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ABSTRACT

This paper examines the distribution of earnings in a new model of hierarchical multi-task organizations. Each such
organization is defined by a finite set of workers and tasks together with a production function that maps each allocation
of workers to the tasks into an aggregate output. Tasks are ordered in degree of importance so that aggregate output
increases when a worker climbs up the organization ladder. We show that the generalized Banzhaf value proposed by
Freixas [1] can be used as a theory of revenue sharing in such organizations, and provide a new interpretation and for-
mulation of this sharing rule, proving that a worker’s pay is proportional to the difference between his marginal produc-
tivity at the top level and at the bottom level of the hierarchy summed over all the possible configurations of the or-
ganization. This new formulation also facilitates computation.
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1. Introduction

This paper studies the distribution of earnings in a new
model of hierarchical organizations introduced in Pongou
et al. [2]. Each such organization is defined by a finite set
of workers and tasks, and a production function that
maps each allocation of workers to the tasks into an
aggregate output. Tasks are ordered in degree of im-
portance so that aggregate output increases when a
worker climbs up the organization ladder. Assuming that
the organization is competitive, output converts directly
into revenue.

We adapt the generalized Banzhaf value proposed by
Freixas [1] as a theory of revenue sharing in such organi-
zations. This notion is an extension of the concept known
as the Banzhaf-Coleman value. It was independently pro-
posed by Banzhaf [3] and Coleman [4] as a measure of
the ability of a voter to affect the outcome of a voting
game. An axiomatic study of this value was conducted
by Dubey and Shapley [5] and Laruelle and Valenciano
[6]. Important applications of the Banzhaf value to
corporations and corporate governance can be found in
Leech [7,8]. Feltkamp [9] generalizes the axiomatic
approach to any transferable utility cooperative game. In
the context of the firm, a cooperative game can be viewed
as a hierarchical organization that has only two levels. In
an attempt to generalize this notion, Freixas and Zwicker
[10] introduce the concept of (j,k) simple games. A
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(j,k) simple game can be interpreted as a hierarchical
organization that has j levels of hierarchy, and is
equipped with a real-valued production function whose
range has cardinality k. In our model of a hierarchical
organization, k is not fixed, but is endogenously
determined by the production function. Freixas [1] ge-
neralizes the relative Banzhaf value to this class of games.
Diffo Lambo and Moulen [11] and Freixas et al. [12]
study this value in relation to other theories within the
class of (2, 2) simple games, and Tchantcho et al. [13]
and Pongou et al. [14] extend this analysis to the class of
(3, 2) simple games.

A new formulation and interpretation of the genera-
lized Banzhaf value is provided. It proves that in a hie-
rarchical organization, the Banzhaf value of a worker is
proportional to the difference between his marginal pro-
ductivity at the top level and at the bottom level of the
hierarchy summed over all the possible configurations of
the organization. This new formulation also makes this
notion very easy to compute.

The remainder of the paper is organized as follows.
Section 2 defines hierarchical organizations. In Section 3,
a new formulation of the generalized Banzhaf value is
provided. Section 4 concludes.

2. Hierarchical Organizations

An organization is a list (N,T,V) where N isa non-
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empty finite set of workers, T = {Tl,---,TJ.} a finite col-
lection of finite sets of tasks with cardinility [T|=j>2,
and V a production function that maps each allocation
of workers to the tasks into a real number which
measures the aggregate output or productivity of the
organization under that particular configuration (Pongou
et al. [2]). For every i=1,---j, T, is a set of identical
tasks. Denote by t; a representative task of T,. An
allocation of workers to the tasks is a j-partition
A:(lA,---,jA of N,where A is the set of workers
assigned to type t; tasks (or simply to task t;). Under
an allocation A=(, A, A), ;A may be empty for
any i=1,---j, which would mean that no worker has
been assigned to task t;. The set of all possible
allocations is denoted A/ .

In a hierarchical organization, tasks are ordered in de-
gree of importance: t, is the most important task, t,
the second most important task, and so on. A typical ex-
ample is a military organization where each higher-
ranking member is more competent and has more im-
portant tasks than his subordinates. A hierarchical organi-
zation is said to be monotonic if aggregate output in-
creases as a worker moves from a less important task to a
more important one. The concept of monotonicity is for-
malized below.

Let A=(,A-,;A) bean ordered j-partition of N .
For any lef{l, 2 ,J} denote by A = Au--u; A
the set of workers executing a task at Ieast as important
as task t,. Let B —( B,---,; B) be an ordered j partl-
tion of N such that TA' c +B' for anyl=1,j.
That is, B is obtained from A by movmg some
workers to more important tasks. This is denoted by
Ac! B . A multi-task organization (N,T,V) is said to
be monotonic if for any ordered j-partitions A,B e A/’
suchthat Ac! B, V(B)=V (A"

3. The Generalized Banzhaf Value and a
New Formulation

The generalized Banzhaf value developed by Freixas [1]
is adapted to our framework as follows. Let (N,T,V)
be a monotonic hierarchical organization, and

{Vi,Vy,..,V } the range of V. Without loss of
generality, assume v, >v, >-.->v,. Let A be an al-
location of workers and p a worker. Denote by
a(p,A) the task assigned to p in the allocation A,
and by A , the allocation obtained from A by moving
p one level down the organization ladder :

a(p. A, )=a(p.A)+1,

A monotonic hierarchical organization as defined here can be viewed
as a reinterpretation of the notion of (j, k) simple games (Freixas and
Zwicker [10]). Note, however, that not all hierarchical organizations
are monotonic (Pongou et al. [2]).
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a(q,Api):a(q,A) vgeN,g=p.

Let I,me{1,2,---,k} besuchthat 1<l<m<k. p

is said to be (I,m)-critical in A if:
v =V (A)>V (A, )=V,
Denote by 7,"(V) the number of allocations in
which p is (I,m)-critical, andby ;7," (V) the num-
ber of allocations A=(;A,..,;A) in which p s
(I,m) -critical and pe ;A (1<i< j-1). Itfollows that:

0 V)= S V),

The Banzhaf value is defined below.

Definition 1. Let (N,T,V) be a monotonic hierarchi-
cal organization,and p € N aworker.

1) The Banzhaf score of p is:

3

-1

1(V)= X5 (v v, (V)

m=21

1l
-

2) The normalized Banzhaf index of p is:
7, (V)

Zﬂi(V)’

ieN]

By (V)=

The Banzhaf index of a worker measures his earnings
in terms of the proportion of the organization’s revenue
he is expected to obtain. Our goal is to give a new
interpretation of this sharing rule. Let A be an al-
location of workers and pe N a worker. Denote by
A, the allocation obtained by moving p from his
position in A up to the top level of the organization.
Similarly, denote by Ag the allocation obtained by
moving p from his position in A down to the bottom
level of the organization. We show below that the
Banzhaf score of p is proportional to the difference
between his marginal productivity at the top level of the
organization (V(Al —V(A)) and his marginal pro-
ductivity at the bottom level (V(A‘) V(A)) summed
over all the possible worker allocations.

Theorem 1. Let (N,T,V) be a monotonic hierarchi-
cal organization, and p € N aworker. The Banzhaf score
of p isgivenby:

7(V)=7 TV(A)-V(A)
J aeni

The definition below will be needed in the proof of
Theorem 1.

Definition 2. Let A and B be two j-partitions of N
and p aworker.

B issaid to be p-equivalentto A if Yge N, q=p,
(9,B) = a(q, A).

It is obvious that the relation defined above is an equi-
valence relation. The number of elements in each equi-
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valence class is |, and since the number of j-partitions
is j", there are exactly j"" equivalence classes. We
denote these equivalence classes by A (t),
t=1,2,--,j"".

Theorem 1 is proved below.

Proof. It is the case that the Banzhaf score of a worker
p is the number of j-partitions in which p is (I,m)-
critical, so that:

m(V)= TV(A-V(A,)
= 3 V(A)—V(Api)

]

Ac U ~Nlo

t=1

= le > V(A)-V(A,)

t=1 ac NFJ;(t)
Forany t, the cardinality of A/J(t) is j,and

> V(A)—V(Api):V(A}J(t))—v(Ag(t))
Ae N (1)

Where A(t) is any representative j-partition in the class
N (t). Thus,

jn—l

7, (V)=% X V(A)-V(A,)

t=1 ac er;(t)

jn—l

= V(A; (t))—v(Ag (t))

t=1

On the other hand,

S(8)-v(x)
S v(K)v(A)

jn—l

aclJ v

t=1

i

éj(v(A; (1))-v (Al (t)))

= jzlv(A; (t))—v(Ag (1))

=in, (V)(from the expression of 7, (V) above).

It follows that:

7(V)=2 TV(8)-V(A)
) aeni

A simple application is provided below.

Example 1. A monotonic hierarchical organization
(N,T,V) involves two workers p and q and four
tasks (the tasks may also be viewed as different levels of
effort). All the possible allocations of workers are given
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in the first column of the table below. Note that we write
(p.2.@.q), for instance, for ({q},@,@,{qa}), which
denotes a configuration in which p and g are as-
signed to tasks t and t,, respectively, and no worker
is assigned to task t, or task t,. The production fun-
ction of the organization is defined in the second column.
The difference between the marginal productivity at the
top level and at the bottom level of the hierarchy is given
in the third column for worker p and in the fourth
column for worker (.

4-Partition (A)  V(A)  V(AL)-V(AL)  V(A)-V(A))
(2,9,.9,p9) 0 0 0
(2,9.p.,9) 0 0 1
(@,p.2.09) 0 0 1
(9.9, q) 0 0 2
(9,.9,0,p) 0 1 0
(2 .9,9,p) 0 1 0
(0.9.9, p) 0 2 0
(2,9,pq.9) 0 1 1
(@.p.0.2) 1 1 1
(p, ,0.9) 1 1 2
(9, q,p, D) 0 1 1
(9.9, p.9) 1 2 1
(9,pq, B,9) 1 1 1
(p.q, 9.9) 1 1 2
(9. p.2.9) 1 2 1
(pa, 2,9,9) 2 2 2

The Banzhaf score of each of the two workers is there-
fore 16/4 = 4, which implies that the normalized Banzhaf
value is 1/2 for each. So each is expected to have half
of the total output or revenue.

4. Conclusion

We have studied the distribution of earnings in a newly
defined model of hierarchical organizations. Earnings are
measured by the generalized Banzhaf value proposed by
Freixas [1]. A new interpretation of this sharing rule has
been given. More precisely, in any hierarchical organi-
zation, the normalized Banzhaf value of a worker is pro-
portional to the difference between his marginal pro-
ductivity at the top level and at the bottom level of the
hierarchy summed over all the possible configurations of
the organization. This new formulation is also easy to
compute.
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