations of weight fractional integration process.
These new results improve upon the earlier research of Tyurin and Phillips [1].
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1. Introduction

Since the breakthrough papers of Park and Phillips [2, 3],
the research on the nonlinear cointegration has generated
a lot of interest in recent years. In traditional research on
cointegration, econometricians always adopt linear models.
Using a linear cointegration model, econometricians can
derive large sample properties easily. However, these
settings have a serious drawback: there are many non-
linear relationships between dependent variables and
independent variables in the cointegration model. Thus, it
is a subjective process to set cointegration as a linear
form in advance. A nonlinear regression model may
improve this problem in a cointegration system. Although
nonlinear regressions have obvious merit for cointe-
gration models, it is difficult to derive the asymptotics
for their estimated parameters and test statistics. Park and
Phillips [2, 3] were the first to use local time to obtain
asymptotics under nonlinear transformations of the 1(1)
process. Potscher [4] and de Jong and Wang [5] later
extended to these results to more flexible assumptions.
The asymptotics of nonlinear transformations for non-
stationary time series consistently concentrated on the 1(1)
process in early nonlinear cointegration research. Tyurin
and Phillips [1] extended their method to the nonsta-
tionary 1(d) process. Jeganathan [6] investigated the asy-
mptotics of nonlinear transformations for generalized
fractional stable motions. Although they presented some
new results for the nonlinear transformations of the non-
stationary fractionally integrated process, they only con-
centrated on integrable functions.

This paper uses a weight nonstationary fractionally
integrated process instead of the standard nonstationary
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fractionally integrated process. This paper extends the
results of Tyurin and Phillips [1] to asymptotically
homogeneous functions. Specifically, this paper uses the
fractional Brownian motion Tanaka formula to obtain the
asymptotics of nonlinear transformations for the non-
stationary fractional integration process. The results of
this paper address the shortcomings of Tyurin and Phillips

[1].

2. Assumptions and Basic Results

Consider the following fractional integration processes:
(1-L)'x = ¢ @

where ¢ is an iid.(0,6°) and 3/2>d>5/6. X,
is called a nonstationary fractionally integrated processes.
In addition to the definition of nonstationary fractionally
integrated processes, This paper uses the following ad-
ditional assumptions.

Assumption 1. For some ¢>2p>2max(1/H,2),
Ela|' <o and E(g)<o where H is the Hurst
exponent, H=d-1/2,and p>2

Assumption 2.

1) Var(zt“:lxt): n*"M(n) , where M(n) is a
slowly varying function.

2) The distribution of &, , k=0,£1,+2,---, is abso-
lutely continuous with respect to the Lebesgue measure
and has characteristic function  (t)= E(e"‘% for which
lime.t"w (t)=0 forsome »>0.

Based on these assumptions, we can obtain the frac-
tional central limit theorem for the nonstationary I(d) pro-
Cesses.

Theorem 1. Consider the process defined by
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x =(1-L)" &,

where 3/2>d>5/6 . {g} satisfies E(g)=0 and
Assumption (1). Then the process

n oy =0 (n)B, (1), )

where [.] is Gauss sign and re[0,1]. B, (r) is a
fractional Brownian motion with Hurst exponent defined
by stochastic integral.

1
B“(r)_r(l/zm)

where W(.) is a Brownian Motion on [0,1]. o(n) isa
slowly varying function with o (n) = ,’M (n).

Proof of Theorem 1:

See Akonom and Gourieroux [7] O

To obtain the asymptotics of the transformed frac-
tionally integrated series, it is necessary to use the local
time L(t,s), which is generally defined as quadratic
variation finite in the stochastic process literature. Qua-
dratic variation is infinite when we use fractional Brow-
nian motion instead of Brownian motion. To prevent this
problem, this paper adopts the fractional Brownian
motion Tanaka formula from Coutin, Nualart and Tudor
[8].

B, (t)—s|=|B (0)—5|

+_[Orsgn(BH (t)-

[ (r=9)""aw(s), @

s)dBy, (t)+L(t,s)

where sgn(z)=1,0,-1 as z>0,=0,<0 and
1>H >1/3. H isaHurstexponent.

Remark 1. (Occupation time formula) Let f be
locally integrable and 3/2>H >5/6. Then

[71(Bu (t)dt=[" £ (s)L(t,s)ds. ()

forall teR
If we set f(x :1{|x—s|<u}, we can obtain frac-
tional local time formula.

L(t, s)—|u|ng% 1{|x s|<ujdr (5)

3. Asymptotically Homogeneous Functions

Park and Phillips [2] considered the transformation of
asymptotically homogeneous functions for 1(1) process.

T(Ax)=v(A)F(x)+R(x,4), (6)
where F(x) is locally integrable function and R(...) is
a reminder. This paper defines the notion of an asymp-

totically homogeneous function following de Jong and
Wang [4]:
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Definition 1. A function T (.) is called asymptotically
homogeneous if for all K >0 and some function

F(),
Ilmj

2x)=F (x)|dx =0, @)

v(2)'T(AX) > F(x) as Ao (8)

and t/(/l)'lT(/lx)‘sG(x) for a locally integrable
function G(.), then T(.) is asymptotically homo-
geneous. In addition to Definition 1, T (x) must satisfy
monotonic regular. Use the following Lemma to prove
the asymptotics:

Lemma 1. Under Assumption, for any K >0,

’lZI( ey < x):J‘:I (By (r)<x)dr,  (9)

where “=" denotes weak convergence in D[—K,K
(i.e. the space of functions that are continuous on [0,1
except for a finite number of discontinuities) and H s
a Hurst parameter.

Proof of Lemma 1:

From Jeganathan [6], because slowly varying function,
o(n), will not affect our proof, we set o(n)=1.
Pointwise in X, the result follows from Remark 3.5 of
Tyurin and Phillips [1], and therefore it suffices to show
stochastic equicontinuity of

ntyr (n‘(d‘l/z)xI < x).
By the Skorokhod representation, we can assume that

supre 01]‘ e 1/2 [rn] - BH (r)‘_>0

Then for n large enough,

—(d-y/
nt 2)x[m] -B, (r)‘ <5
almost surely, implying that for n large enough

12( ( a2y < x)—l(n’(”"]/z)x1 Sx'))

SUP o

sup  sup

[X<KX:x<X'<x+5

< supn‘lzn:I (x <n ¥y < x+5)

M<Kk t=t

<supj (x=0<By (r)<x+25)dr (10)
[x<K

=sup[""’L(1, s)ds<35sup|L (Ls)|

[x<K s|<k

where the equality follows from the occupation times
formula (see Tyurin and Phillips [1]) and because
sup i | L (L, s)| is a well-defined random variable. The
above chain of inequalities establishes stochastic equi-
continuity of
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nty (n’(d’]/z)xI < x) ,

which completes the proof. o

Theorem 2. Suppose Assumption holds. Also assume
that T(.) is asymptotically homogeneous. In addition,
assume that F(.) is continuous and T(.) is monotone
regular. Then, for 1/3>a>0, 3/2>d>5/6 and
d-a-1/2>0,

() ST () S

= ["F(s)L(1,5)ds.

(11)

Proof of Theorem 2:

To mmph? our proof we assume o(n)=1. Because
SUP,.,n 7 |x| =0, (1) , it now suffices to show that
forany K >0,

V( nd- 1/2a) -12-'-( n ) (‘ ~(d- j/Z)Xt‘SK)
d—)_[:F(BH(r))I(|

—I F(s)L(1,s)ds.
Now, by Lemma 1,

n’lz:_ll( WAy < x)

:>_[ <x dr

By, (1)< K)dr (12)

By the Skorokhod representation theorem, we can
assume without loss of generality that

‘n’lzpzll( @y < x) J' 1(By (r)< x)dr‘

=c,—0.

Now forall 6>0, let

|ImSUp|S San| < Ilmsupv( pd-Y2-« )’lIK"H

n—ow

e 2T (%) -T

Stns = St
- V(ndfl/Z—a) —lz—l—( ) (‘ —(d 1/2))(1‘ < K)
(13)
=y ey [T ()
x| (jésn’(d Py <(j+1)6 )dJ,
S5 = V(nd 12— @y J‘ K/;:JT(nd 12— ajé-)n—l
(14)
><Z| (j& <n ¥y <(j+1)5)dj,
Sy = () [T ()

x[1(j6 <B, (r)<(j+1)8)dr dj,
Sy =v(n¥2) [0 (02 5) 5L (1, j5) dj
) FT O oo
=y (nd Y2yt J_K T (i ¥2eg) x L(1,s)ds,
Sers =S5 = [ F(s)L(Ls)ds
= [F (B (r)1(|Bu ()| <K)ar.

We will show that

(A7)

=0

Iimﬁaolimsupn%m Sjna‘ - Sj+1,n6

almost surely for j=1,---,4. By the monotone regular
condition, we can act as if T(.) is monotone without
loss of generality. For |S, —S,,;| we then have (See the
Equation [18] below) and as 6 —> 0, the last term
disappears because of continuity of F(.), the second
inequality follows from monotonicity of T(.), and the
third by our definition of an asymptotically homogeneous
function. To show that lim_olimsup,,, .|S,ns = Ssns| = 0
almost surely, note that (See the Equation [19] below)

(nd-uz-aj(;)‘x I (j5§ n—(d—J/z)XI s(j+1)5)dj

< Iimsupv(nd‘m“’ )71 _[m*ln‘lzn:‘T (nd‘l’z‘“(j+l)5)—T (n* ¥ o) (j(SS n ¥y S(j+1)§)dj‘
t=1

-KI5
n—oo

R K/S5-
< limsup|
n—oo -K/s

s [F((1+2)9)-

-1 pK/6-1
£chv(ndil/zw) JK/&

T (o) di

! V(nd—l/Z—a)_lT( d-y2- ax
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‘dx+2c 5 I ‘F

()T (nd’l’z’“(j+1)§)—v(nd’“’“ )T (e S) —F ((j+1)8) + F(j5)‘dj

F(jo)|di = [*°|F (x+8)~F (x)|d

(18)

vt ) T (e )[ jZI (i6<n % <(j+15)- [} (io <8, (r)S(Hl)é)drjdj‘

(19)

x)|dx = o(1)
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almost surely under our assumptions and by the definition
of C,.For [S,;—S,,| wehave

|83n5 - S4n5|

<v(nsve)t [ \T |

-K/s

x( .[ (j6<B,(r)<(j+1)5)dr-
oot ) [l \T o)
5)dr—L(1,x)‘.

5’1xJ:I (x<B,(r)<x+

By the earlier argument,

L(1L, }6) )dj (20)

xsup
[x|<K

supsupv(nd*w—a )‘1 Kfo

n>1 §>0

5‘T (n-vee jﬁ)‘ dj <o, (21)

—K/S
and therefore it suffices to show thatas 6 — 0,

sup|d
X<k

f (x<B, ()<x+5)dr—L(1,x)‘—>O. (22)

By the occupation times formula, the above expression
satisfies

sup
[x|<k

5L s)ds- L (L x)‘
5 (L(Ls)- L(l,x))ds‘ (23)

<sup sup |L(1,s)—

[X|<K se[x,x+5]

=Ssup
[xj<K

L(1,x)| >0 as5—>0

by uniform continuity of L(1,.) on
|Sans — Ss| - we have

Ji(vw-w-aWnd*ﬂﬂs)—H<s>)L<1*S>dS\

) )

[-K,K]. Finally, for

lim

n—oo

‘<K n—o

=0
(24)

by the definition of an asymptotically homogeneous func-
tion, which completes the proof.
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Theorem (2) expands the transformations asymptoti-
cally homogeneous functions to scaled nonstationary 1(d)
processes. This new result can be used to obtain the asy-
mptotics of the nonlinear fractional cointegration.
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