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ABSTRACT

Difference equations or discrete dynamical systems is diverse field whose impact almost every branch of pure and ap-

plied mathematics. Every dynamical system a,,,

=f (an) determines a difference equation and vise versa. We obtain

in this paper the solution and periodicity of the following difference equation.
‘xn+] = (xnxn—Z‘xn—4 )/(‘xn—lxn—3xn—5 ) ’ (1)

n:O’l’...

where the initial conditions x_, x_,, x5, x,, x_, and x, are arbitrary real numbers with x_,,x; and x

not equal to be zero. On the other hand, we will study the local stability of the solutions of Equation (1). Moreover, we
give graphically the behavior of some numerical examples for this difference equation with some initial conditions.
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1. Introduction

Difference equations or discrete dynamical systems is
diverse field whose impact almost every branch of pure
and applied mathematics. Every dynamical system
a,,, = f(a,) determines a difference equation and vise
versa. Recently, there has been great interest in studying
difference equations. One of the reasons for this is a ne-
cessity for some techniques whose can be used in inves-
tigating equations arising in mathematical models de-
cribing real life situations in population biology, eco-
nomic, probability theory, genetics, psychology, ...etc
Difference equations usually describe the evolution of
certain phenomenta over the course of time. Recently
there are a lot of interest in studying the global attractiv-
ity, boundedness character the periodic nature, and giv-
ing the solution of nonlinear difference equations. Re-
cently there has been a lot of interest in studying the
boundedness character and the periodic nature of nonlin-
ear difference equations. Difference equations have been
studied in various branches of mathematics for a long
time. First results in qualitative theory of such systems
were obtained by Poincaré and Perron in the end of nine-
teenth and the beginning of twentieth centuries. For some
results in this area, see for example [1-13].

Although difference equations are sometimes very
simple in their forms, they are extremely difficult to un-
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derstand throughly the behavior of their solutions.

Many researchers have investigated the behavior of the
solution of difference equations for examples.

Cinar [1,2] investigated the solutions of the following
difference equations

X1 = nl/ 1+xnxn1
g =ax,_ 1/ 1+bx,x,_,)

Karatas et al. [4] gave that the solution of the differ-
ence equation
X1 = X5 /(1 + X, X, s )

G. Ladas, M. Kulenovic et al. [12] have studied period
two solutions of the difference equation

X = (a-i—ﬂxn +yx, )/(A+an +an_1)

n+l

Simsek et al. [13] obtained the solution of the differ-

ence equation
xn+1 = xn73 /(1 + x’l*1 )

Ibrahim [5] studied the third order rational difference
Equation

X1 = (xnxn 2 )/(xn—l (0( +fx,x, ))

In this paper we obtain the solution and study the pe-
riodicity of the following difference equation
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xn+1 = (xnxn—an—4 )/(xn—lxn—3xn—5) H (1)

n=0,1,--- where the initial conditions x., x,, xj,
X,, x,,and x, are arbitrary real numbers with x_,
x_; and x_; not equal to be zero. On the other hand,
we will study the local stability of the solutions of Equa-
tion (1). Moreover, we give graphically the behavior of
some numerical examples for this difference equation
with some initial conditions.

Here, we recall some notations and results which will
be useful in our investigation.

Let / be some interval of real numbers and Let
F:I"' 51 be a continuously differentiable function.
Then for every set of initial conditions x_,,x_ .,
x, €1, the difference equation

Tas1 :F(x x'l—l’.“’xn—k)’n:Oala"'» (2)

n?

has a unique solution {x,}”  [11].

Definition (1.1) A point x €/ is called an equilib-
rium point of Equation (2) if

X =F(X,X,,%).

That is, x,=x for n=0, is a solution of Equation
(2), or equivalently, x is a fixed point of F.

Definition (1.2) The difference Equation (2) is said to
be persistence if there exist numbers m and M with 0 <m
< M <o such that for any initial x_,x_,,,,"--,x, €(0,%0)
there exists a positive integer N which depends on the
initial conditions such that m <x, <M for all n> N.

Definition (1.3) (Stability)

Let 7 be some interval of real numbers.

1) The equilibrium point x of Equation (2) is locally
stable if for every ¢ > 0, there exists d > 0 such that for
X_ s X_pss Xy €1 with

ey = 3]+ [y = X[+ 4 |x, = X] < 5,

we have |x0 —)_c| <¢g foralln>—*k

2) The equilibrium point X of Equation (2) is locally
asymptotically stable if X is locally stable solution of
Equation (2) and there exists y > 0, such that for all
XX gups Xy €1 with

|y = %]+ |x_ o = %]+ +]x, = X] < 6,
we have lim,  x, =X.

3) The equilibrium point X of Equation (2) is global
attractor if for all x_,,x_,,,,---,x, €/, we have
lim, x, =X.

4) The equilibrium point X of Equation (2) is glob-
ally asymptotically stable if X is locally stable, and X
is also a global attractor of Equation (2).

5) The equilibrium point X of Equation (2) is unsta-
bleif X not locally stable.

The linearized equation of Equation (2) about the equi-

Copyright © 2012 SciRes.

librium X is the linear difference equation

k

Vit = 2 OF (%,%,0+, %) [(0x,.,)) v,

i=0

Theorem (1.4) [10] Assume that p,qeR (real num-
bers) and k €{0,1,2,---} Then

|pl+ld <1
is a sufficient condition for the asymptotic stability of the
difference equation
Xot1 + px, + q%, = 09 n= 031" .

Remark (1.5) Theorem (1.4) can be easily extended to

a general linear equations of the form
Xk T OXpppg Tt DyX, = 0,n=0,1,

where p,,p,,--,p, €R (real numbers) and k e{1,2---}.
Then Equation (4) is asymptotically stable provided that

k
Z| pl.| <lI.
i=1
Definition (1.6) (Periodicity)

A sequence {x,}  is said to be periodic with pe-

n=—k
riodpif x,,=x, foralln>—k

2. Solution and Periodicity

In this section we give a specific form of the solutions of
the difference Equation (1).
Theorem (2.1)

Let {x,);

_, be a solution of Equation (1). Then

Equation (1) have all solutions and the solutions are
Xignos =k, X4y g =l Xy 3 =L, Xy, , =,
Xignt = B Xign = Vs Xigny = (yah)/(ﬂLk),
Xigpr =Yk Xy = VR, Xy =1L, Xy, =,
Xianro =V By Xiapiy =1V s Xis = BLE yorh

where x =k, x ,=h,x,=L,x,=a,x ,=0,x,=7.

Proof:

For n = 0 the result holds. Now suppose that n > 0 and
that our assumption holds for » — 1. We shall show that
the result holds for #n. By using our assumption for n — 1,
we have the following:

Xignoo = K Xygygs = s Xyyg7 = Ly X6 = @,
Xignas = Bs Xianra = V> Xignaz = (]/ah)/(ﬂLk),
Xgrz =k X =Y R X400 =YL, Xy, =1/
Xy =V B Xy =17 Xy, 6 = BLE [ yah

Now, it follows from Equation (1) that

Xians = x14n—6‘x14n—8x14n—10/(x14n—7x14n79x14n—11)

= (BLK/yerh) (1 B)(V/ L)/ (1ty ) (Ve ) (V) =k
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Xgp-g = ‘xl4n—5xl4n—7xl4n—9/(x14n—6x]4n—8x14n—]()) =h
X4n-3 = Xian-4X14n-6%14n-8 /( xl4n—5xl4n—7x14n—9) =L

Man—2 = Xan-3Man—5X14n—7 /('xl4n—4xl4n—6'xl4n—8) =a
similarly we can derive,
Xana =5 X, =
Xidne1 = (7ah)/(ﬁLk)ax14n+2 = l/k’
=1/h, %0 =YL, xy,,s =Va,
=1/B X7 =17 X405 = BLE yoh.

Thus, the proof is completed.
Theorem (2.2)

Suppose that {x, }::

Xans3

Xante

. be a solution of Equation (1).

Then all solutions of Equation (1) are periodic with pe-
riod fourteen.

Proof:

From Equation (1), we see that

Xyt = ('xn'xn72xn74 )/( X1 Xn 3% 5)

X2 = (xn+]‘xn71xn73 )/( XXy 2 Xy 4) l/xn 5

X3 = (xn+2xnxn—2 )/( X1 Xn 1% ) 1/xn 4

Xpia :(xn+3xn+lxnfl )/( X2 XX 2) 1/xn 3

X5 =1/x, 0 &x, o =1/x, &x,.,=1/x,

Xy =%, &, =1/, = & Xni10 = X4
Xyt =X, 3 & Xy =X, &x, 3 =x,  &x, =

which completes the proof.

3. Stability of Solutions

In this section we study the local stability of the solutions
of Equation (1).

Lemma (3.1)

Equation (1) have two equilibrium points which are 0
and 1.

Proof:

For the equilibrium points of Equation (1), we can
write

Then ' =%",ie. X' -3 =0

Thus the equilibrium points of Equation (1) is are 0
and 1.

Theorem (3.2)

The equilibrium points ¥ =0 and X =1 are unstable.

Proof:

We will prove the theorem at the equilibrium point
X =1 and the proof at the equilibrium point ¥ =0 by the
same way.

Let f: (0,00)6
fined by

— (0,00) be a continuous function de-
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T (st tty tagtt 0 ) = (120305 ) f (100, )
Therefore it follows that
of /oy = (uyus) [ (uugus)
of Jou, = 0 — (g ) (g1t ) / (stagie )’
= (s ) (u3u ).
of Jous = (wus ) [(uu,uq )
of Jou, =~ (g ) [(wuiug )
of Jous = (uyus) [(uu,uq )
of Joug =~ (s ) /()
At the equilibrium point ¥ =1 we have
of Jou, =1=p,, &f|ou, =-1=p,,
of Jou, =1=p,, of Jou, =—1=p,,
of Jous =1=p,, of [ou, =—1=p,

Then the linearized equation of Equation (1) about
x=1is

yn+l - plyn

_p5y11—4

~ D21 TPV
—PVus =0

_p4yn—3

Yt = VaF Vot =V ¥ Vus = Vs T Vs =0
Whose characteristic equation is
A=+ -+ -2+1=0
By the generalization of theorem (1.4) we have
1]+ =1+ 1]+ {1+ |1+ 1] < 1
which is impossible. This means that the equilibrium

point X =1 is unstable. Similarly, we can see that the
equilibrium point X =0 is unstable.

4. Numerical Examples

For confirming the results of this section, we consider
numerical examples which represent different types of
solutions to Equation (1).

Example 4.1

Consider x s =1,x4=2,x3=4,x,=-1, x; =2,
and xo = 7. See Figure 1.

Example 4.2

Consider x s =1, x4=—1,x3=2,x,=-6, x4 =5,
and x, = —4. See Figure 2.

Example 4.3

Consider x5 =3, x4 =5, x3=-7, x5 =-3, x_; =2,
and x, = —1. See Figure 3.

Example 4.4

Consider x.s =4, x4 =3,x3=-2,x,=9, x, = 17,
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pl70t ofx(n+1)=(x(n)x(n-2)x(n-4))/(x(n-1)-x(n-3)-x(n-5))

25 5 10 15 20 25 30

n

Figure 1. The periodicity of solutions with period 14 with
unstable equilibrium points X =1and X =0.
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Figure 2. Periodicity of solutions with period 14 with unsta-
ble equilibrium points X =1, X =0.
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Figure 3. Periodicity of solutions with period 14 with unsta-
ble equilibrium points X =1and X =0.
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Figure 4. The periodicity of solutions with period 14 with
unstable equilibrium points X =1, X =0.

and xo = —6. See Figure 4.
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