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ABSTRACT

In this paper, a hybrid Fuzzy Neural Network (FNN) system for function approximation is presented. The proposed
FNN can handle numeric and fuzzy inputs simultaneously. The numeric inputs are fuzzified by input nodes upon pres-
entation to the network while the Fuzzy rule based knowledge is translated directly into network architecture. The con-
nections between input to hidden nodes represent rule antecedents and hidden to output nodes represent rule conse-
quents. All the connections are represented by Gaussian fuzzy sets. The method of activation spread in the network is
based on a fuzzy mutual subsethood measure. Rule (hidden) node activations are computed as a fuzzy inner product.
For a given numeric o fuzzy input, numeric outputs are computed using volume based defuzzification. A supervised
learning procedure based on gradient descent is employed to train the network. The model has been tested on two dif-
ferent approximation problems. sine-cosine function approximation and Narazaki-Ralescu function and shows its

natural capability of inference, function approximation, and classification.
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1. Introduction

The conventional approaches to system modeling that are
based on mathematical tools (i.e. differential equations)
perform poorly in dealing with complex and uncertain
systems. The basic reason is that, most of the time; it is
very difficult to find a global function or analytical
structure for a nonlinear system. In contrast, fuzzy logic
provides an inference morphology that enables approxi-
mate human reasoning capability to be applied in a fuzzy
inference system. Therefore, a fuzzy inference system
employing fuzzy logical rules can model the quantitative
aspects of human knowledge and reasoning processes
without employing precise quantitative analysis.

In recent past, artificial neural network has also played
an important role in solving many engineering problems.
Neural network has advantages such as learning, adap-
tion, fault tolerance, parallelism, and generalization. Fuzzy
systems utilizing the learning capability of neural net-
works can successfully construct the input output map-
ping for many applications. The benefits of combining
fuzzy logic and neural network have been explored ex-
tensively in the literature [1-3].

The term neuro-fuzzy system (also neuro-fuzzy meth-
ods or models) refers to combinations of techniques from

Copyright © 2010 SciRes.

neural networks and fuzzy system [4-8]. This never
means that a neural network and a fuzzy system are used
in some kind of combination, but a fuzzy system is cre-
ated from data by some kind of (heuristic) learning
method, motivated by learning procedures used in neural
networks. The neuro-fuzzy methods are usually applied,
if a fuzzy system is required to solve a problem of func-
tion approximations or special case of it, like, classifica-
tion or control [9-12] and the otherwise manual design
process should be supported and replaced by an auto-
matic learning process.

Here, the attention has been focused on the function
approximation and classification capabilities of the sub-
sethood based fuzzy neural model (subsethood based
FNN). This model can handle simultanecous admission of
fuzzy or numeric inputs along with the integration of a
fuzzy mutual subsethood measure for activity propa-
gation. A product aggregation operator computes the
strength of firing of a rule as a fuzzy inner product and
works in conjunction with volume defuzzification to
generate numeric outputs. A gradient descent framework
allows the model to fine tune rules with the help of nu-
meric data.

The organization of the paper is as follows: Section 2
presents the architectural and operational detail of the
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model. Sections 3 and 4 demonstrate the gradient descent
learning procedure and the applications of the model to
the task of function approximation respectively. Finally,
the Section 5 concludes the paper.

2. Architectural and Operational Detail

To develop a fuzzy neural model, following issues are
important to be discussed:

1) Signal transmission at input node.

2) Signal transmission method (similarity measures)
from input nodes to rule nodes.

3) Method for activity aggregation at rule nodes.

4) Signal computation at output layer.

5) Learning technique and its mathematical formula-
tion used in model.

The proposed architecture of subsethood based Fuzzy
neural network is shown in Figure 1. Here x; to x,, and
X +1 to x, are numeric and linguistic inputs respectively.
Each hidden node represents a rule, and input-hidden
node connection represents fuzzy rule antecedents. Each
hidden-output node connection represents a fuzzy rule
consequent. Fuzzy set corresponding to linguistic levels
of fuzzy if-then rules are defined on input and output
UODs and are represented by symmetric Gaussian mem-
bership functions specified by a center and spread. The
center and spread of fuzzy weights w;; from input nodes i
to rule nodes j are shown as c¢; and ¢; of a Gaussian
fuzzy set and denoted by w;; = (c;, g;). As this model can
handle simultaneous admission of numeric as well as
fuzzy inputs, Numeric inputs are first fuzzified so that all
outputs transmitted from the input layer of the network
are fuzzy. Now, since the antecedent weights are also
fuzzy, this requires the design of a method to transmit a
fuzzy signal along a fuzzy weight. In this model signal
transmission along the fuzzy weight is handled by calcu-
lating the mutual subsethood. A product aggregation op-
erator computes the strength of firing at rule node. At
output layer the signal computation is done with volume
defuzzification to generate numeric outputs (y; to y,). A
gradient descent learning technique allows the model to
fine tune rules with the help of numeric data.

2.1 Signal Transmission at Input Nodes

Since input features xy, ... , x,, can be either numeric and
linguistic, there are two kinds of nodes in the input layer.
Linguistic nodes accept a linguistic input represented by
fuzzy sets with a Gaussian membership function and
modeled by a center ¢; and spread o;. These linguistic
inputs can be drawn from pre-specified fuzzy sets as
shown in Figure 2, where three Gaussian fuzzy sets have

been defined on the universe of discourse (UODs) [-1, 1].

Thus, a linguistic input feature x; is represented by the
pair (¢;, 0;). No transformation of inputs takes place at
linguistic nodes in the input layer. They merely transmit
the fuzzy input forward along antecedent weights.
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Figure 2. Fuzzy sets for fuzzy inputs

Numeric nodes accept numeric inputs and fuzzify
them into Gaussian fuzzy sets. The numeric input is
fuzzified by treating it as the centre of a Gaussian mem-
bership function with a heuristically chosen spread. An
example of this fuzzification process is shown in Figure
3, where a numeric feature value of 0.3 has been fuzzi-
fied into a Gaussian membership function centered at 0.3
with spread 0.35. The Gaussian shape is chosen to match
the Gaussian shape of weight fuzzy sets since this facili-
tates subsethood calculations detailed in Section 2.2.
Therefore, the signal from a numeric node of the input
layer is represented by the pair (¢;, 0;). Antecedent con-
nections uniformly receive signals of the form (c; o).
Signals (S(x;) = (c;, 0;)) are transmitted to hidden rule
nodes through fuzzy weights also of the form (c;, o),
where single subscript notation has been adopted for the
input sets and the double subscript for the weight sets.

2.2 Signal Transmission from Input to Rule
Nodes (Mutual Subsethood Method)

Since both the signal and the weight are fuzzy sets, being

JILSA



Design of Hybrid Fuzzy Neural Network for Function Approximation 99

, ——r~
091 / : \\ Fuzzified input
08l /o Gaussianm.f. |
: FA \  center=0.3
0.7 / : \ Spread=0.35 .
]
0.6 | / ' \ R
' <+—
0.5} ! |
I
0.4r | J
! N
0.3} / : \ 1
0.2t , : L T
0.1 P ! A ]
O L L ! L L
-1 -0.5 0 0.5 1 1.5

Figure 3. Fuzzification of numeric input

represented by Gaussian membership function, there is a
need to quantify the net value of the signal transmitted
along the weight by the extent of overlap between the
two fuzzy sets. This is measured by their mutual sub-
sethood [13].

Consider two fuzzy sets 4 and B with centers ¢, ¢, and
spreads o, o, respectively. These sets are expressed by
their membership functions as:

a(x) = e*((X*q)/Ul)2 1)

b(x) — e—(()c-c‘z)/(fz)2 (2)
The cardinality C(4) of fuzzy set 4 is defined by
C(A) = Jjoa(x)dx — Ijo e’((""el)/‘fl )2 dx (3)

Then the mutual subsethood £(A4,B) of fuzzy sets A
and B measures the extent to which fuzzy set 4 equals
fuzzy set B can be evaluated as:
C(ANB)

S ) = T CB) - C(ANB)

“

Further detail on the mutual subsethood measure can
be found in [13]. Depending upon the relative values of
centers and spreads of fuzzy sets 4 and B, the following
four different cases of nature of overlap arise:

Case 1: ¢, =c¢, having any values of ¢, and 5.

Case2: ¢, #¢, and o0, =0,
Case3: ¢, #¢, and o, >0,
Case4: ¢, #¢, and o0, <0,

In case 1, the two fuzzy sets do not cross over-either
one fuzzy set belongs completely to the other or two
fuzzy sets are identical. In case 2, there is exactly one
cross over point, whereas in cases 3 and 4, there are ex-
actly two crossover points. An example of case 4 type
overlap is shown in Figure 4.

To calculate the crossover points, by setting a(x) =
b(x), the two cross over points #; and A, yield as,
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b = — (%)

hy =—"— (6)

These values of 4, and A, are used to calculate the
mutual subsethood &(A4,B) based on C(ANB), as
defined in (4).

Symbolically, for a signal s, =S(x;)=(c;,0,) and
fuzzy weight w, =(c;,0;), the mutual subsethood is

C(s;, nwy)
(s +C(wy) = C(s, N wy)

As shown in Figure 5, in the subsethood based FNN
model, a fuzzy input signal is transmitted along a fuzzy
weight that represents an antecedent connection. The
transmitted signal is quantified &;, which denotes the
mutual subsethood between the fuzzy signal S(x;) and
fuzzy weight (c;,0,;) and can be computed using (4).
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Figure 4. Example of overlapping: ¢, > ¢, and 6, <0,
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The expression for cardinality can be evaluated for
each of the four cases in terms of standard error function
erf(x) represented as (8).

erf (x) = % [l ar ®)

The case wise expressions for C(s; Mw;) are given

in Appendix (1).

2.3 Activity Aggregation at Rule Nodes (Product
Operator)

The net activation z; of the rule node j is a product of all
mutual subsethoods known as the fuzzy inner product
can be evaluated as

N
Il

; HS(S (), w;) ®
=1 i=1
The inner product in (9) exhibits some properties: it is
bounded between 0 and 1; monotonic increasing; con-
tinuous and symmetric. The signal function for the rule
node is linear.

S(z,)=z, (10)

Numeric activation values are transmitted unchanged
to consequent connections.

2.4 Output Layer Signal Computation (Volume
Defuzzification)

The signal of each output node is determined using stan-
dard volume based centroid defuzzification [13]. The
activation of the output node is y;, and Vj's denote con-
sequent set volumes, then the general expression of de-
fuzzification is

q
Zj:l 2V ik
q
z, 1Z /V/k
The volume V) is simply the area of consequent fuzzy

sets which are represented by Gaussian membership
function. From (11), the output can be evaluated as

Zq Z,C40
Y :+ (12)

Z, 1270 ji

The signal of output node kis S(y,) =y, .

Vi = (11)

3. Supervised Learning (Gradient Descent
Algorithm)

The subsethood based linguistic network is trained by
supervised learning. This involves repeated presentation
of a set of input patterns drawn from the training set. The
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output of the network is compared with the desired value
to obtain the error, and network weights are changed on
the basis of an error minimization criterion. Once the
network is trained to the desired level of error, it is tested
by presenting a new set of input patterns drawn from the
testing set.

3.1 Update Equations for Free Parameters

Learning is incorporated into the subsethood-linguistic
model using the gradient descent method. A squared er-
ror criterion is used as a training performance parameter.

The squared error &' at iteration ¢ is computed in the
standard way

— > -SODy (13)

where d, 1is the desired value at output node &, and the

error evaluated over all p outputs for a specific pattern k.

Both the centers and spreads c;,c,,o0; and o, of

antecedents and consequent connections are modified on
the basis of update equations given as follows:

t
t+1

o
ot = —nail+aAc;.'l (14)

g
i

where 7 is the learning rate, « is the momentum pa-
rameter, and

Ac =~ (15)

ij ij ij
3.2 Partial Derivative Evaluation

The expressions of partial derivatives required in these
update equations are derived as follows:

For the error derivative with respect to consequent
centers

Oe  Oe © z,0,
==l ) 16)
dcy Oy, Oc, ' zo

j=17J"Jk

and the error derivative with respect to the consequent
spreads
Oe  Oe Oy,
0o, 0Oy, 0o,

(17
Zj /kz, 12,9 _Z'Zq 1Z;C0
(Z/l J /k)

The error derivatives with respect to antecedent cen-
ters and spreads involve subsethood derivatives in the
chain and are somewhat more involved to evaluate. Spe-
cifically, the error derivative chains with respect to ante-
cedent centers and spreads are given as following,

= _(dk -
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Qe _§n Oe Oy, %2, 08y
Oc; im0y, 0z; Og; Ocy

! (18)
z ay, 9z, 0g;
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k=1 8zj aé‘i/- 6cy.

de _Pﬁ%@zj 85,.].
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(19)

< A, 9z, gy
B R
k=1 82_, (38” 50'”

and the error derivative chains with respect to input fea-
ture spread is evaluated as

>

Oe de 0y, 0z, 05,
oo, Jj=1

10y, 0z, 0g; 0o,

DM

.
Il

20
g dy, 0z; Oy 20
:zz_(dk Vi)

p
j=1 k=1 52j 581.]. @Gl.

where

q q
WV _ Tk D070 = O 2P
0z, Zq 2
J .O .
Jj=1 Zj9 jk

q q
Cu D 2,0, =D  Z,Ch0 5
I D WL D WLl an

Jk 2
? zZ.0
J=17J" jk
_ O-jk(cjk =)

q
Z,a Z;0jk

and

oz,
SR, P 22)

65,-/- i=l,i% )

The expressions for antecedent connection, mutual

‘gij ‘gij

and are ob-

G ooy,
tained by differentiating (7) with respect to ¢;, g; and o;

as in (23), (24) and (25).

subsethood partial derivatives

M(\/;(O'I +0,)-C(s; mWi')) - MC(Si AW;)
oz, L 2 ’ ’ % j (23)
oc; (\/;(0', +0,;)-C(s ﬁl/v,.j))2

(Mwaai. o)~ C, ﬂm-))}—([«/; —MJC<S,~ mwﬂ}
agij ) aO'!./. ij ij ) o, ij 9
oo, (7 (o, +0,)=Cls, nwy))’ ()

(M(\E(o‘i. +0,)=C(s; mw,--))]— [\/;—M]C(Si W) W
% |\ % f : i : 25)
oo, (z(o, +0,)=Cls, nw))y’

In these equations, the calculation of 0C(s, "w;)/dc;,

oC(s,"w;)/ 0o, and 0C(s,"w;)/ 0o, are required

which depends on the nature of overlap of the input fea-
ture fuzzy set and weight fuzzy set. The case wise ex-
pressions are demonstrated in Appendix (2).

4. Function Approximation

Function approximation involves determining or learning
the input-output relations using numeric input-output
data. Conventional methods like linear regression are
useful in cases where the relation being learnt, is linear or
quasi-linear. For nonlinear function approximation mul-
tilayer neural networks are well suited to solve the prob-
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lem but with the drawback of their black box nature and
heuristic decisions regarding network structure and tun-
able parameters. Interpretability of learnt knowledge in
conventional neural networks is a severe problem. On the
other hand, function approximation by fuzzy systems
employs the concept of dividing the input space into sub
regions, and for each sub region a fuzzy rule is defined
thus making the system interpretable.

The performance of the fuzzy system depends on how
finally the sub regions are generated. The practical imita-
tion arises with fuzzy systems when the input variables
are increased and the number of fuzzy rules explodes
leading to the problem known as the curse of dimension-
ality. It is now well known that both fuzzy system and
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neural network are universal function approximators and
can approximate functions to any arbitrary degree of ac-
curacy [13,14]. Fuzzy neural system also has capability
of approximating any continuous function or modeling a
system [15-17].

There are two broad applications of function ap-
proximation-prediction and interpretation. In this paper,
the work has been done on applications of function ap-
proximation related to prediction. In prediction, it is
expected that, in future, new observations will be en-
countered for which only the input values are known,
and the goal is to predict a likely output value for each
case. The function estimate obtained from the training
data through the learning algorithm is used for this
purpose.

The subsethood based linguistic network proposed in
the present paper has been tested on two different ap-
proximation problem: sine-cosine function approxima-
tion and Narazaki-Ralescu function [18].

4.1 Sine-Cosine Function

The learning capabilities of the proposed model can be
demonstrated by approximating the sine-cosine function
given by

S (x, ) = sin(x) cos(y) (26)

for the purpose of training the network the above func-
tion was described by 900 sample points, evenly distrib-
uted in a 30 x 30 grid in the input cross-space [0, 2x] %
[0, 2wt]. The model is tested by another set of 400 points
evenly distributed in a 20 x 20 grid in the input
cross-space [0, 2x] % [0, 2xt]. The mesh plots of training
and testing patterns are shown in Figure 6. For training
of the model, the centers of fuzzy weights between the
input layer and rule layer are initially randomized in the
range [0, 2n] while the centers of fuzzy weights between
rule layer and output layer are initially randomized in the
range [-1, 1]. The spreads of all the fuzzy weights and
the spreads of input feature fuzzifiers are initialized ran-
domly in range [0.2, 0.9].

The number of free parameters that subsethood based
FNN employs is straightforward to calculate: one spread
for each numeric input; a center and a spread for each
antecedent and consequent connection of a rule. For this
function model employs a 2-r-1 network architecture,
where 7 is the number of rule nodes. Therefore, since
each rule has two antecedents and one consequent, an
r-rule FNN system will have 67 + 2 free parameters.

Model was trained for different number of rules— 35,
10, 15, 20, 30 and 50. Simulations were performed with
different learning schedules given in Table 1 to study the
effect of learning parameters on the performance of
model.
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Figure 6. (a) Mesh plot and counters of 900 training pat-
terns; (b) mesh plot and counters of 400 testing

Table 1. Details of different learning schedules used for
simulation studies

Learning Schedule Details

LS=0.2 n and a are fixed to 0.2
LS=0.1 n and a are fixed to 0.2
LS=0.01 n and a are fixed to 0.2
LS =0.001 n and a are fixed to 0.2

(7 -learning rate and @ -momentum)

The root mean square error, evaluated for both training
and testing patterns, is given as

E - (desired — actual)’
training patterns
RMSE, =

— 27)
number of training patterns
Ztestin g patterns (deSired - aCtua1)2
RMSE,, = £ L 28)
number of testing patterns
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In order to visualize the surface obtained from the test
set after training the function f{x, y) = sin(x) cos(y) for
250 epochs the three dimensional plots of the function is
generated. Figure 7 illustrates surface plots of the func-
tion and the error surface for different values of rule
counts with learning schedule as LS = 0.01. It can be
observed that a model of mere 5 rules seems to be
coarsely approximating the given function. The error is
more where the slope of the function changes in that re-
gion. Thus, increasing the number of rules generates bet-
ter approximated surface as can be observed as shown in
Figure 7. As per the observation shown in Table 2, we
can conclude that for learning schedule LS = 0.2 or
higher and with small rule count the subsethood model is
unable to train, resulting in oscillations in error trajecto-
ries shown as Figure 8. This may occur due to the im-
proper selection of learning parameters (learning rate (7)
and momentum (o)) and number of rules. But with same
learning parameters and higher rule counts like 30 and 50
rules model produces good approximation.

The observations for fuzzy neuro model drawn in the
above experiments can be summarized as the following:

1) As the number of rules increases the approximation
performance of model improves to a certain limit.

2) For higher learning rates and momentum with lower
rule counts the model is unable to learn. In contrast if the
learning rate and momentum are kept to small values a
smooth decaying trajectory is obtained even for small
rule counts.

3) In general, Model works fairly well even for simple
learning schemes by keeping the learning rate and mo-
mentum fixed to small values.

4) Most of the learning is achieved in a small number
of epochs.

4.2 Narazaki and Ralescu Function

The function is expressed as follows,

y(x)=0.2+0.8(x+0.7sin(27x)), 0<x<1 (29)

and the plot of the function is shown in Figure 9.

The system architecture used for approximating single
input-output function is 1-r-1, where r is the number of
rule nodes. The tunable parameters that model employs
for this application is calculated to be as, one spread for
one input, and a center and a spread for each antecedent
and consequent connection of rule. As each rule has one
antecedent and one consequent, r rule architecture will
have 4r + 1 free parameters. The model is trained using
21 training patterns. These patterns were generated at
intervals of 0.05 in range [0, 1]. Thus, the training pat-
terns are of the form:

(0, (0)), (0.05, ¥(0.05)),...,(1, ¥(1)) (30)

The evaluation was done using 101 test data taken at
intervals of 0.01. The training and test sets generated are
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Figure 7. f(x, y) surface plot and their corresponding testing
error surface after 250 epochs for different rule counts with
learning schedule as LS = 0.01, (a) f(x, y) surface for 5 rules;
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(d) error surface for 5 rules; (e) error surface for 10 rules;
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(h) f(x, y) surface for 30 rules; (i) f(x, y) surface for 50 rules;
(j) error surface for 20 rules; (k) error surface for 30 rules;
(D) error surface for 50 rules
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Table 2. Root mean square errors for different rule count

Design of Hybrid Fuzzy Neural Network for Function Approximation

and learning schedules for 250 epochs

Rules

LS=0.2

LS=0.1

15

20

RMSE,,
0.4306
0.1851
0.0897

0.0631

RMSE .
0.5928
0.3144
0.1125

0.1518

RMSE,,,
0.3464
0.2745
0.1250

0.0811

RMSE .y
0.6210
0.3239
0.1746

0.1026

testing error (Rmse)

091
0.8
07}
0.6
051
0.4}

0.3

Srules | -
- 10 rules
15rules |
20 rules
- 30 rules
50 rules

I
o.zL ;;;;;; e 7

0.1H

30 0.0418 0.0522 0.0518 0.0615

50 0.0316 0.0323 0.0219 0.0452 % 50 100 150 200 250 300 350 400 450

Rules

LS =0.01

LS =0.001

10

15

20

30

50

RMSE,,
0.3352
0.1758
0.1419
0.0972
0.0645

0.0336

RMSE,.,,
0.4080
0.1997
0.1516
0.1247
0.0735

0.0354

RMSE,,
0.3428
0.2194
0.2771
0.1446
0.1135

0.0336

RMSE,.,
0.3567
0.2783
0.2954
0.1432
0.1246

0.0354

mutually exclusive. Two performance indices J1 and J2
as defined in [18], used for evaluation are given below:

)

training data

J1=100x% L |actual output — desired Output|

desired output
€2y

1 |actual output — desired 0utput|

J2=100x—

2

test data

desired output
(32)

Experiments were conducted for different rule counts,
using a learning rate of 0.01 and momentum of 0.01
throughout the learning procedure. Table 3 summarizes
the performance of model in terms of indices J1 and J2
for rule counts 3 to 6. It is evident from the performance
measures that for 5 or 6 rules the approximation accuracy
is much better than that for 3 or 4 rules. In general up to a
certain limit, as the number of rules grows, the perform-
ance of model improves.

Table 4 compares the test accuracy performance index
J2 for different models along with the number of rules
and tunable parameters used to achieve it. With five rules
our model obtained J1 = 0.9467 and J2 = 0.7403 as better
than all other schemes. From the above results, it can be
infer that subsethood-based FNN shows the ability to
approximate function with good accuracy in comparison
with other models.
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Figure 9. Narazaki-Ralescu function
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Table 3. Subsethood based FNN performance for Na-
razaki-Ralescu’s function

Number Trainable Training Testing
of Rules Parameter Accuracy Accuracy

J1%) (J2%)

3 13 2.57 1.7015

4 17 1.022 0.7350

5 21 0.9468 0.7403

6 25 0.6703 0.6595

Table 4. Performance comparison of subsethood based FNN
with other methods for Narazaki-Ralescu’s function

Methods and Number Trainable Testing
reference of rules Parameters Accuracy
(J2%)
FuGeNeSys [19] 5 15 0.856
Lin and Cunning-
ham 111 [20] 4 16 0.987
Narazaki and
Ralescu [18] Na 12 3.19
Subsethood based
FNN 3 13 1.7015
Subsethood based
FNN 3 21 0.7403

5. Conclusions

In this paper the proposed subsethood based Fuzzy Neu-
ral Network model has now proved to be a universal
function approximator. The model is tested on two dif-
ferent applications and found suitable for any function
approximation problem empirically. The applications of
function approximation are diverse and include the do-
main of physics, economics, control, planning, forecast-
ing, machine learning and image compression. In future
work authors shall incorporate concepts of fuzzy neural
function approximator in image compression.
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Appendix
1. Expressions for C(s; nw;)

The expression for cardinality can be evaluated in terms
of the standard error function erf (x) given in (8). The
case wise expressions for C(s, mw;) for all four possi-

bilities identified in Section (2.2) are as follows.
Case I—C, =C; : If o, <oy, the signal fuzzy set s,

completely belongs to the weight fuzzy set w),, and the
cardinality C(s, nw;)=C(s,)

C(s; nwy) =C(s,) = J o (=)o)’ o

=0, g[erf (o) —erf (=0)] (33)
_o 7.
Cs, nw,) = Clw,)
C(s,nw;) = 0',.]-\/;. If 0,=0y,

identical. Summarizing these three sub cases, the values
of cardinality can be shown as (34).

Similarly, if o0,>0;, and

the two fuzzy sets are

C(s,nwy) =
C(sl.):o;.\/;, if o, <oy
C(wy.)zo;jx/;, if o,>0, G4
C(s)=Cw)=oNr=0,Nx, ifo <o,

Case 2—C, #C;, o, =0, In this case there will be

exactly one cross over point 4;. Assuming ¢, >c,, the

cardinality C(s, Mw;) can be evaluated as

hy _,_l.v/’,.2 O _(x—c:) o)
C(s; mw,-j):.[ L) dx+J.l e ) gy
—00 gl

:0,.% 1+erf£—(h1 _cij)]

(35)

0y

2]

o

1
If ¢; <¢,, the expression for cardinality C(s;, "w;)
is
h _(x=c;)lo;)? © ((x—cy)loy)?
C(sl.(‘\wl./.):j e e dx+.[1 e T dx
5 —00 gl

el

O.

i
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(36)
Oy

+0, g l—erf[w]

Case 3—C, #C,

ij
two crossover points /; and 4,, as calculated in (5) and
(6). Assuming h <h, and ¢; >¢,, the cardinality

0, <o, In this case, there will be

C(s;, nw,) can be evaluated as

Iy
_ [ ~(x=c)ioy)?
C(s,nw;) = Je dx

—0

+Ilh2 e—((x—fz,')/o'i/)z dx
iy

© 12
+J‘ e G g
3

)

+q%{l—erf{(hl;icz')ﬂ
Jr

(37

if ¢, <c,, the expression for C(s; Mw;) is identical to
(37).
Case 4—C, = C,

;» 0, >0, This case is similar to

case 3 and once again there will be two cross over points
hy and h,, as calculated in (5) and (6). Assuming 4, <h,,

and ¢; >¢,, the cardinality C(s;w,) can be evalu-
ated as

hy
(=)o)’
C(Sl.ﬂw,.j):J‘e T dx

—o0

M (V)2
+I;ze ((x=¢;)/0;) dx
gl

+f e 19’ e
hy

:O-ijg 1+erf[MJ

O-i/‘

+o; g l—erf{wj

Oy
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ol

i
O.

i

o]

if ¢, <¢,, the expression for C(s; Mw;) is identical to

(38).
Corresponding expressions for &(s; Mw,) are ob-

tained by substituting the values of C(s,nw,) from
(34)-(38) to (7).

2. Expressions for 0C(s; nwj;)/dc;,
i)/ 00;

0C(s;"w;)/ 0o, and OC(s; Nw,
As per the discussion in the Section (3.2) that, the calcu-
lation of 0C(s; ~w;)/oc; , OC(s;w;)/ 0o, and
0C(s; "w,)/ 0o, is required in (23), (24) and (25),

which depends on the nature of overlap. Therefore the
case wise expressions are given as following:
Case 1— C;=C; : As is evident from (34),

C(s;, nw;) is independent from c;, and therefore,
oC(s; "w;)
oc,. B

J

(39)

Similarly the first derivative of (34) with respect to oy
and o; is shown as (40) and (41).

oC(s, Nw;) B {\/;, if ¢; =c¢, and o,; <o, (40)
oo, 0, ifc,=cando;>o,

oC(s, N w,) 0, ifc,=c¢ando, <o, @1)
oo, - Jrz, if ¢, =¢ and o; >0,

Case 2—C, =C,, : when ¢; >¢,, the val-
ues of 0C(s;nw;)/oc; , OC(s;w;)/0c, and

oC(s,"w;)/ 0o, are derived by differentiating (35) as

G’.:O'ij

follows :
oC(s, Nw;) :J'hl 0 —((v—c)loy)? dr
oc.. ~® oc..
y i
" 0 (=)o) o
" Oc,, (42)

_J' 7((wc,»/)/a,])2 dx
- 8(:

_ _e‘((”l‘ci/‘)/"zﬁf)z
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6C(S Nw;)

J‘ 7((‘c Cy)/a_y) d
- 60‘

Y

Iy 60'1.1.

((x=¢,)/0;)? dx

(43)
B h=c¢; o el

oC(s, Nw;) J.;,l 0
oo, ‘”80‘
+J~ao 0 _

h Oo,

_ hl —¢ e*((hlffi)/fﬂ‘)z

ey

when the values of oC(s, ~w,)/dc,
oC(s;w;)/ 0o, and OC(s; "w,)/ 0o,
by differentiating (36) as follows :

7((‘c i )/Gv) d

((x=¢;)/0;)* dx
(44)

¢ <¢

ijo

are derived

6C(s,. M Wij) :J-hl 0 —(x=¢;)/07)? dx
60,.1. - ac,“
+J~>0 0 ((r—cj)ioy)? dx
Iy ac_. (45)

IGO 0 —((x— (‘,/)/o',/) dx
" Oc;

— o hep)loy )?

e—«x—q)/a,»)z dx

oC(s; N wy) _ J‘hl 0

oo ~* 00
© O —((x-c;)iop)?
+_[ (G=e)loy)®
0o
(46)
M =C h-cpyioy?
=——Te
O
AP KR I
2 O',.j
oC(s;w,) n 0 2
ij :J‘ 1 e—((x—q)/o‘,-) dx
oo, 0o,
© O —((x-c:)lo;)?
+J‘ (G=e)loy)®
h 0o,
JILSA



108 Design of Hybrid Fuzzy Neural Network for Function Approximation

h—¢ e—((hrcn/anz
O.

i

+£|:erf [MJ + 1} (47)
2 o,

Case 3— C #(,
cases arise similar to those of Case 2. When ¢, >¢,,
w;)/dc¢;, OC(s;,"wy;)/ 0o, and

w;)/ 0o, are derived by differentiating (36) as

0, <0, : once again, two sub
the values of 0C(s; N
oC(s, N
follows:

oC(s, N wy) :J.hl O (x-chio? g

6cl.j - 6cij
+L,h2 0 7((xfc‘,-j)/o',-l)2dx
i acl.j
+I°° 0 Vo gy
b ge. (48)
ij
:Ihhz a _«x_cij)/o_ij)zdx
| 6cij
= _(taep)lay)?
~(=cip)l o)
—e
8C(s W) _ j o Gmea)?
- 60‘
+J~hz 0 —((xc)/o‘U)d
LEle
i
“ 0 ,~(=a)/a)?
h oo
i
_ h 0 7((x7¢,-j-)/a,-j-)2dx
h oo

h=c; o =)oy )

Oy
_hz G o (=cloy)®
Oy
Jz (h—c,)
+—| —erf| —
2 i
(h —c.)
2
+erf d

G (49)

Copyright © 2010 SciRes.

+I " —ea ~((r—¢y)/oy)? dx
h oo,

w 0
—
h oo,

~((x—¢)/0;) dx

_ J' —<(x—c,>/a,>2 dx
® 60’

+I°° 0 ((x—¢;)la;) dr
h oo,

hl c

O.

1
h, —¢;
o,

At

g Pema) | L 50

Oy

’((hl )op)

+ o (U )/o;)?

Similarly, if ¢; <¢,

aC(S Nw, 2
e (G O

~((x=¢;)/ o) dx

—((x=¢;)/a;)? dx

61))

—((x=c;;)/ oy ) dx

-
I e
I
=[

_e—((hz—e,-j)/o',-l )
~((—c)loy)*
+e
Thus for both the cases (¢; <¢, or ¢; >¢,), identical
w;)/ dc,
oC(s; "w;)/do; and

w,)/ 0o, also remain same as (49) and (50)

expressions for O0C(s, N are obtained. Simi-

larly, the expressions for
oC(s; N
respectively in both the conditions.

Case 4—C, #C;, o,>0,: When ¢; >, the val-
ues of 0C(s,w,)/oc; , 0C(s,nw;)/ 0o, and
oC(s; "w,)/ 0o, are derived by differentiating (38)
as :

oC(s; "w;) _ JAhl 0 (v-cp)loy)? de
—0
ac; ac;
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+Ih2 0 —((xfcj)/o'[)zdx
hy ac,.j

— o —¢;) o)’

4o Urmep)loy )?

oC(s, ") :J-Iz| 0 —((x—cp)oy) d

60'1.]. - 80‘ij
+I by O 2*((X*C;)/‘Ti)zdx

h oo,
+J-w 0 ((AC)/O')d

hy a O-ij

_ h = o (=)o)’

0y

_ h, —¢; o (h=cp)/oy)?

Oy

+£ 2+erf —(hl _Ci/)

Oy

(hz —c,.j)

Oy

_eyf
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oC(s,"w ((x—c) )2
( J' RCEALAS
°°60'
+J"’z 0 ,(=c)/0) g
h oo,
(52) o
J' ~(meloy)” g
hy 60’
hl ’((hl —¢))lop)* (54)
o;

b= ey
o.

i

(53) +% {erf [@J}

(hz _Ci/')

Oy

—lerf
If ¢;<c¢ , the expressions for 0C(s,"w;)/oc; ,

0C(s;"w;)/ 0o, and 0C(s,w;)/0c, are again the
same as (52), (53) and (54) respectively.
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