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ABSTRACT

We construct a cash-credit model with positive externalities in the production of credit goods. It is shown that under
suitable conditions, the Friedman rule is not optimal and there exists an optimal nominal interest rate that maximizes the
social welfare and output. This is because increasing the nominal interest rate improves sectoral misallocations caused

by externalities in our economy.
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1. Introduction

What is optimal monetary policy? A classical answer,
provided by Friedman [1], is the Friedman rule—setting
the nominal interest rate to zero. As per this rule, a posi-
tive nominal interest rate generates inefficiency losses for
society since there exists a wedge between the private
marginal cost of holding money, which is nominal inter-
est rate, and the social marginal cost of producing money,
which is essentially zero. Therefore, it is optimum to set
the nominal interest rate to zero. The Friedman rule im-
plies that the central bank should seek a rate of deflation
equal to the real interest rate.

In this paper, we construct a two-sector model with
cash-goods and credit-goods sectors. It is a cash-credit
model developed by Cooley and Hansen [2], Hodrick,
Kocherlakota, and Lucas [3], and Lucas and Stokey [4].
An important assumption is that there exist positive ex-
ternalities in the production of credit goods. We show
that under suitable conditions, the Friedman rule is not
optimal and there exists an optimal inflation level that
maximizes the social welfare and output in our model.

Increasing the nominal interest rate has two effects in
our model. The first is a cost, as in standard models. A
positive nominal interest rate increases the private op-
portunity costs of holding money. The second is a benefit.
Increasing the nominal interest rate reduces the incentive
to hold money and labor input shifts from the cash-goods
sector to the credit-goods sector. Since there exist posi-

tive externalities in the production of credit goods, this
labor input shift has positive effects on the economy. Our
results imply that the benefit of increasing the nominal
interest rate is greater than the cost if the nominal interest
rate is lower than the threshold.

There is extensive literature on the optimality of the
Friedman rule.' For example, Chari, Christiano, and Ke-
hoe [6] find that the Friedman rule is optimal in many
frictionless monetary models. Schmitt-Grohe¢ and Uribe
[7] show that the optimal nominal interest rate is positive
and variable in a sticky-price economy since it acts as a
tax on rent. Heer [8] finds that the Friedman rule is not
optimal in an economy with search frictions. Bhatta-
charya, Haslag, and Martin [9], da Costa and Werning
[10], and Hiraguchi [11] show that the Friedman rule is
not optimal in economies with heterogeneous agents.

This paper is closely related to a paper by Shaw,
Chang, and Lai [12] since they show that the Friedman
rule is not optimal in a one-sector model with external-
ities of capital. However, the reason for the non-opti-
mality of the Friedman rule is completely different in
both papers. In their model, capital generates production
externalities and the capital stock is less than the social
optimal level in a competitive equilibrium. Increasing the
nominal interest rate encourages the holding of capital
and it discourages the holding of money; thus, the social
welfare is improved. Contrary to this, in our economy,
there exist sectoral misallocations of labor owing to ex-
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ternalities in the production of credit goods. Increasing
the nominal interest rate reduces these misallocations of
labor and increases the social welfare.

The rest of this paper is organized as follows. Section
2 introduces our model. Section 3 presents our main re-
sults: the Friedman rule is not optimal if positive exter-
nalities exist in the production of credit goods. Section 4
discusses the reason for externalities and the relationship
between taxation and monetary policy in our model. Sec-
tion 5 concludes the paper.

2. Model

We consider a cash-credit model developed by Cooley
and Hansen [2], Hodrick, Kocherlakota, and Lucas [3],
and Lucas and Stokey [4]. There is a cash-in-advance
constraint for the purchase of cash goods. An important
assumption in this paper is that positive externalities ex-
ist in the production of credit goods.

2.1. Intermediate Goods Firms

There exist two intermediate goods: cash and credit
goods. We assume that both intermediate-goods firms are
competitive. The production function of cash-goods firms
is

e =hy M

where y,, denotes cash goods and 4, , denotes labor input
for the production of cash goods. For simplicity, we as-
sume that the only factor for the production is labor. The
analogue of credit-goods firms is

yz,r = HQy,thQ,t H (2)

where y,, denotes credit goods, H,, denotes the aggregate
labor input of credit goods, and 4, denotes individual
firm’s labor input for the production of credit goods. We
assume that y > 0, that means that positive externalities in
the production of credit goods.

2.2. Household

Households supply labor to intermediate-goods firms and
earn wages. They buy cash and credit goods from inter-
mediate-goods firms at prices Pp;, and Pp,, respect-
tively, and sell them to final-goods firms at prices Py,
and Pr,, respectively. They buy final goods from fi-
nal-goods firms ¢, and possess money M, and risk-free
nominal bonds B, as assets. The budget constraint of
households is

B
t+1 + t+1

P P

t t

¢ +(P1,, —’i,t)yl,, +( Dy, — ,,z,t) Yo+
(3)
W, (hl,t +h2,r)+%+w+ "

t t
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where w, denotes real wage, R, | denotes nominal interest
rate, and 7, denotes monetary injection.

We assume that there is a cash-in-advance constraint
for the purchase of cash goods:

M
pl,tyl,t < ?t (4)

t

Finally, the utility function is

U=iﬂ’[c'_a } 5)

where o > 0 denotes the relative risk aversion and f§ € (0,
1) denotes the discount factor of households. In this
economy, we assume that total labor supply is constant.

2.3. Case of Elastic Total Labor Supply

Competitive final-goods firms buy intermediate goods
from households at prices P, and Py, They produce
and sell final goods to households at price P,. The pro-
duction function is constant elasticity of substitution:

1

v = +(1=n)¥hf ] (6)

where 1/p>0 denotes the elasticity of substitution be-
tween cash and credit goods and # € (0,1) denotes the
share of cash goods in the production of final goods.

2.4. Equilibrium

We consider that the monetary authority sets a nominal
interest rate R, The market clearing conditions are as
follows:

(goods) ¢, =y,, (7
(labor) h=h,+h,,, ®)
(bonds) B, =0. )

For simplicity, we consider total labor supply % to be
constant.

At the steady state, the equilibrium system is summa-
rized as

n=pB(1+R), (10)
pi? =n(1=n)[h-n]"", (11)

y= [nhf‘p +(1=n)[h=h ](lfp)(wqg ()

Equation (10) shows that the monetary authority con-
trols gross inflation © by setting R. The Friedman rule
implies that = = . Equation (11) is the optimization con-
dition of labor input among two intermediate-goods sec-
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tors. Finally, by Equation (12), the output is determined.

3. Nonoptimality of the Friedman Rule
3.1. Main Results

In this paper, we focus on the steady-state relationship
between inflation and the social welfare. Since the social
welfare depends only on output, we investigate how
output is affected by inflation in the following analyses.

Two lemmas are useful for the analyses. The first
lemma is on the relationship between output and labor
supply in the cash-goods sector.

Lemma 1. The steady-state output y is decreasing in
the steady-state labor supply in cash-goods sector hy if
and only if

n<pB(1+7). (13)

If m> ,B(l+;/) , V is increasing in hy.
Proof. Taking total differentiation of (11) yields

d _ _ 147)(1=p)-1
=L =) ) ()

By the steady-state relationship (12), we obtain

A I
m ny’h {1 . (1+7/)} .

A necessary and sufficient condition for dy/dh <0
is Equation (13).0

The second lemma is on the relationship between labor
supply in the cash-goods sector and inflation.

Lemma 2. The steady-state labor supply in cash-
goods sector hy is decreasing in the steady-state inflation

n if and only if
[(1+7)( 1][ } (14)

Proof. Taking total differentiation of Equation (12)
yields

dh, (1+7)(1-p)-1
—=(1-n)|h—h D,
= (1) -]
where
D=xn(1-n)[(1+7)(1-p)-1][h-H]""""
~Buph "
By the steady-state relationship (12), we obtain
dhy, _ h/n
dn

[(1+7)( 1]{ }
A necessary and sufficient condition for dh /dn<0

is Equation (14).0
Using these two lemmas, we provide two propositions.
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In the first, no externalities exist: y = 0.

Proposition 1. If no externalities exist, y =
Friedman rule is optimal.

Proof. If y = 0, Equation (14) holds. By Lemmas 1 and
2, it is shown that y is decreasing in © for © > f. O

Increasing the nominal interest rate generates ineffi-
ciency losses for society since there exists a wedge be-
tween the private marginal cost of holding money, which
is the nominal interest rate, and the social marginal cost
of producing money, which is zero, as in standard models.
Therefore, the Friedman rule is optimal in our model
without externalities.

If there exist externalities, the optimality of the Fried-
man rule does not hold under suitable conditions.

The main result in this paper is as follows.

Proposition 2. Assume that y>0and (1+y)(1-p)<1.
The Friedman rule is not optimal, and the social welfare
is maximized at a steady state with n=f(1+y) and R
=9.

Proof. Since (1+y)(1-p)—1<0, Equation (14) holds
at a steady state with = > . Then, 4, is decreasing in @
for all © > B. By Lemma 1, it is shown that dy/dn >0
for f<n<pB(1+y) and dy/dn<0 for n>pS(1+y).
Since the utility function implies that the social welfare is
increasing in y, the optimal inflation level is
n=p4(1+y).0

In the case with positive externalities in the production
of credit goods, increasing the nominal interest rate has
positive effects on the economy. By increasing the no-
minal interest rate, money holding incentive reduces and
labor input shifts from the cash-goods sector to the
credit-goods sector. Since there exist positive external-
ities in the production of credit goods, this labor shift has
positive effects on the economy. Proposition 2 implies
that the benefit of increasing the nominal interest rate is
greater than the cost if the nominal interest rate is lower
than the threshold.

0, the

3.2. Numerical Example

We verify this result by numerical simulations. The
model is annual. The discount factor is f = 0.96, which
implies that the real interest rate is four percent. The
relative risk aversion is o = 2, following the standard
literature. The degree of externalities y is set such that the
optimal inflation is two percent: y = 0.0625, since the
stylized fact shows that economic performance is good
under mild inflation rates. We set p = 0.065, which satis-
fies condition (14) and ensures high elasticity of substitu-
tion between cash and credit goods. We also set # such
that / /(b +h,)=04 at a steady state where inflation
is two percent: # = 0.5011. In our numerical simulations,
the assumption of the interim solution of labor input is
satisfied under this value of #.
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Figure 1 shows the effect of inflation on steady-state
output. We change the steady-state inflation from n = §,
that means the case of the Friedman rule, to ten percent.
We normalize the output level at = = /8 to be one hundred.
As shown in Proposition 2, output is maximized at a
steady state with two percent inflation. The output level
at the optimal inflation rate is 1.5 percent higher than that
with the Friedman rule. The welfare is also maximized
since it is monotone in output in our model.

3.3. Case of Elastic Total Labor Supply

For simplicity, we assume that total labor supply is con-
stant in the model. Here, we relax this assumption. We
employ the following utility function:

5 a +¢(1—hl—h2)7 ’ (15)
o

U =
=0 1- 1-y

~

where ¢ > 0 and y > 0. Other settings are the same as in
Section 2.

We investigate the effects of inflation at the steady
state by numerical simulations. We set ¢ so that the
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Figure 1. Effects of inflation (1): inelastic total labor supply.
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Figure 2. Effects of inflation (2): elastic total labor supply.
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steady-state total labor supply is 0.3 and y = 2. Other
parameter values are the same as in the case of inelastic
total labor supply.

Figure 2 shows output, welfare (defined by the utility),
and total labor supply given steady-state inflation. We
normalize output and total labor level at = = f to be one
hundred and welfare to be minus one hundred. In Figure
2, it is shown that even in a model with elastic total labor
supply, the Friedman rule is not optimal and there is an
optimal inflation level that maximizes the welfare. The
optimal inflation is approximately two percent as in the
case of inelastic total labor supply. We also find that
inflation that maximizes output is less than optimal in
this case.

4. Discussions

4.1. Why Do Externalities Exist in the Credit
Goods Sector?

Although our assumption that the production of credit
goods is associated with positive externalities may seem
to be at odds with reality; It might be justified by the
network externalities, which are broadly observed in
various financial services (King [13]) or privately-issued
monetary instruments (Williamson [14]). The credit goods
in the present paper are goods that are traded through
various financial services, e.g., discounting of promis-
sory notes and payment by credit cards and electronic
money. Production of the credit goods in this paper is a
reduced-form model of the combined outcome in reality
of the goods production and the credit services associated
with the trading of the goods. The financial services ex-
hibit network externalities in general (see, for example,
Van Hove [15]). This is because various financial ser-
vices have the nature of network goods, the per-capita
cost of which decreases as the number of participants
into the network increases. Therefore, our assumption
that there exist positive externalities in the production of
credit goods can be justified as a shortcut to formalize
the network externalities involved in financial services.

We should argue for the plausibility of the degree of
externalities in our numerical example. We set y = 0.0625
to have the optimal inflation at two percent. Harrison
[16] shows that there exist externalities in the production
of investment goods, the degree of which is within the
range of 0.07 or greater. Since the investment goods in
Harrison’s estimation and the credit goods in our model
seem to overlap to a large extent, her results may be in-
terpreted as supportive of our requirement that y should
be 0.06 or greater for mild inflation to be optimal.

4.2. Taxations and Monetary Policy

In our model, we assume that there exist no fiscal policy
and taxes. This might be a strong assumption. Recent
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studies find that the optimality of the Friedman rule is
closely related to the flexibility of the government’s fiscal
policy. Correia, Nicolini, and Teles [17] find that if the
fiscal policy is sufficient flexible, the Friedman rule is
optimal even in a sticky-price economy while Schmitt-
Grohe and Uribe [7] show that the optimal interest rate is
positive under an inflexible government fiscal policy.

If the government could levy different taxes on the
profits of cash-goods and credit-goods firms, the Fried-
man rule would be optimal in our economy. In our eco-
nomy, increasing the nominal interest rate improves the
sectoral misallocations of labor caused by externalities,
resulting in the non-optimality of the Friedman rule
arises. Sectoral tax rates can also improve these misallo-
cations of labor and there are no welfare costs of infla-
tion in this case.

However, it is difficult to distinguish between cash and
credit goods in the real world. For example, goods would
be categorized as cash goods when they are bought for
cash and credit goods when bought using a credit card.
Therefore, we believe that our assumption of inflexible
fiscal policy is reasonable.

5. Concluding Remarks

In this paper, we construct a cash-credit model with posi-
tive externalities in the production of credit goods. Under
suitable conditions, the Friedman rule is not optimal and
there is an optimal inflation level that maximizes the so-
cial welfare in our model, since increasing the nominal
interest rate shifts the labor input from the cash-goods
sector to the credit-goods sector.
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Appendix
The equilibrium system of our economy is as follows.
Py (1+,ut) =Ny
=Ny

|: e 1+/ut+1:|
[ym 1+R }

e
pl,tyl,t - H
T

t

=nn.y,

r,=(1-n)y0yf
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i
v = +(=n)phr ]

N = hl,r >
1+y
=h,
w
o
- hl,f >
Py
w,
L _ LY
- hz,t s
Doy
h = }h,t + h2,t s

where 7, =P, /P_, denotes gross inflation,

m, =P, /P, denotes real money balances, and yx, de-
notes the ratio of the Lagrange multiplier of the cash-
in-advance constraint to that of the budget constraint.
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